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$EWUDFW�����$ ODERUDWRU\�VWXG\�DQG�GLUHFW�QXPHULFDO�VLPXODWLRQ��'16��RI�IDU�ZDNH�IORZ�LQ�D�VWUDWLILHG�IOXLG�DUH�SHUIRUPHG��7KH�ODERUDWRU\�VWXG\�HPSOR\V�WKH�3,9�WHFKQLTXH�WR�PHDVXUH�WKH�YHORFLW\�ILHOG�LQ�D�ZDNH�EHKLQG�D�WRZHG�VSKHUH�DW�KLJK�5H\QROGV�DQG�)URXGH�QXPEHUV��7KH�'16�SDUDPHWHUV�DQG�LQLWLDOL]DWLRQ�DUH�SUHVFULEHG�LQ�DFFRUGDQFH�ZLWK�WKH�H[SHULPHQWDO�GDWD��ZKLFK�DOORZV�D�GLUHFW�FRPSDULVRQ�EHWZHHQ�QXPHULFDO�DQG�H[SHULPHQWDO�UHVXOWV��7KH�UHVXOWV�RI�WKH�'16�DQG�WKH�ODERUDWRU\�H[SHULPHQW�DUH�FRPSDUHG�ZLWK�SUHGLFWLRQV�RI�D�WKHRUHWLFDO�PRGHO��ZKLFK�FRQVLGHUV�WKH�ZDNH�DV�D�TXDVL�WZR�GLPHQVLRQDO�WXUEXOHQW�MHW�IORZ�ZLWK�WKH�PDLQ�PHFKDQLVP�RI�HYROXWLRQ�DVVRFLDWHG�ZLWK�WUDQVIHU�RI�PRPHQWXP�IURP�WKH�PHDQ�IORZ�WR�TXDVL�WZR�GLPHQVLRQDO�VLQXRXV�GLVWXUEDQFHV�JURZLQJ�GXH�WR�K\GURG\QDPLF�LQVWDELOLW\��7KH�WLPH�HYROXWLRQ�RI�WKH�ZDNH�D[LV�YHORFLW\�DQG�LWV�ZLGWK�REWDLQHG�ZLWKLQ�WKH�IUDPHZRUN�RI�WKH�PRGHO�LV�LQ�JRRG�DJUHHPHQW�ZLWK�WKH�H[SHULPHQWDO�DQG�QXPHULFDO�GDWD�����.H\�ZRUGV���ZDNH���VWUDWLILHG�IOXLG��K\GURG\QDPLF�LQVWDELOLW\���� ,QWURGXFWLRQ�� 7XUEXOHQW� VWUDWLILHG�ZDNHV� DUH� VWXGLHG� H[WHQVLYHO\� VLQFH� ODWH����WK� �FI�� UHYLHZ�SDSHUV�E\�/LQ� -�±7��� 3DR� <�±+��� ������ '�/�%R\HU�� $�6UGLF±0LWURYLF�� ����� DQG� UHIHUHQFHV� WKHUHLQ���6XEVWDQWLDO�SURJUHVV�LQ�VWXGLHV�RI�VXFK�IORZV�KDV�EHHQ�DFKLHYHG�LQ�ODERUDWRU\�H[SHULPHQW�ZLWK�WKH�XVH�RI� WKH�GLJLWDO� SDUWLFOH� LPDJH�YHORFLPHWU\� �'3,9�� WHFKQLTXH�GHYHORSHG�DQG�DSSOLHG�E\�6SHGGLQJ�HW�DO���������VHH�DOVR�6SHGGLQJ���������6SHGGLQJ���������6SHGGLQJ���������%RQQLHU�	�(LII� ��������)LQFKDP��6SHGGLQJ� �������DV�ZHOO�DV�RWKHU�YLVXDOL]DWLRQ�PHWKRGV�GHYHORSHG�DQG�DSSOLHG�E\�/LQ�HW�DO����������/LQ�HW�DO����������&KRPD]�HW�DO����������'LUHFW�QXPHULFDO�VLPXODWLRQ��'16��RI�WKH�WXUEXOHQW�VWUDWLILHG�ZDNH�ZDV�SHUIRUPHG�E\�*RXUOD\�HW�DO���������DQG�'UX]KLQLQ�������� DQG� WKH� ODUJH� HGG\� VLPXODWLRQ� ZDV� SHUIRUPHG� E\� 'RPPHUPXWK� HW� DO� �������� � 7KHVH�VWXGLHV�VKRZ�WKDW�WKHUH�DUH�WKUHH�GLVWLQFW�VWDJHV�RI�WKH�ZDNH�HYROXWLRQ��ZKLFK�DUH�GHILQHG�ZLWK�UHVSHFW�WR�WKH�SURGXFW�1W� ZKHUH�1 LV�WKH�FKDUDFWHULVWLF�YDOXH�RI�WKH�EXR\DQF\�IUHTXHQF\�DW�WKH�OHYHO�RI�WRZLQJ�DQG�W�LV�WKH�WLPH�HODSVHG�IURP�WKH�PRPHQW�RI�WKH�ERG\�SDVV�DW�D�JLYHQ�SRLQW��7KH�QHDU�ZDNH�RFFXUV�DW�1W������DQG�LWV�G\QDPLFV�VWURQJO\�GHSHQGV�RQ�GHWDLOV�RI�WKH�IORZ�DURXQG�WKH�REVWDFOH��)RU�WKH�FDVH�RI�WRZHG�VSKHUH�LW� LV�GHWHUPLQHG�E\�WKH�)URXGH�DQG�5H\QROGV�QXPEHUV��
)U ��8W�1'�DQG�5H 8W'�Q �ZKHUH�' LV� WKH�VSKHUH�GLDPHWHU��8W WKH�WRZLQJ�VSHHG��DQG�Q WKH�IOXLG� PROHFXODU� YLVFRVLW\��� 7KLV� VWDJH� ZDV� VWXGLHG� LQ� GHWDLO� H[SHULPHQWDOO\� IRU� H[DPSOH� E\�&KRPDV� HW� DO� �������� /LQ� HW� DO� �������� 7KH� UHVXOWV� RI� WKHVH� H[SHULPHQWV� VKRZ� WKDW� WKH� IOXLG�PRWLRQ� LQ� WKH� ZDNH� UHPDLQV� WKUHH�GLPHQVLRQDO� DW� ODUJH� )URXGH� DQG� 5H\QROGV� QXPEHUV� XQWLO�WLPHV�1W�a���ZKHQ�WKH�DFWLRQ�RI�WKH�EXR\DQF\�IRUFHV�FDXVHV�WKH�FROODSVH�RI�WKH�YHUWLFDO�YHORFLW\�SXOVDWLRQV��$W� ODUJHU� WLPHV� WKHUH� RFFXU� WZR� GLVWLQFW� VWDJHV� RI� WKH�ZDNH� HYROXWLRQ�� QDPHO\� DQ�LQWHUPHGLDWH�VWDJH�DW�WLPHV���1W�����GHILQHG�DOVR�DV�QRQ�HTXLOLEULXP��1(4��VWDJH�E\�6SHGGLQJ���������DQG�WKH�ODWH�ZDNH�IORZ�UHJLPH�DW�WLPHV�1W!����RU�TXDVL�WZR�GLPHQVLRQDO��4�'��VWDJH��FI��6SHGGLQJ��������� ,W� VKRXOG�EH�PHQWLRQHG� WKDW��DV� LW�ZDV�GHPRQVWUDWHG�E\�6SHGGLQJ���������DW�
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WKHVHV�WZR�VWDJHV��1(4�DQG�4�'��WKH�ZDNH�IORZ�LV�TXLWH�DQLVRWURSLF�LQ�WKDW�WKH�KRUL]RQWDO�IORZ�VFDOH�VWURQJO\�H[FHHGV�WKH�YHUWLFDO�VFDOH��5HFHQW�WKHRUHWLFDO�DQDO\VLV�RI�WKH�VWUDWLILHG�ZDNH�IORZ�SHUIRUPHG�E\�7URLWVND\D��������DQG�%DODQGLQD��HW�DO� ��������7URLWVND\D��HW�DO� ��������VKRZV� WKDW� WKH� WHPSRUDO�GHYHORSPHQW�RI� WKH�ZDNH� D[LV� PHDQ� YHORFLW\�� REVHUYHG� LQ� WKH� ODERUDWRU\� H[SHULPHQWV� E\� 6SHGGLQJ� ������� DQG�%RQQLHU� 	� (LII� �������� FDQ� EH� UHODWHG� WR� WKH� GHYHORSPHQW� RI� D� TXDVL��'� K\GURG\QDPLF�LQVWDELOLW\�PRGH�RI�WKH�ZDNH�IORZ��7KH�WKHRUHWLFDO�PRGHO�HPSOR\V�WKH�IROORZLQJ�DVVXPSWLRQV��)LUVWO\�� LW� LV�DVVXPHG� WKDW� WKH�G\QDPLFV�RI� WKH�ZDNH�DW� WKH�TXDVL��'�VWDJH� LV�JRYHUQHG�E\� WKH�GHYHORSPHQW�RI�D�TXDVL��'�K\GURG\QDPLF�LQVWDELOLW\�PRGH��$V�DQRWKHU�DVVXPSWLRQ�WKH�HIIHFW�RI�LQWHUQDO�ZDYHV�RQ�WKH�ZDNH�HYROXWLRQ�LV�DOVR�QHJOHFWHG�DQG�WKH�ZDNH�DV�D�TXDVL��'�MHW�OLNH�IORZ�VXEMHFW� WR� TXDVL��'� GLVWXUEDQFHV� LV� FRQVLGHUHG�� 7KXV�� WKH� UHGXFWLRQ� RI� WKH� ZDNH� PHDQ� D[LV�YHORFLW\� LV� FDXVHG� E\� WKH� PRPHQWXP� WUDQVIHU� IURP� WKH� PHDQ� IORZ� WR� WKH� VLQXRXV� TXDVL��'�GLVWXUEDQFHV�� 7KH� WKLUG� PRGHO� DVVXPSWLRQ� LV� UHODWHG� WR� QHJOHFWLQJ� WKH� YLVFRXV� GLVVLSDWLRQ�DVVRFLDWHG�ZLWK�WKH�YHUWLFDO�VKHDU�DW�WKH�FRQVLGHUHG�VWDJH�RI�WKH�ZDNH�HYROXWLRQ��7KXV��WKH�PRGHO�LV� QRW� DSSOLFDEOH� LQ� WKH� ODWH� ZDNH� UHJLRQ�� ZKHUH� WKH� YLVFRXV� GLVVLSDWLRQ� LV� NQRZQ� WR� EH�VLJQLILFDQW��VHH��6SHGGLQJ������������ 7KH� WKHRUHWLFDO� PRGHO� HPSOR\V� D� TXDVL�OLQHDU� DSSUR[LPDWLRQ�� ZKHUH� WKH� QRQ�OLQHDU�FRQWULEXWLRQ� WR� WKH�PHDQ�ZDNH�YHORFLW\� LV� WKH�RQO\�HIIHFW�RI�QRQ�OLQHDULW\� WDNHQ� LQWR�DFFRXQW��7KH�PHDQ�IORZ�GLVWXUEDQFHV�DUH�FRQVLGHUHG�XQGHU�WKH�OLQHDU�DSSUR[LPDWLRQ�DV�D�VXSHUSRVLWLRQ�RI�XQVWDEOH� PRGHV� DQG� WKH� PRGH� LQWHUDFWLRQ� LV� QHJOHFWHG�� $SSOLFDELOLW\� RI� WKH� TXDVL�OLQHDU�DSSUR[LPDWLRQ�ZDV�LQYHVWLJDWHG�LQ�7URLWVND\D��HW�DO���������RQ�WKH�EDVLV�RI�FRPSDULVRQ�ZLWK�WKH�UHVXOWV�RI�'16��,W�LV�UHYHDOHG�WKDW�WKH�TXDVL�OLQHDU�DSSUR[LPDWLRQ�LV�YDOLG�EH\RQG�WKH�FRQGLWLRQV�RI�LWV�IRUPDO�DSSOLFDELOLW\���� ,Q�WKH�SUHVHQW�SDSHU��ZH�FRPSDUHG�WKH�UHVXOWV�RI�D�ODERUDWRU\�VWXG\�DQG�GLUHFW�QXPHULFDO�VLPXODWLRQ��'16��RI�IDU�ZDNH�IORZ�LQ�D�VWUDWLILHG�IOXLG�ZLWK�SUHGLFWLRQV�RI�WKH�TXDVL�OLQHDU�TXDVL�WZR�GLPHQVLRQDO�WKHRUHWLFDO�PRGHO��7KH�ODERUDWRU\�VWXG\�HPSOR\V�WKH�3,9�WHFKQLTXH�WR�PHDVXUH�WKH� YHORFLW\� ILHOG� LQ� D�ZDNH� EHKLQG� D� VSKHUH� WRZHG�XQGHU� D�SLFQRFOLQH� DW� KLJK�5H\QROGV� DQG�)URXGH� QXPEHUV�� 7KH� '16� DQG� WKH� WKHRU\� SDUDPHWHUV� DQG� LQLWLDOL]DWLRQ� DUH� SUHVFULEHG� LQ�DFFRUGDQFH�ZLWK� WKH� H[SHULPHQWDO�GDWD��ZKLFK�DOORZV�D�GLUHFW�FRPSDULVRQ�EHWZHHQ�QXPHULFDO�DQG�H[SHULPHQWDO�UHVXOWV���� 'HVFULSWLRQ�RI�WKH�ODERUDWRU\�H[SHULPHQW���
7KH�H[SHULPHQWV�ZHUH�SHUIRUPHG�LQ�D�WDQN�ZLWK�VL]HV��u�u��� P��$�VDOW\�VWUDWLILFDWLRQ�ZDV�FUHDWHG�ZKHUH� WKH�LQLWLDO�IOXLG�GHQVLW\�GLVWULEXWLRQ�ZDV�FKDUDFWHUL]HG�E\�D�S\FQRFOLQH�ZLWK�WKH�WRWDO�GHQVLW\�MXPS�������� � �� $�VSKHUH�ZLWK�GLDPHWHU�����FP�ZHUH�WRZHG�DORQJ�D�VWULQJ�ZLWK�WKH�XVH�RI�D�WRZ�ZLUH�DW�D�FRQVWDQW�VSHHG����FP�V�DQG�DW�WKH�YHUWLFDO�OHYHO�FRUUHVSRQGLQJ�WR�WKH�ORFDWLRQ� RI� ��� FP� EHORZ� WKH� S\FQRFOLQH� FHQWHU�� 7KH� EXR\DQF\� IUHTXHQF\� DW� WKH� OHYHO� RI� WKH�WRZLQJ�ZDV�HTXDO�WR�1  ����UDG�V���� 7KH� 3,9� �3DUWLFOH� ,PDJH�9HORVLPHWU\�� WHFKQLTXH� ZDV� HPSOR\HG� WR�PHDVXUH� WKH� IOXLG�YHORFLW\�ZKHUH�SRO\VWLURO�SDUWLFOHV�ZLWK�GLDPHWHU�����PP�ZHUH�XVHG�DV�WUDFHUV��7KH�GHQVLW\�RI�

WKH� SDUWLFOHV�ZDV� ����� J�FP� FDOLEUDWHG�ZLWK� WKH� DFFXUDF\�r���� VR� WKDW� WKH� GHYLDWLRQ� RI� WKH�SDUWLFOHV�ORFDWLRQ�IURP�WKH�D[LV�RI�WRZLQJ�ZDV�����FP��L�H��VPDOOHU�WKDQ�WKH�GLDPHWHU�RI�WKH�WRZHG�ERG\��7KH� WUDMHFWRULHV�RI� WKH�SDUWLFOHV�ZHUH�GLJLWDOO\�UHFRUGHG�ZLWK� WKH�XVH�RI�D�YLGHR�FDPHUD�6RQ\�'&5�759��(� SRVLWLRQHG� DERYH� WKH�PHDVXUHPHQW� DUHD�� 7KH�PHDQ� YHORFLW\� SURILOH� DW� D�JLYHQ�WLPH�PRPHQW� W ZDV�HYDOXDWHG�E\�VSDWLDO�DYHUDJLQJ�RYHU�WKH�ORQJLWXGLQDO�FRRUGLQDWH�[ DV�
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� �H[S8 \ D 8 \ \ G � � � � 3DUDPHWHUV�RI�WKH�IORZ�G  �����FP�DQG� �8  
��� FP�VHF�PHDVXUHG�DW��W ����V� IURP�WKH�WRZLQJ�PRPHQW�ZHUH�XVHG�DV�LQLWLDOL]DWLRQ�LQ�'16����� 1XPHULFDO�VLPXODWLRQ�RI�D�G\QDPLFV�RI�D�WXUEXOHQW�MHW�IORZ�EHORZ�WKH�S\FQRFOLQH���,Q� RUGHU� WR� SHUIRUP� WKH� QXPHULFDO� VLPXODWLRQ� RI� WKH� IORZ� LQ� WKH� IDU� ZDNH� ZH� LQWURGXFH�GLPHQVLRQOHVV�YDULDEOHV�E\�QRUPDOL]LQJ� WKH�VSDWLDO�FRRUGLQDWHV� �[�\�]��DQG� IOXLG�YHORFLW\�ZLWK�
WKH�XVH�RI�WKH�OHQJWK�DQG�YHORFLW\�VFDOHV�/� �G DQG�8�� :H�FRQVLGHU�D�IOXLG�MHW�IORZ�ZLWK�WKH�
LQLWLDO��UHIHUHQFH��SURILOH�RI�WKH�GLPHQVLRQOHVV�DYHUDJH�KRUL]RQWDO�FRPSRQHQW�RI�WKH�YHORFLW\�LQ�WKH�IRUP���
� � �H[S� �� � ���� ���UHI8 \ ] � � � � � ����������
ZKHUH�\ DQG�] DUH�WKH�FRRUGLQDWHV�LQ�WKH�WUDQVYHUVH�DQG�YHUWLFDO�GLUHFWLRQV��VROLG�OLQH�LQ�)LJ������
7KH�LQLWLDO�GHQVLW\�SURILOH�LV�DOVR�REWDLQHG�IURP�WKH�H[SHULPHQWDO�GDWD�DQG�LV�VKRZQ�LQ����

�D������������������������������������������������������������������������������E��),*� ��±�5HIHUHQFH�SURILOHV�RI�WKH�IOXLG�YHORFLW\� �VROLG�OLQH��DQG�GHQVLW\��GDVKHG�OLQH��±�D���3RZHU�VSHFWUD�RI�WKH�IOXLG�YHORFLW\�LQ�WKH�ODERUDWRU\�H[SHULPHQW�DW�WLPH�W ����VHF��V\PEROV��DQG�LQ�WKH�QXPHULFDO�VLPXODWLRQ�DW�WKH�LQLWLDOL]DWLRQ�WLPH�W ���VROLG�OLQH��±��E����7KH�IOXLG�YHORFLW\�DW�WKH�LQLWLDO�PRPHQW�LV�SUHVFULEHG�DV�D�VXP�RI�WKH�UDQGRP�FRPSRQHQW�
DQG� WKH�UHIHUHQFH�KRUL]RQWDO�YHORFLW\� UHI8 �����9HORFLW\�IOXFWXDWLRQV�DW� WKH�LQLWLDO�PRPHQW�DUH�
HYDOXDWHG�DV�D�VXP�RI�LQGHSHQGHQW�)RXULHU�KDUPRQLFV�ZLWK�UDQGRP�SKDVHV��7KH�SRZHU�VSHFWUXP�(�N��RI�WKH�YHORFLW\�IOXFWXDWLRQV�LV�LVRWURSLF�DQG�SUHVFULEHG�DV�(�N� (��N�NS�H[S��N�NS�� ZKHUH�N
LV�WKH�PRGXOXV�RI�WKH�KDUPRQLFV�ZDYH�QXPEHU��3DUDPHWHUV�(� DQG� SN DUH�FKRVHQ�WR�PDWFK�WKH�
LQLWLDO� YHORFLW\� VSHFWUXP� LQ� WKH� QXPHULFDO� VLPXODWLRQ� WR� WKH� FRUUHVSRQGLQJ� YHORFLW\� VSHFWUXP�REWDLQHG� LQ� WKH� H[SHULPHQW�� )LJXUH� �� VKRZV� D� FRPSDULVRQ� EHWZHHQ� WKH� QXPHULFDO� VSHFWUXP��VROLG� OLQH�� DQG� H[SHULPHQWDO� GDWD� �V\PEROV�� REWDLQHG� E\� WKH� )RXULHU� WUDQVIRUP� RI� WKH� IOXLG�YHORFLW\�RYHU�WKH�KRUL]RQWDO�FRRUGLQDWH�[�DW�WLPH�W  �����LQ�GLPHQVLRQOHVV�XQLWV��FRUUHVSRQGLQJ�WR�WKH�GLPHQVLRQDO�WLPH�/�W�8� ����VHF���7KH�LQLWLDO�GLVWULEXWLRQ�RI�YHORFLW\�IOXFWXDWLRQV�LQ�WKH�WUDQVYHUVH�DQG�YHUWLFDO�GLUHFWLRQV�LV�PDGH�SURSRUWLRQDO�WR�WKH�PHDQ�IORZ�SURILOH������DV�LW�LV�DOVR�REVHUYHG�LQ�WKH�H[SHULPHQW��� 7KH� 1DYLHV�6WRNHV� HTXDWLRQV� LQ� WKH� %RXVVLQHVT� DSSUR[LPDWLRQ�� WKH� LQFRPSUHVVLELOLW\�FRQGLWLRQ� IRU� WKH� IOXLG� YHORFLW\� DQG� WKH� HTXDWLRQ� IRU� WKH� IOXLG� GHQVLW\� ZHUH� VROYHG� E\� WKH�QXPHULFDO�PHWKRG� GHVFULEHG� E\�'UX]KLQLQ� �������� ,Q� WKH� QXPHULFDO� FDOFXODWLRQ� WKH�5H\QROGV�
QXPEHU� LV� DVVLJQHG� VXIILFLHQWO\� ODUJH� �5H 8�/��Q  ������ VR� WKDW� WKH� HIIHFWV� RI� PROHFXODU�YLVFRVLW\�UHPDLQ�QHJOLJLEO\�VPDOO�GXULQJ�WKH�VLPXODWLRQ��7KLV�YDOXH�LV�DOVR�TXLWH�FORVH�WR�5H ����REVHUYHG� LQ� WKH� H[SHULPHQW� DW� WLPH� W  ���� VHF��7KH�JOREDO�5LFKDUGVRQ�QXPEHU� LV� VHW�HTXDO� WR�� � � ��

� � � �5L / J 8U U '  ����7KLV�YDOXH�LV�OHVV�WKDQ�WKH�H[SHULPHQWDO�YDOXH��5L� �2��������7KH�
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FKRLFH�RI�SDUDPHWHU�5L�LQ�'16�LV�UHVWULFWHG�E\�WKH�FRQVWUDLQWV�LPSRVHG�E\�QXPHULFDO�UHVROXWLRQ�RI� WKH� ODUJH� GHQVLW\� DQG� YHORFLW\� JUDGLHQWV� RI� WKH� IORZ� ILHOG� LQ� RXU� QXPHULFDO� VLPXODWLRQ�SUHVHQWHG� EHORZ�� +RZHYHU�� DV� LW� ZDV� REVHUYHG� LQ� WKH� SUHYLRXV� QXPHULFDO� VWXGLHV� �VHH� H�J��*RXUOD\�HWDO���������WKH�FKRLFH�RI�5L�GRHV�QRW�DIIHFW�VLJQLILFDQWO\�WKH�G\QDPLFV�RI�WKH�MHW�IORZ��6LQFH�5L� LV� FRQVLGHUHG�PXFK� ODUJHU� WKDQ� XQLW\� LQ� WKH� SUHVHQW� VWXG\��ZH� FDQ� DVVXPH� WKDW� WKH�FXUUHQW�FKRLFH��5L ����GRHV�QRW�GHJUDGH�WKH�FRPSDULVRQ�ZLWK�WKH�H[SHULPHQWDO�UHVXOWV������$�WKHRUHWLFDO�PRGHO�RI�WKH�HYROXWLRQ�RI�D�TXDVL�WZR�GLPHQVLRQDO�ZDNH�LQ�D�VWUDWLILHG�IOXLG��� $ WKHRUHWLFDO�PRGHO�RI�WKH�VWUDWLILHG�ZDNH�IORZ�GHVFULELQJ�WKH�GHYHORSPHQW�RI�WKH�TXDVL��'�LQVWDELOLW\� RI� WKH� ZDNH� IORZ� DQG� WKH� G\QDPLFV� RI� WKH� ZDNH� LQWHJUDO� SDUDPHWHUV� �PHDQ� D[LV�YHORFLW\�DQG�KRUL]RQWDO�ZLGWK��LV�GHVFULEHG�LQ�7URLWVND\D�HW�DO���������7KH�V\VWHP�RI�TXDVL��'�HTXDWLRQV�ZDV�GHULYHG�E\�/LOO\���������)OyU�	�YDQ�+HLMVW��������DQG�(PELG�	�0DMGD���������LQ�WKH� OLPLW� RI� WKH� ODUJH� 5LFKDUGVRQ� QXPEHU� IRU� WKH� FDVH� RI� D� ODPLQDU� IORZ��:H� HPSOR\� WKHVH�
HTXDWLRQV�UHZULWWHQ�LQ�WHUPV�RI�WKH�IORZ�VWUHDP�IXQFWLRQ�\ DQG�YRUWLFLW\�: DQG�WDNH�LQWR�DFFRXQW�WKH�PRPHQWXP�WUDQVIHU�GXH�WR�VPDOO�VFDOH�WXUEXOHQW�IOXFWXDWLRQV�SUHVHQW�LQ�WKH�ZDNH���
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+HUH 7. LV�WKH�KRUL]RQWDO�HGG\�YLVFRVLW\�FRHIILFLHQW��
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(TXDWLRQV� IRU� WKH� PHDQ� ILHOGV� FDQ� EH� REWDLQHG� E\� DYHUDJLQJ� RI� HTV������� RYHU� WKH� [FRRUGLQDWH��ZKLFK�LQ�RXU�FDVH�LV�HTXLYDOHQW��WR�WKH�VWDWLVWLFDO�DYHUDJLQJ�XQGHU�WKH�DSSUR[LPDWLRQ�RI WKH� UDQGRP� SKDVHV�� 8QGHU� WKH� UDQGRP�SKDVHV� DSSUR[LPDWLRQ�� WKH� QRQOLQHDU� WHUPV� LQ�HTXDWLRQV� IRU� GLVWXUEDQFHV� DUH� GLPLQLVKHG� DIWHU� DYHUDJLQJ� RYHU� SKDVHV� �*DOHHY� 	� 6DJGHHY��������,I�ZH�QRZ�DVVXPH�WKDW�WKH�GLVWXUEDQFH�FKDUDFWHULVWLF�WLPH�VFDOH�7GLV�LV�PXFK�VPDOOHU�WKDQ�WKH� FKDUDFWHULVWLF� WLPH�VFDOH�RI� WKH�PHDQ� IORZ�7DYU� VR� WKDW� IDFWRU�P 7GLV� ��7DYU����� �� WKHQ� WKH�OLQHDU�HTXDWLRQ�IRU�\��\�W�N��FDQ�EH�VROYHG�ZLWK�WKH�XVH�RI�WKH�:.%�DSSUR[LPDWLRQ��L�H���
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6ROXWLRQ� WR� WKH� SUREOHP� ���� JLYHV� WKH� GLVSHUVLRQ� UHODWLRQ�Z Z�N�W�� DQG� WKH� HLJHQPRGHV�� 7KH�
VROYDELOLW\�FRQGLWLRQ�RI�WKH�HTXDWLRQ�LQ�WKH���VW�RUGHU�LQ�P JLYHV�WKH�HTXDWLRQ�IRU�WKH�DPSOLWXGH�D�
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7KH�WKHRUHWLFDO�PRGHO�RI�WKH�TXDVL�WZR�GLPHQVLRQDO�ZDNH�IORZ�FRQVLVWV�RI�����HTXDWLRQ�����IRU�WKH� PHDQ� D[LV� YHORFLW\�8�\�W��� � ��� HLJHQYDOXH� � SUREOHP� ����� DQG� ��� WKH� HTXDWLRQ� ���� IRU� WKH�KDUPRQLFV�DPSOLWXGH��

),*���7HPSRUDO�GHYHORSPHQW�RI� WKH� �D��PHDQ�YHORFLW\�� �E�� WUDQVYHUVH� OHQJWK�VFDOH� �WKLFN�OLQH�±WKHRU\��WKLQ�OLQHV�±�'16����6\PEROV�VKRZ�WKH�FRUUHVSRQGLQJ�H[SHULPHQWDO�GDWD��7HPSRUDO�DV\PSWRWLFV�RI�WKH�QRQ�VWUDWLILHG�MHW�IORZ�DUH�VKRZQ�LQ�GRWWHG�OLQHV���7KHVH�HTXDWLRQV�ZHUH�VROYHG�QXPHULFDOO\�IRU�WKH�SDUDPHWHUV�RI�WKH�H[SHULPHQW�GHVFULEHG�LQ�VHFWLRQ����6LQFH�WKH�WKHRUHWLFDO�PRGHO�LV�DSSOLFDEOH�RQO\�WR�WKH�FDVH�RI�WKH�ODWH�ZDNH�ZH�LQLWLDOL]H�WKH�VROXWLRQ�DW�1W �����7KH�LQLWLDO�VSHFWUXP�RI�WKH�VWUHDPIXQFWLRQ�GLVWXUEDQFHV�ZDV�WDNHQ�IURP�WKH� H[SHULPHQW�� 7KH� LQLWLDO� PHDQ� YHORFLW\� SURILOH� ZDV� WDNHQ� LQ� WKH� JDXVVLDQ� IRUP� ZLWK� WKH�SDUDPHWHUV�PHDVXUHG�DW�1W �����)LJXUH���VKRZV�WKH�WHPSRUDO�GHYHORSPHQW�RI�WKH�QRUPDOL]HG�E\�WKH� VFDOHV�8� DQG�/� DYHUDJH� YHORFLW\�PD[LPXP�8P DQG� WKH� OHQJWK� VFDOH�/\ REWDLQHG� LQ� WKH�QXPHULFDO�VLPXODWLRQ��ZLWKLQ�WKH�WKHRUHWLFDO�PRGHO�DQG�LQ�WKH�ODERUDWRU\�H[SHULPHQW��LQ�GDVKHG�DQG� VROLG� OLQHV� DQG� V\PEROV�� UHVSHFWLYHO\��� 7KH� ILJXUH� VKRZV� WKDW� WKHUH� LV� D� TXDOLWDWLYH� DQG�TXDQWLWDWLYH�DJUHHPHQW�EHWZHHQ�WKH�WKHRUHWLFDO�DQG�QXPHULFDO�UHVXOWV�DQG�H[SHULPHQWDO�GDWD�LQ�WKH�GHFD\�RI�WKH�YHORFLW\�PD[LPXP�DQG�WKH�WUDQVYHUVH�OHQJWK�RI�WKH�VWUDWLILHG�ZDNH������ &RQFOXVLRQV�� ,Q�WKLV�SDSHU�ZH�SUHVHQW�UHVXOWV�RI�D�ODERUDWRU\�VWXG\��GLUHFW�QXPHULFDO�VLPXODWLRQ��'16��DQG�WKHRUHWLFDO�SUHGLFWLRQ�RI�IDU�ZDNH�IORZ�LQ�D�VWUDWLILHG�IOXLG��:H�FRPSDUHG�WKH�UHVXOWV�RI�DOO�WKHVH�DSSURDFKHV��ZKHUH�WKH�ZDYH�ILHOG�LQ�WKH�WKHRU\�DQG�'16�ZDV�WDNHQ�IURP�WKH�H[SHULPHQW�ZDV� HPSOR\HG� DV� LQLWLDO� FRQGLWLRQV�� $� TXDOLWDWLYH� DQG� TXDQWLWDWLYH� DJUHHPHQW� EHWZHHQ� WKH�WKHRUHWLFDO�UHVXOWV�DQG�QXPHULFDO�DQG�H[SHULPHQWDO�GDWD�LQ�WKH�GHFD\�RI�WKH�YHORFLW\�PD[LPXP�DQG�WKH�WUDQVYHUVH�OHQJWK�RI�WKH�VWUDWLILHG�ZDNH�ZDV�GHPRQVWUDWHG��,W�HQDEOHV�XV�WR�FRQFOXGH�WKDW�SUREDEO\�WKH�SULQFLSDO�SK\VLFDO�SURFHVV�SURYLGLQJ�HYROXWLRQ�RI�WKH�PHDQ�IORZ�LQ�WKH�ZDNH�DIWHU�D�WRZHG�ERG\�LQ�WKH�VWUDWLILHG�IOXLG�LV�DVVRFLDWHG�ZLWK�GHPRGXODWLRQ�RI�GLVWXUEDQFHV�JURZLQJ�GXH�WR�K\GURG\QDPLF�LQVWDELOLW\��7KLV�ZRUN�ZDV�FDUULHG�RXW�XQGHU�WKH�VXSSRUW�RI�5)%5��SURMHFW�FRGHV�������������DQG���������������E\�&5')�JUDQW�5*2������DQG�E\�WKH�5XVVLDQ�6FLHQFH�6XSSRUW�)RXQGDWLRQ��
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5HIHUHQFHV��%DODQGLQD��*�1��� 3DSNR��9�9��� 6HUJHHY��'�$��	�7URLWVND\D��<X�,�� ����� (YROXWLRQ� RI� WKH� IDU�WXUEXOHQW� ZDNH� EHKLQG� D� ERG\� WRZHG� LQ� VWUDWLILHG� IOXLG� ZLWK� ODUJH� 5H\QROGV� DQG� )URXGH�QXPEHUV� ,]Y�$WP��DQG�2FHDQLF�3K\V� ��� ��������%RQQHWRQ��3���&KRPD]��-��0��	�+RSILQJHU��(��-�������,QWHUQDO�ZDYHV�SURGXFHG�E\�WKH�WXUEXOHQW�ZDNH�RI�D�VSKHUH�PRYLQJ�KRULVRQWDOO\�LQ�D�VWUDWLILHG�IOXLG��-��)OXLG�0HFK� ���� ��±����%RQQLHU��0��	��(LII�� 2�������([SHULPHQWDO�LQYHVWLJDWLRQ�RI�WKH�FROODSVH�RI�D�WXUEXOHQW�ZDNH�LQ�D VWDEO\�VWUDWLILHG�IOXLG��3K\V��)OXLGV� ��� ���±�����%R\HU��'�/��	�6UGLF±0LWURYLF��$�������/DERUDWRU\�VWXGLHV�RI�FRQWLQXRXVO\�VWUDWLILHG�IORZV�SDVW�REVWDFOHV�� &KDSWHU� �� LQ� WKH� ERRN�� (QYLURQPHQWDO� 6WUDWLILHG� )ORZV� �(G�� %\� 5�� *ULPVKDZ���.OXZHU�$FDG��3XEO������������&KRPD]��-��0���%RQQHWRQ��3��	�+RSILQJHU��(��-�������7KH�VWUXFWXUH�RI�WKH�QHDU�ZDNH�RI�D�VSKHUH�PRYLQJ�KRULVRQWDOO\�LQ�D�VWUDWLILHG�IOXLG��-��)OXLG�0HFK������ �±�����'RPPHUPXWK��'�*���5RWWPDQ��-�:���,QQLV��*�(���1RYLNRY��(�$�������1XPHULFDO�VLPXODWLRQ�RI�WKH�ZDNH�RI�D�WRZHG�VSKHUH�LQ�D�ZHDNO\�VWUDWLILHG�IOXLG��-��)OXLG�0HFK� ���� ��������'UX]KLQLQ�� � ��������&ROODSVH�DQG�VHOI�VLPLODULW\�RI�D�WXUEXOHQW�MHW� LQ�D�S\FQRFOLQH��,]Y�$WP��DQG�2FHDQLF�3K\V� ��� ����������(PELG��3���)��	�0DMGD��$��-�������/RZ�)URXGH�QXPEHU�OLPLWLQJ�G\QDPLFV�IRU�VWDEO\�VWUDWLILHG�IORZV�ZLWK�VPDOO�RU�ILQLWH�5RVVE\�QXPEHUV��*HRSK\V��$VWURSK\V��)OXLG�'\Q�� ��� �±����)LQFKDP��$��0��	�6SHGGLQJ��*��5�������/RZ±FRVW��KLJK±UHVROXWLRQ�'3,9�IRU�WXUEXOHQW�IORZV��([SV�)OXLGV� ��� ���±�����)OyU�� -��%��	�+HLMVW��*�� -�� )�� YDQ� �����6WDEOH� DQG�XQVWDEOH�PRQRSRODU�YRUWLFHV� LQ� D� VWUDWLIHG�IOXLG� -��)OXLG�0HFK������ ���������*DOHHY��$�$��	�6DJGHHY��5�=�������1RQOLQHDU�WKHRU\�RI�SODVPD��4XHVWLRQV�RI�WKHRU\�RI�SODVPD�����(QHUJRDWRPL]GDW����� �������*RXUOD\�� 0�-��� 6�&�$UHQGW�� '�&�)ULWWV�� 	� :HUQH�� -�� ����� 1XPHULFDO� PRGHOLQJ� RI� LQLWLDOO\�WXUEXOHQW�ZDNHV�ZLWK�QHW�PRPHQWXP��3K\V��)OXLGV� ��� ����±�����/LOO\�� '�� .�� ����� 6WUDWLILHG� WXUEXOHQFH� DQG� WKH� PHVRVFDOH� YDULDELOLW\� RI� WKH� DWPRVSKHUH�� -��$WPRV�6FL�� ��� ���±������/LQ�4���/LQGEHUJ��:��5���%R\HU��'��/���)HUQDQGR��+��-��6�������6WUDWLILHG�IORZ�SDVW�D�VSKHUH��-��)OXLG�0HFK������ ���±�����/LQ��-�±7���3DR��<�±+��������:DNHV�LQ�VWUDWLILHG�IOXLGV��$QQ��5HY���)OXLG�0HFK� ��� ���±�������5LOH\��-��-��	�/HORQJ��0�±3�� ���� )OXLG�PRWLRQV�LQ�WKH�SUHVHQFH�RI�VWURQJ�VWDEOH�VWUDWLILFDWLRQ��$QQX��5HY��)OXLG�0HFK� ��� ���±�����6SHGGLQJ�� *�� 5��� %URZDQG�� )�� .��� )LQFKDP�� $�� 0�� ����� 7XUEXOHQFH�� VLPLODULW\� VFDOLQJ� DQG�YRUWH[�JHRPHWU\�LQ�WKH�ZDNH�RI�D�WRZHG�VSKHUH�LQ�D�VWDEO\�VWUDWLILHG�IOXLG��-��)OXLG�0HFK� ������±�����6SHGGLQJ��*��5�� �����7KH� HYROXWLRQ� RI� LQLWLDOO\±WXUEXOHQW� EOXII±ERG\�ZDNHV� DW� KLJK� LQWHUQDO�)URXGH�QXPEHU��-��)OXLG�0HFK������ ���±�����6SHGGLQJ��*��5�������$QLVRWURS\� LQ� WXUEXOHQFH�SURILOHV�RI�VWUDWLILHG�ZDNHV��3K\V��)OXLGV� �������±������6SHGGLQJ��*��5�������9HUWLFDO�VWUXFWXUH�LQ�VWUDWLILHG�ZDNHV�ZLWK�KLJK�LQLWLDO�)URXGH�QXPEHU��-��)OXLG�0HFK�� ���� ��±�����7URLWVND\D��<X�,�������$�TXDVL±OLQHDU�PRGHO�RI�WKH�IDU�WXUEXOHQW�ZDNH�DIWHU�D�PRYLQJ�ERG\�DW�WKH�ODUJH�5H\QROGV�DQG�)URXGH�QXPEHUV��3UHSULQW�1�����,$3�5$6��1L]KQ\�1RYJRURG�����S��7URLWVND\D��<X�� ,���6HUJHHY��'�$�	�'UX]KLQLQ��2�$�������$�WKHRUHWLFDO�PRGHO�RI�D�ZDNH�RI�D�ERG\�WRZHG�LQ�D�VWUDWLILHG�IOXLG�DW�ODUJH�5H\QROGV�DQG�)URXGH�QXPEHUV��1RQOLQHDU�3URFHVVHV�*HRSK\V� ��� ��������


