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EVIDENCE OF NONEQUILIBRIUM
BOSE CONDENSATION

OF PHONONS IN ANTIFERROMAGNET
UNDER MICROWAVE NOISY PUMPING
A. V. Andrienko and V. L. Safonov

Institute of Molecular Physics, RRC ”Kurchatov Institute”,
Moscow 123182, RUSSIA

Magnetoelastic waves and their quanta — quasiphonons describe normal modes of coupled elastic
and magnetic subsystems in magnets. We observed the parametric excitation of (quasi)phonons in the
antiferromagnet FeBO3 by a noisy microwave magnetic field (parallel pumping) at temperatures T' = 77
and 293 K in the static magnetic fields 80 — 400 Oe [1]. The pump spectrum had the Gaussian form
with the central frequency v, ~ 1.2 GHz. Note that the spectral width Av ~ 3 MHz was much greater
than the linear relaxation rate (~ 0.1 MHz) of phonons. Two characteristic critical pump powers were
detected. The first threshold corresponds to the onset of nonlinear absorption of microwave field (i.e.
the mean number of nonequilibrium phonons # 0). However the response from the system still has noisy
character. Above the second threshold strong phase correlations arise between the excited phonons. This
means that the nonequilibrium phonons generate a coherent state. The new state (nonequilibrium bose
condensate of phonons as we call it) is analogous to that one which appears in the case of monochromatic
pumping. The coherent response from the nonequilibrium bose condensate was detected independently by
1) the excitation of its collective oscillations (using so-called modulation method [2] which is a powerful
tool for studying monochromatic forced oscillations in nonlinear media) and by 2) the characteristic
electromagnetic irradiation from the sample after microwave pulse. The mechanism of the observed self-
organization of nonequilibrium phonons is supposed to be a kind of synchronization of waves in nonlinear
system.

This work was supported by the International Science Foundation (grant N94300) and Russian Fund
of Fundamental Investigations (grant 95-02-03960).
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HABJIIONEHUE HEPABHOBECHOM
BO3E KOHIEHCAIINU ®OHOHOB

B AHTUOEPPOMATHETUKE

IIPA MIYMOBOM HAKAUKE
A. B AHJIp‘PIeHKO, B. JI. Cadonos

MarauToynpyrue BOJIHBI M UX KBaHTHI — KBa3sHGOHOHHI ONHCHIBAIOT HOPMaJIbHbie MOIbI CBA3aHHBIX
yUpyToii 1 MarHUTHOM NOICHCTEM B MarHeTHKax. MH Habimoaym napaMeTpHyeckoe Bo30yxkIeHue (KBa3H)
¢ononos B anTudeppomaraeTuke FeBO3 nox meficrBueM CBY MaranTHOro nosis (MeTOOOM NapaLiesIbHOM
Hakayku) npn Temnepatypax T = 77 u 293 K B craTnueckux MaranTHeix noisx 80 — 400 O [1]. CnexTp
HaKaYKil HMeJ TayccoBy GopMy C IeHTpaJibHON JacToToit Vp =~ 1.2 I'Tu. CnemyeT oTMeTnTh, 4TO Crex-
TpajbHad mupuHa Av ~ 3 MI'n 6s11a MHOTO Gosbineit YeM ckopocTh pestakcamuu (=~ 0.1 MI'u) ¢ponoHoB.
Brinio o6HapyXeHO IBe XapaKTePHEIX MOIIHOCTH HaKauku. I[lepBHIA MOpPOr COOTBETCTBYET Hauajy He-
JIMHEHOTO TOTJIONIEHNs MAKPOBOJIHOBOTO NOJIA (T.e. CpelHee YMCJIO HEPaBHOBECHHIX (pOHOHOB yxe # 0).
OnHako OTKJIMK CHCTeMBbI MMeJI IIyMOBOH XapakTep. IIpm mpeBBHIIEHMH X€ BTOPOro NOpOra BO3HUKAJIN
cuwiIbHHeE (a30BBie KOPPEJISIUH B CHCTeEME BO30YXIEHHHIX (POHOHOB. DTO O3HAYAET, UYTO HEPABHOBECHHIE
¢doHOHEI 06pa3yioT KorepeHTHOoe cocTosane. Hooe cocTosHMe (HepaBHOBECHBI 603€ KOHIEHCAT (POHOHOB)
aHAJIOTMYHO COCTOSHNIO, BOBHUKAIOIIEMY B CIy4Yae MOHOXPOMAaTHYeCKON HaKadKHu.

KorepeHTHBI OTKJIMK OT HEpaBHOBECHOro 603e KOHIEHCAaTa He3aBUCUMO Ghl1 o6HapyxeH 1) Bo3byxne-
HHeM €ro KOJUIeKTHBHBIX Kosle6aHuil (TaK Ha3bBaeMbIM, MOAYJISLOHHEIM METOMOM [2], KOTODHI CITy XUT
MOIIHHIM CPeICTBOM MCC/IeIOBaHMS BEIHYXKJICHHBIX MOHOXPOMAaTH4YeCKMX KosieGaHMi B HEJIMHEHHBLIX Cpe-
ZiaX) ¥ MOCPEACTBOM 2) XapaKTePHOTO 3/IeKTPOMAarHUTHOIO U3JIyYeHHs U3 06pa3na nocjie MUK POBOIHOBOTO
mMmiyibca. Mul npeanosnaraeM, 4To HabiioaeMas CaMOOPTraHU3alis B CHCTEMe HEPaBHOBECHBIX (POHOHOB
obycJiioBiIeHa CHHXPOHU3aLMe.



OBSERVATION OF COUPLED PHOTON-PHONON

OSCILLATIONS AT MICROWAVE PUMPING
OF ANTIFERROMAGNET
A. V. Andrienko and V. L. Safonov

Institute of Molecular Physics, RRC ”Kurchatov Institute”
Moscow 123182, RUSSIA

We studied the parametric excitation of magnetoelastic waves in antiferromagnet FeBOg by a monochro-
matic microwave magnetic field (parallel pumping) with the frequency v, ~ 800 MHz at temperatures
T =77 and 293 K in the static magnetic fields ~ 140 Oe. The sample was placed in the helix resonator
(the filling factor was ~ 0.05). In order to study the absorption line of the system ”resonator-sample”
an additional small microwave signal was applied.

Below the threshoid of parametric resonance the absorption curve had the Lorentz line shape (the
quality factor @ ~ 300). However just above the threshold of pumping we observed the lineshape
splitting which is typical for a system with coupled oscillations. We interpret this ”two-hump” absorption
curve as the spectrum of new normal ” photon—phonon” modes in the ”resonator-sample” system. The
first oscillator is the resonator electromagnetic mode and the second oscillator is the resonant pair of
magnetoelastic waves of half frequency of pumping field with equal but oppositely directed wave vectors.
The coupling coefficient between these oscillators is equal to zero till the threshold of parametric instability
and it increases with the increasing of the overthreshold parameter. This fact follows from the dependence
of the distance between the absorption maxima on pumping power. Obtained experimental results are in
agreement with the predictions of theoretical model [1]. Preliminary results have been published in [2].

Traditionally the experiments on parametric pumping in magnets are considered on the base of approx-
imation of small sample which weakly changes electromagnetic fields in the resonator and its Q-factor.
However our experiment shows that this approximation is not correct due to lineshape splitting. As far
as the specificity of magnetoelastic waves is not important, one can expect analogous lineshape splitting
for other resonance experiments.

This work was supported by the International Science Foundation (grant N94300) and Russian Fund
of Fundamental Investigations (grant 95-02-03960).
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HABJIIOJEHUE CBA3AHHBIX ®OTOH-®OHOHHBIX

KOJIEBAHUM IIPU CBY HAKAUKE
AHTUAOEPPOMATHETUKA

A. B. Augnpuenko, B. JI. Cadonos

Hccnenopastoch napaMeTpryecKoe Bo36yKIeHNEe MarHUTOYNIPYTUX BOJIH B aHTH(deppomaraeTuke FeBO3
marsaTHeM CBY nonem (mMeTon mapaJiiesibHOM HaKadKM) ¢ 4acTOTOl v ~ 800 MI'u npu TemnepaTypax
T =177 un 293 K B craTu4yeckoM MarHUTHOM 1oste ~ 140 O. O6pasen 6rL1 MoMellleH B CNIUPAILHEIA pe3o-
natop (dakrop 3anonHenus ~ 0.05). Ilns usydyenus JIMHAM HOTJIOIIEHHUS CHCTeMH ” pesoHaTop—obpa3sen”
HCIONB3GBAJIOCH HONOIHUTEILHOE ¢1aboe MUKPOBOJIHOBOE TOJIE.

Kpusas norJionmenus o Nopora napaMeTPUIeCKOTO PE30HAHCa MMeJIa JIOPeHIeBY GopMy (H06pPOTHOCTH
Q ~ 300). Onnako cpasy Xe 3a IOPOrOM HaKayky HabJIIONaoCh paciienyieHne JIMHAM THIHYHOE MU CH-
CTEMBI CO CBA3aHHHMM Koylebammamu. OTa ”nByropbas” KpUBas MOIJIOIIEHUS UHTEPNPeTHPYETCS Kak
CTIEKTP HOBEIX HOPMAaJILHEIX ~ QOTOH—(OHOHHBIX” MOR B CHCTeMe ”pesoHaTop—obpasen”. IlepBriM ocumi-
JISTOPOM SIBJIRETCH 3J1EKTPOMAarBuTHas MOJa Pe30HATOpPa, a BTOPHIM OCHMJUISTOPOM CJYXHUT Pe30HaHCHAS
I1apa MarsgTOYNPYTuX BOJIH NOJIOBHHHON YacTOTHI NOJIA HaKadk¥ C PAaBHLIMHM, HO NPOTHMBONOJIONKHO Ha-
NPaBJeHABIMHA BOJIHOBLIMY BeKTOpaMu. KosdhduuneHT cBA3M MeXy STUMH OCUWIISTOPaMHA PaBeH HYJIIO
JI0 TIOPOTa N3 )aMeTPHYECKON HEyCTONYMBOCTH M OH BO3HMKAaeT M BO3PAcTAET C POCTOM MapaMeTpa Hal-
KPUTHYHOCTH. ODTOT aKT CIEAYET M3 3aBUCHMOCTH PACCTOSHNA MEXy MaKCHMYMaMH IOTJIOMEHHs MOLI-
HOCTH Hakaduky. Ilosyyennbie pesysIbTaTH COTIacCylOTCA C MPEACKAa3aHNSIMHU TeOPeTHIECKol Moaenn [1].
IlpenBapuTensabie pe3yJbTaTH ONy6InKOBaHE B pabore [2].

TpanuuuonHO 3KCNEPUMEHTH N0 IapaMeTPUYeCKOi HaKayKe B MarHeTHKaX PacCMaTPHBAIOTCS ¢ TOYKH
3penns npubinxenys MaJjoro obpasna, KOTOPEIH C1a60 U3MEHSET paclpesielieHue 3IeKTPOMArHATHBIX 1O~
Jieit B pe30HaTOpe W ero NOGPOTHOCTH. B HallleM >KcCIepuMeHTE, OOHAKO, M3-33 DACIIEIVIEHHUS JIMHUH
NOTJIOIIEHXS BUAHO, YTO 3TO npubauxenne HekoppekTHO. IlockosbKy 3zech crnenuduka MarHUTOYIpY-
THX BOJIH He ¥MeeT NPMHIMIOMAIbHOTO 3HaYEHUsS, TO MOXHO OXHIOATH NONOGHOTO PacLleNieHus KPHBBIX
OOrJICINEeHAd U B APYTUX Pe30HAHCHHIX 3KCIEpHUMEHTaXx.



THE STATIONARY AND QUASISTATIONARY SOLUTIONS
OF COMPLEX GINZBURG-LANDAU EQUATION

M.Bazhenov!, T.Bohr?, K.Gorshkov! and M.Rabinovich!
MInstitute of Applied Physics, 46 Uljanov Str., 603600 Nizhny Novgorod, RUSSIA
2The Niels Bohr Institute, Blegdamsvej 17, 2100 Copenhagen, DENMARK

Abstract

The structure of the phase space of stationary and quasi-stationary (moving with a constant velosity
vo) solutions of 1D CGLE is investigated by the methods of ODE qualitative theory. The existance
of a countable set of double-loop heteroclinic trajectories is proved. The complex ”shoch-hole-shock”
structures moving with constant velocity vo along the z-axis correspond to the double-loop trajecto-
ries.

Introduction
We consider the complex Ginzburg-Landau equation in the form
Os = s — (1 +if)|s|*’s + (1 + ia)d2s (1)
Equation (1) has a family of hole solutions in the form [1]
sn(z — vot, 1) = (An(z — vot) + nvo)e? @ (F=vot)Hipvo(z—vot)—iftt - ©

where

A, (€) = Atanh(k§)
dOy/d€ = ktanh(kf)

Here 7, A, &, and vp are constant coefficients, 7 being a complex one, and p = 1/2(a — 8). The frequency
2 meets the dispersion relation
' Q,v0) = w(Q) — vQ (3)

w(@Q) =B+ (a-B)Q?

For £ = z — vot = %00, the solution (2) tends asypmtotically to solutions in the form of plane waves

sai(Eat) = V 1- Q?e—fﬂt+iQiE’ 1= 1»2 (4)

with asymptotic wave numbers Q; (for £ & —o0) and Q; (for ¢ — +00). Using the dispersion relation

(3) one can readily find that
w(@1) — vo@1 = w(Q2) — v0Q2 (5)

The condition (5) is, actually, the condition of conservation (in a moving reference frame) of constant
phase difference between the asymptotic (for { — +00) limits of the solution (2).
1 Qualitative Analysis of the Structure of Phase Space

Let us make a substitution of variables s(z,t) = a(z,t)e"*¥ in eq. (1) and pass to the reference frame
moving with constant velocity vo. We obtain

dra = vodea+ (1 +iQ)a — (1 + if)|al®a+ (1 + ia)aga (6)

Stationary solutions of the evolution problem (6) satisfy a system of ordinary differential equations in
R4

da
%=
db_ 1+iQ | 1+, , v
- Tre'tire T ™
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The system (7) has two single-parametric families of solutions that are periodic along z:

a1(€) = Aa e b (€) = iQ1 Ag ' NEHIN (8)
as(€) = Aa2€’9H9?, by(€) = iQrAg2e’ T2, 9)

where Aq; = m , and a singular point .
a=0, b=0 (10)

1.1 The case v =0

Statement. In the case vp = 0, the system of equations (7) is conservative and reversible (in the sense
that £ and —z are interchangeable, i.e., ¢ = —z). There exist two involutions:

a=—a (11)

and
' b= -b (12)

which map the phase flow of eq. (7) into itself with the change £ = —z. Besides, the system (7) is
invariant to the transformation

a = ae'?°, b= bel¥°, o = const (13)

The validity of the statement is readily verified by direct calculations. It is also easy to check that
each of the above mentioned involutions maps the families of the solutions (8) and (9) into each other. It
follows immediately from the statement that the phase flow is symmetric with respect to the plane a = 0
or b = 0, with the change £ = —z taken into account, and invariant to a simultaneous turn by an angle
o in the planes a = 0 and b = 0.

Let us rewrite (7) for vp = 0 in a slightly different form. Supposing a(z) = u(z)e’#(®) and using
relation w = B + (a — B)Q? we find

u=v
v = u(¥? - Q%) + B(u? - A2)u - (14)
up’ = —2v¢ + C(u? — A2)u,

where ¢ = dp/dz, B = (1 + af)/(1 + e?), C = (B — @)/(1 + @?). The system (14) has the dimension
smaller than that of (7) but it contains a singularity at the plane u = 0. The involutions

u=>—-u, P=>-9, T=>-=r (15)

v=> -y, Y=>—¢, T=>-z (16)
of the system (14) correspond to the involutions (11) and (12) of the system (7).

The fixed points
u=A, Yv=Q (17)

u=As, $=-Q (18)

of the system (14) correspond to the periodic solutions (8) and (9) of the system (7) for ¢; = ¢, = 0.
Note that the two other points

u= _Aa; 'lb = Q (19)

u=—-As Pv=-Q (20)
correspond to the same periodic solutions (8) and (9) but with ¢; = ¢2 = m. Thus, in passing from (7)
to (14) there arises a degeneration due to the fact that only two singular points (17), (19) or (18), (20)
corresponds to each family of periodic solutions (8) or (9).

The types of the singular points (17) and (18) were investigated in [2]. Both of these points are
saddles, but one of them has a 1D unstable S} and a 2D stable S5 manifolds, while the other one vice
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versa. The type of the singular point on 2D manifolds is determined by parameters of the system. The
spectrum of each singular point is purely real if

2

D=B?—(?Z(ﬁ) +6)B§+1231-8>0 (21)
2 \4

and complex if D < 0, where B; = B(A44./Q)?, C1 = C(Aa4/Q)?. Due to the symmetry of the phase flow

of eq. (14) with respect to u = ¢ = 0 and v = ¥ = 0 (with £ = —z), the singular point (19), (20) has a

spectrum of eigenvalues coinciding with the spectrum of the point (17), (18).

The intersection of the 2D stable S§ and 2D unstable S§ manifolds of the singular points (17), (18)
((19), (20)) is structurally stable in R3. This means that the Lcteroclinic trajectory T'.(T,) connecting
the equilibrium states (17), (18), ((19), (20)) is structurally stable in a general class of dynarical systems
and, as was shown in [T. Bohr et al.], the shock solution

a,(z) = A,(z)e (D) tie. (22)

of the basic equation (1) corresponds to this trajectory.

Consider now the solution (2) of eq. (1). Investigation of the hole solution (2) for £ — oo verifies
that a hole solution in the phase space of the system (14) corresponds to the heteroclinic trajectory
T'4(T4) connecting the singular points (17) and (20) ((19) and (18)). One of the trajectories belonging
simultaneously to the 2D stable and 2D unstable manifolds of the points (17)-(20) cannot be such a
trajectory because the hole solution is monotonic both for £ — +00 and z — —oo for any values of the
parameters. Thus, the only possibility is the intersection of 1D stable S} and unstable S} manifolds of
the equilibrium states (17) and (20) ((19) and (18)). In a general case, however, such an intersection is
structurally unstable, moreover, it has co-dimension two in R3.

Let us come back again to the system (7). It is clear from the considerations presented above for the
stability points (17)-(20) that one of the periodic solutions, (8) or (9), has a 2D stable, W3, and a 3D
unstable, W3, manifolds and the other solution vice versa. A shock solution in the phase space of the.
system (7) corresponds to a structurally stable intersection of 3D stable and unstable manifolds of the
periodic solutions (8) and (9). The intersection of 2D manifolds W3 and W3 in R* is, on the contrary,
structurally unstable.

Let us recall that the phase flow of eq. (7) i symmetric (with £ = —z) to the involution plane a = 0.
Each of the 2D manifolds of periodic motions (8) and (9) generally, intersects the plane a = 0 at the same
point by virtue of this symmetry. On the other hand, the intersection of the manifolds W3 and W3 at
one point means that they intersect along the trajectory that connects the periodic solutions (8) and (9).
The situation described is structurally stable in the class of the systems having only the involutions (11)
and (12). The invariance of the phase flow to the turn by an angle ¢q in the planes a = 0, b = 0, in its
turn, gives instead of a single heteroclinic trajectory a whole family of such trajectories. This means that
the intersection of the plane a = 0 with the manifolds W3 and W3' occurs not at one point but around a
closed curve. Such a situation, however, is no longer structurally stable in R* and has the co-dimension
one in the class of the systems having two involutions (11) and (12) and invariant to the transformation
(13).

It was assumed above that the parameters a, § and Q of the system (7) (or (14)) can change indepen-
dent of each other. In this case the intersection of the manifolds W3 and W (S} and S¥) in the phase
space of the system (7) ((14)) is really structurally unstable and is broken with a small perturbation of
the parameters. However, the situation will change if we assume that only two parameters o and f are
independent and choose the value of @ depending on « and S. It’s clear that the dynamical systems
possessing such a property will form a film of co-dimension one.

Proposition 1: For any values of the parameters @ and 3 giving the real solution Q(e, 3) of the
equation

Q*(1 - B-(2/9)C?% + Q*(B + (4/9)C?) — (2/9)C* =0 (23)

there exists a heteroclinic trajectory I', (T») moving from the point (17) ((19)) to the point (20) ((18))
and lying in the plane P = {u,v,v: ¢ = (Q/As)u} (P = {u,v,%: ¢ = (Q/As)u}).

Proof: Let us consider the plane P which contains the points (17) and (20). If the 1D manifolds S}
and S} of the points (17) and (20) belong completely to the plane P and intersect the axis u = ¢ = 0,
they will intersect each other and there will exist a heteroclinic trajectory connecting these points. This
supposition follows immediately from the symmetry of the phase flow (see(15)). The trajectories which
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belong completely to the plane P have no singularity in the plane u = 0 as limy_,0(%/u) = const for any
curve lying in the plane P and intersecting the axis u = ¢ = 0.
Obviously, the phase trajectory will belong completely to the plane P only if the derivative of the
phase flow with respect to the normal to the plane P equals zero at all points of this trajectory. The
latter condition determines the curve

C={uvp: v= %(zﬂ _A2) = A%u} (24)

So, the phase flow of the system (14) is tangent to the plane P at the points lying on the curve C.
Now it is necessary to verify that the curve C is really the solution of the system (14) (C is the phase
trajectory). Direct substitution of (24) into (14) shows that the curve C is the solution of the system (14)
for all values of @ complying with equation (23). The determinant of equation (23) is strictly positive
and it is easy to check that the set of values a and § giving the real solution of the equation (23) is not
empty. The proposition is proved.

Consequence: Any phase trajectory of the system (14) moving from the halfspace u > 0 (u < 0) to
the halfspace u < 0 (u > 0) intersects the axisw = ¢ = 0.

Note that the analytical expression of the heteroclinic trajectory I'y, (equation (24)) was obtained in
the proof of the proposition. The hole solution of the basic equation (1) correspond to this trajectory.

1.2 Multiloop trajectories

We now consider the existence of multiloop heteroclinic trajectories, i.e., the trajectories to which the
solutions containing several hole and shock structures correspond.

Definition: The heteroclinic trajectories belonging simultaneously to the manifolds W3 and W3 of
the periodic solutions (8) and (9) and passing (n — 1) times near the heteroclinic trajectory I'y corre-
sponding to the intersection of the manifolds W3 and W¥ are called n-loop trajectories.

According to this definition a solution containing n shocks and (n — 1) holes lying between them
corresponds to the n-loop trajectory.

Proposition 2: Let there exist in the phase space of the system (7) a heteroclinic contour, i.e., there
co-exist two types of heteroclinic trajectories connecting the periodic solutions (8) and (9). Then there
exists a countable set of double-loop trajectories.

Proof: Apparently, a double-loop trajectory existing in the phase space of the system (7) corresponds
to an analogous trajectory in the phase space of the system (14) and vice versa. It is easier to investigate
these trajectories in R3, therefore we consider the phase space of the system (14). Suppose that the fixed
points (17)—(20) are saddle-foci and (17) has a two-dimensional stable and a one-dimensional unstable
manifolds. Then, to a shock solution corresponds a structurally stable heteroclinic trajectory I'; along
which the unstable S¥ and stable S5 manifolds of the points (17), (18) intersect. By virtue of the phase
space symmetry w1th respect to u = ¢ = 0, an analogous intersection (trajectory T',) occurs for the
manifolds S, and S, of the singular points (19), (20).

The simplest double—loop heteroclinic trajectory T,hs originates at the singular point (20), moves
along the unstable manifold S, , near the trajectory Ty, enters the vicinity of the point (19), then passes
along the curve T, to the vicinity of the point (18), and, finally, moving along T', it ends at the point (17).
Clearly, there exists still another double-loop trajectory Iy, that is symmetric to T,»s and connects the
points (18) and (19).

Let us designate through T} a global map of a secant in the neighbourhood of the heterochmc trajec-
tory I';, and through Ty a local map in the neighbourhood of saddle-focus.

Consider the singular point (19). The system (14) may be linearized in the neighbourhood of saddle-
focus and, on certain transformations of coordinates, it may be transformed to

Z=X%Z, A>0
_<.p'=w, w>0 (25)
p=-Pp

where (Z, %, ) are the variables in the local cylindrical reference frame in the neighbourhood of the point
(19). Consider ‘the set R = {(z, ¢,p) Z € (0,71], & =Py, P = Po} lying in the vicinity of the
saddle-focus (19). We take the secant Z = {Z:Z = 1} and find the set ToR on it.
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From the first equation in the system (25) we have 7 = 7; = zeM, z € (0,%1]. Then,

=0 =z 4 i 2L
P Pot+yln—,
_
7= 7, (:;) (26)

Apparently, eqs. (26) describe the spiral connecting the points $ = %y, p = pp and p = 0.

:Consider the cylindrical surface K = {Z,%,5: z € (0,71), $ € [0, 27r) P = Po} in the vicinity of
the singular point (19). The intersection of the two-dimensional manifold 52 of the singular point (20)
with the surface K occurs along the curve C originating from the point Z = 0, 7 = By, P =Py on
the trajectory T, that is directed along K towards larger values of the variable 7.1 The curve C € K is
topologically equivalent to the section R € K. Consequently, its image on the secant Z is also a spiral
moving to the point p = 0.

Thus, the spiral G originating from the point ¥={(Z®%p): Z=71, p=0}is the image of the
element D (D N T, # 0) of the manifold S, on the secant Z = Z: Z =7 in the vicinity of the point
(19).

Repeating the same procedure we can show that the spiral G originating from the point vy = {(z, ¢, p} :
z =1z, p =0} is the image of the element D (D NT, # 0) of the manifold S3 of the singular point (17)
on the secant Z = {z: 2z = z,}, where (2, ¢, p) are the local coordinates in the neighbourhood of the
saddle-focus (18).

The global map T} transforms the point ¥ to «, and the spiral G to G with the center at the point
7. One can readily verify that the spirals G and _G_(l) rotate in opposite directions due to phase space
symmetry. Consequently, they have a countable number of intersections. Each intersection corresponds
to a double-loop heteroclinic trajectory connecting the points (20) and (17). Thus, the proposition is
proved.

Note that the centers of the spirals G and E(l) do not coincide in the absence of the heteroclinic
trajectory I'y. However, if the manifolds S} and S} of the singular points (19), (18) are sufficiently
close to each other, the spirals intersect, although the number of intersections in now finite rather than
countable.

It is clear that more complicated n-loop (n > 2) heteroclinic trajectories may exist too. But the proof
of this statement is much more complicated than that presented above. Therefore numerical investigation
of the phase space of the system (14) is of great interest. A heteroclinic trajectory corresponding to one
of the shock structures was found numerically in [2].

1.3 The case vy #0

For vp # 0, the system of equations (7) is not reversible, like was in the case vo = 0. But the phase flow
is also invariant to the transformation (132
Suppose as before that a(z) = u(z)e'*(*) and transform the system (7) to the form

u=v
v = u(¥? — Q}) + B(u® — A2))u + avoD(Q1 — ¥)u — vo Dv (27)
u’ = =209 + C(u? — A2))u + voD(Q1 — ¥)u + avp Dy,
where ¢ = dp/dz, D =1/(1+ a?), and Ag; = /1 — Q7. The system (27) has the fixed points

u=A;, v=Q@ (28)
u=-A;, Y= (29)
u=A;, Yv=Q2 (30)
u=-A, Y=Q: (31)

1 We analyse the half-space 7 > 0.
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and the straight line v = u = 0. Note that the asymptotic wave numbers @; and @, are related by
Q2+ Q1 = vo/(a— B). Consequently, for vy — 0, the equilibrium states (28)—(31) transform to (17)-(20).
The system (27) is degenerate relative to (7). The condition of invariance to (13) reduces for the system
(27) to the condition of phase flow invariance to the transformations v = —u, v = —v.

The stability of the singular points (28)—(31) may be found directly from analysis of the linearized
system (27). However, by virtue of continuous dependence of the roots of algebraic equation on its
coefficients, we can state that the character and stability of the singular points (28)—(31) and (17)-(20)
coincide for sufficiently small vg. If there exists, for vo = 0, a structurally stable heteroclinic trajectory
connecting the points (17), (18), (19) and (20), then, for small enough v, there exists a structurall
stable heteroclinic trajectory corresponding to the intersection of two-dimensional stable and unstable
manifolds of the singular points (28) and (30) ((29) and (31)). A shock solution moving with constant
velocity vg along the z-axis corresponds to this trajectory in the frames of the initial evolution equation
(1). The intersection of one-dimensional stable and unstable manifolds of the singular points (28) and
(31) ((29) and (30)) corresponds to the hole solutions moving with constant velocity vo in the phase space
of the system (27). Like in the case v = 0, the heteroclinic trajectory corresponding to this intersection
is structurally unstable in the general class of dynamical systems. However, the problem disappears if we
assume that one of the parameters of the system (27), namely @;, depends on the other parameters.

Thus, analysis of the phase space of the system (27) indicates that, besides fixed (motionless) struc-
tures, there must exist moving hole and shock structures. Moreover, results of the Proposition 2 about
multiloop trajectories are completely true for the case vy # 0. Indeed, the proof of this statement is based
on the supposition of the existence of structurally stable heteroclinic trajectories connecting the singular
points and on the local analysis of phase flow in the neighborhood of the saddle-focus. Complex shock-
hole-shock structures moving with constant velocity vg correspond to such trajectories in the frames of
the original evolution problem.

Acknowledgments

M.B. and M.R. wish to thank the Russian Foundation for Basic Research (project code N 94-02-03263~
a). M.B., K.G. and M.R. wish to thank the International Science Foundation (grant N NOU 300) for the
support of this research.

References

[1] K.Nozaki, N.Bekki, Phys.Lett.A, 1985, Vol.110, p.133.
[2] T. Bohr, G. Hubert, E. Ott, “ The structure of spiral patterns”, Unpublished, 1995.

CTAIIMOHAPHBIE 1 KBA3SVNCTAIINOHAPHLIE
PEMTEHNA KOMIIJIEKCHOI'O YPABHEHWUSI

I'MH3BYPTA-JIAHIOAY

M. Baxenos, T. Bop, K. 'opuikos, M. PabunoBuu

MeTtonamn kadyectBenHo# Teopun OI1Y B $pa30BoM IPOCTPAHCTBE OMHOMEPHOI'O KOMIIEKCHOTO Y paBHEHUAA
T'uns6ypra-Jlannay McC/IeNyloTCS CTAIMOHaPHEIE M KBa3HCTAalMOHADHBIE (IBHXYIIHECSs C MOCTOSHHOM
ckopocThio) pemeHus. JlokaszaHo CyllecTBOBaHME CY€THOTO MHOXECTBA IBYXOOXONHBIX reTepOKJIMHUYE-
CKUX TPaeKTOpHil, KOTOPHIM COOTBETCTBYIOT CJIOXHBIE ABYropbbie KBa3sHCTallMOHAPHbIE PeIleHNs .
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Abstract

The quantum and classical dynamics of a charged particle moving in a thin film (heterostructure)
placed in a tilted magnetic field is investigated. Isolated and overlapped nonlincar resonances be-
tween cyclotron frequency and longitudinal oscillation frequency are studied. The eigenvalues and
eigenfunctions, the nearest - neighbor level spacing distribution, A; - statistics and the condition of
chaos have been calculated. This model was applied to the explanation of some experimental results.

Introduction

In recent years much effort has been devoted to the investigation of quantum systems which classical
counterparts display chaotic behavior. At the same time it is known that there is a essential progress in
in manufacturing and carrying out the experiments in low dimensional semiconductor microstructures.
From this point theoretical investigation of nature of quantum chaos in heterostructures and the conditions
of its appearence is seems to be very important. In this work we study the dynamics of charged particle
moving in the thin film placed in a tilted magnetic field. First of all, we investigate this problem in
classical frame and then based on the obtained prediction we will made some theoretical and numerical
observations of our system in quantum limit.

1 Classical model

We model our thin film as one-dimentional infinite potential well. Set of coordinates is defined so that
the plane (z, y) is parallel to the film boundaries. Magnetic field lays in the plane (z, z) and is tilted with
respect to z - direction by a rotation angle 6 around the y - axis. Our Hamiltonian is the follows,

2
pP-:ZA
H= KW)— + V(z), (1)
where 0 )
y ozl < §s
V(z) = {oo, 2] > 4. 2)

e is the charge, m is the mass of electron, ¢ is the light velocity, a is the film thickness. Vector potential
is choosing in this way A (—H cosfy,—H sinfz,0). When the magnetic field is perpendicular to the
film plane our system is integrable and particle motion consists of two independent ones: the oscillation
between the well walls and the rotation in the magnetic field. When we tilt the magnetic field we have a
non-integrable system with a complex motion. It was convenient to rewrite our Hamiltonian in action-
angle variables [1]. Then using the resonace pertubation theory we found the first order resonaces between
the cyclotron frequency w defined for the normal component of magnetic field and the odd harmonics of
the longitudinal oscillation frequency (J;)

w=n Q(Jl), (3)

where w = eH cosf/me, n = 1,3,5... The well frequency depends upon the canonical variable action Jj,
which defines the energy of the motion in the well. Another canonical variables J, defines the cyclotron
radius [1]. In a resonace domain, which has a width

w

“Ln, @)

Adyp = e
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where w; is the frequence of the phase oscillation on the resonance [1] and G = n?7%/ma?, the particle
executes its motion changing radius and longitudinal energy. When nearest resonances are overlapped
the motion becomes chaotic. Overlap parameter K is follows

74 c/* tan'/?9 Al
el/4g1/2 cosllig HIA™ (5)

K=2"pn=2
w

With increasing angle 6 the resonance widths grow and K becomes of the order of unity (Chirikov criterion
of chaos is fulfilled). One can see from equation (5), because K is directly proportional to the resonance
number n, the Chirikov criterion is satisfied first of all for resonances of higher harmonics. So, chaos
domain goes from higher harmonics resonances to lower ones.

Later the same result for parameter K was obtained by Shepelyansky and Stone [2] which used non-
linear map for this system in the case of the presence of electric field directed alone z - axis.

2 Quantum description

The Hamiltonian operator of our system is given by

= ro + eHsmGﬁyz, (6)

mc

where Hy is the unperturbed Hamiltonian of the particle moving in the film in the perpendicular magnetic
field. The spectrum of Hy is
B - R*r? 5 1
mimg Wml + w(m"' 5)’ (7)
where m, is the well level number, my is the Landau Level number. Let’s write wave function of H as
an expansion over the unperturbed Hamiltonian eigenfunctions

Y(z,y,2) = /ZZCm’lm’zp;'/’?n'lm’zp;dp;’ (8)

Substituting (8) into the stationary Schrédinger equation we obtaine the system of algebraic equations
for expansion coefficients Cpm,m, [1]

. mp(m; —n
Eronlm:lemz +iF Z("l_("l———)i vmz + 1Cm1 -n,ma+1="
n

n?(2my — n)

my(my + n)

w2 @my 3 n)sY 2Omianma-1) = ECmima, 9

where F = 4aeH sin 0v2hmw /men?, n is the odd number, w = eH cosf/mc. Resonance condition in

quantum case has the form

hn? _

,-n—a—imln =W, (10)
and it means that if electron moves down (up) on n levels in the well and up (down) on one Landau
level it will have the same energy as it had before. When we take into consideration only one isolated
resonance after some tranformation system (9) reduces to Mathieu equation, so the spectrum in the
isolated resonance domain has the form of Mathieu spectrum.

We have made some numerical investigation of our model. Firstly, it is well known from Random
Matrix Theory (RMT) that for integrable system the nearest - neighbor level spacing distribution P(S)
has the form of Poisson distribution [3]

P(S) = zeep(~3), ()
where d - the average spacing between levels. We calculate P(S) for the spectrum of Ho: m? + ymg,
where « is irrational number, and we have the distribution ”Poisson-like” (see Fig.1). For perturbed
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Hamiltonian H from Random Matrix Theory (RMT) we should expect the statistics of Gaussian Unitary
Essemble [3] (matrix elements in (9) are complex)

52 4s?

P(S) = Somezp(~ =), (12)
We examine numerically the system (9) for the case when § = 20°, H = 11.4, the heterostucture
width @ = 120, and m = 0.067m®. The function P(S) was computed and we obtaine the intermediate
nearest - neighbor level spacing distribution (see Fig.2). From this picture one can see the decreasing
of small distance probability as compare with ” Poisson-like” statistics so, there is level repulsion. Then
we calculate the spectral rigidity for our system, i.e. Ag - statistics (Fig.3). We see that it also has
intermediate character between Ag - statistics for integrable system Az = L/15 [3] and for GUE system
Az = 3tz {In(2rL) + v - 21 [3], where L is the number of energy levels, ¥ = 0.577°4 is Euler’s constant.

We also compute the coefficients squares |Cp,m,|?> when Chirikov criterion is of the order of unity
(Fig.4). One can see the chaotic delocalization of wave function in Hilbert space of the Hamiltonian
Hy. When Chirikov parameter is much less then unity we will see the localized state with one non-zero
coeflicient or with r-sonance line of non-zero ones.

Why does we not have a good accodance with RMT prediction? At parameters used here the classical
phase space consists of chaotic and regular domains. Thus in quantum limit we have as delocalized wave
functions as well as localized ones. So the ergodicity of eigenfunctions that was assumed in RMT is not
carrying out here. Also, in our matrix equation (9) we have no random distribution of matrix elements
because the average amplitude of diagonal elements is overwhelmingly larger than that of off-diagonal
ones and the magnitude of off-diagonal elements is decayed with the distance from diagonal.

3 Discussion

We can use our results to explain some experimental observations. Fromhold, Eaves et all [4] used resonant
tunneling spectroscopy to study the energy - level spectrum of such system: an electron in a trapezoidal
potential well in the presence of a high magnetic field tilted relative to the confining barriers. Distinct
series of quasiperiodic resonances are observed in the current - voltage characteristics which change with
tilt angle. The authors of work [4] interpret the two types of dependence of the voltage period AV of the
oscillatory structure from V - square root dependence and linear ones - as the existence characteristic of
unstable closed orbits. We interpret the square root dependence AV vs V as manifestation of well levels
which are not in the resonance domain, because this dependence exists in perpendicular magnetic field
also when system is integrable and there is no chaos. The linear dependence AV vs V we interpret as
manifestation of resonance domain.

We try to model tunnel current as a function of potential V. Tunneling occurs when the energy of
discrete emitter state coincides with the energy of a subband in the quantum well, and the magnitude
of current dependes upon the overlap of wave functions in the quantum well and emitter states. The
overlap of wave functions in its turn is defined by the coefficients Cmim,- So we compute the sum
S = |C10]? + |C11|? at 6 = 20°, because in experiment only two Landau level in emitter (m; = 0 and
my = 1) was filled. One can see the different S amplitude in the non-resonance region and in the resonance
one (Fig.5). Also if we assume that we should consider only S which more then some S*, where S* is the
limiting sensibility of experimental device, we will have the same type AV vs V plots as experimental
one (Fig.6). Also we want to note that deviations from the square root dependence AV vs V on the
experimental plots we interpret as an influence of higher resonances.

In conclusion we would like to stress that chaos can occur not only in magnetic field tilted with
respect to film surface, but in perpendicular one when electrons have non-isotropic energy spectrum. For
instance, it can happens in n-Ge- or in n-Si-films when magnetic field is not parallel to the main elipsoid
axis and at the same time is perpendicular to the film surface. After simple transformation of coordinate
system we can reform elipsoid into sphere and will have the same system as was cosidered in this work.
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XAOC

B KBAHTOBOM ITOJIYITPOBOOHUKOBON CTPYKTYPE
B HAKJIOHHOM MATHUTHOM IIOJIE

B. 4. Hemuxosckuii, B. A. Ilenuciok

B xnaccuyeckoM M KBAaHTOBOM IIpefieslaX MCCJIENOBaHa HMHAMUKa 3apSXKeHHOH 6eCCIMHOBON 4aCTHUIBI,
IOBHXYIIENCA B TOHKOM IUIEHKe (FeTepOCTPYKTYPE), IOMEINEHHOM B HAKJIOHHOE MAPHUTHOE TOJIE.

B xnaccuueckoM ciydae M3ydeHH HeJIMHEHHEIE Pe30OHAHCHI, BO3HHMKAIOIIWE NPU COBMAJCHUH LMKJIO-
TPOHHOH 9aCTOTH (ONpelesIieMOil HOPMAJILHOH KOMIIOHEHTOH MAarHUTHOIO MOJIA) M 9aCTOTH OCHMJLIAIMI
MeXNy CTeHKaMu IvieHKH. [losydeHo yciioBHe NepeKpHITHS Pe30HaHCOB-KpHTepuil UnpnkoBa, NpH BHIIIOJ-
HEHHHN KOTOpOTO B CHCTEMe HacTymaeT Xaoc.

B xBaHTOBOM ciiydae ypaBHeHue lllpenunrepa cBonuTCa K CHCTeMe ajirebpamdecKux ypaBHEHHMIl, onpe-
HeIiomedl cobCTBEHHEIE 3HATEHHS SHEPruM ¥ co6cTBeHHEE BeKTOopa. McciieoBaH M30JMPOBaHHLIN HEJM-
HeHHHIA pe30HaHC W MOKa3aHO, 9TO B 3TOM ciydae ypaBHeHue llIpennnrepa npuanmaeT GpopMy ypaBHEHHS
Marpe. O6mias cucTeMa ypaBHEHHl HCCIIENOBAIaCh YMCJIEHHO U GBIJIM MOJIyYEHBI BOJIHOBBHIE (QYHKIHHA M
cnexTp. Ilokasano, YTO CTaTHCTHKA MEXIYYPOBHEBHIX HHTEPBAJIOB 1 A3 - CTATHUCTHKA B YCJIOBHSIX KBaH-
TOBOT'O Xa0Ca NMeIOT MPOMEXYTOYHHI XapakTep MeXay craTuctukamu Ilyaccona u rayccoBa yHuTapHOro
ancambis (I'YA). UccienoBana cTPYKTYpa BOJIHOBHIX GYHKIHMH B 06J1aCTH KBAaHTOBOTO Xa0Ca.

Iloka3aHO, YTO KBaHTOBhIE HeJIWHENHKIE PE30HAHCH W KBAHTOBHIA XaoC MOTYT BO3HMKHYTb H B Mar-
HUTHOM IOJIe, HOPMAJILHOM K NIOBEPXHOCTH IIEHKH, €CJIM 3JIEKTPOHHEIN HEepreTHIeCKUN CIEKTP ABJISEeTCH
aHH30TPONHKIM.

TTosy4eHHBlE Pe3y/IbTATH NO3BOJIAIOT OGBACHATE YKCIIEPUMEHTAIbHEIE NaHHbe paboTH [4], B koTOpO#
HabII0aJICsE KBAaHTOBHIN Xa0C B reTEPOCTPYKTYPe, IOMEIIEHHON B HAKJOHHOE MarHUTHOeE ToJIe.
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1 Formulation of theorem

Consider linear differential equation:
(O + B=AA+F(2)é=0 (1)

where £ : R — C™, B and A are n x n-matrices, F(z) is a continuous matrix function such that
IF(z)|] < Ce=*!el for C,a > 0.

We will say that A € C is a resolvent point for Eq.(1) iff there exists the continuous inverse operator
for the operator in L.h.s. of Eq.(1) defined in C(R, C") . We will say that A is a spectral point for Eq.(1)
iff the continuous inverse operator does not exist.

Let ki()),i = 1, ..., n be eigenvalues of the matrix B — AA. For 4 > 0 let us define Ay = {A € C :
min; [Rex; (A)| > v}

Suppose we know the spectrum of Eq.(1) (Sp(co)) and intend to study the spectrum of the equation:

(8 + B— A+ F.(2))6=0 (2)

c=(c1,..,tm-1), ¢j >0, Fe(z) =F(z)+ F(z+c1))+F(z+eci+c)+...+ F(z+eci+ca+...+cemo1).

Let us denote d(c) = min; ¢;.
Remark. Such a problem may appear in the following situation. Suppose we deal with an evolutionary

equation
a: + La = f(a) (3)

with one spatial variable z € R, where a € C* and L is a linear differential operator. Let Eq.(3) has a
localized stationary solution a(z), |a(z)| < C exp(—B|z|) for positive C, B. Then it may happen (see [2, 1])
that m-circuit solutions am(z) ~ a(z) + a(z + ¢1) + ... to Eq.(3) exist for a countable set of c. Moreover,
the greater d(c) s the smaller sup, [am(z) — (a(z) +a(z+c1)+...)| is. So, if we are interested in stability
of these solutions we should consider spectral problem A\ + L€ = D f(am )€ which can be transformed into
a first order system. This system can be approzimated by one of the form (2).

Let Sp(c) be the spectrum of Eq.2, R(c) be the resolvent set of Eq.2 and R(co) be the resolvent set of
Eq.1. Let N((A\) = {y € C : |y — A| < ¢}. Now we can formulate the Theorem (multiplicity of isolated
spectral points will be defined below in definition 2).

Theorem 1

1) Let A € AgNR(o0) then there exists M(A,m) > 0 such that A €R(c) for d(c) > M (A, m).

i) Let A € Ao be an 1solated spectral point of multiplicity k then, for small enough ¢, there exists M (), €) >
0 such that N¢(A) consist of exactly m-k spectral points for Eq.(2) (counted with multiplicity) ford(c) > M.

Remark. The set Ag = {A\ € C : A & Ao} is the essential spectrum for the Eq.(1). The set Ay either
is equal to C or is a finite set of smooth curves with intersections and a finite number of singularities
(angles). Each closed connected component of Ay consists of only finite number of isolated spectral points
of finite multiplicity for Eq.(1) (Eq.(2)) or is the subset of Sp(oo) (Sp(c)).

First of all we define multiplicity, simultaneously we give some technical results required for the proof,
see [3].

Definition 1 For a closed operator Y and a bounded operator X on a Banach space B we call X to be
an X-resolvent pownt for Y (A €RX(Y)) uff there exists the bounded operator (Y — AX)~!. We call X to
be an X-spectral point for Y (A €SpX(Y)) iff » ¢ RX(Y).

Two important classical results on resolvents have the simple generalizations for X-resolvent.
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1. RX(Y) is an open set.
2. Let D be a bounded isolated subset of SpX (Y) so there exists a closed Jordan curve I' separating
D from the rest of Sp*X (Y'). We can consider the analogue of the Riesz integral
. ,
=— ¢ (¥ —AX)"'dA
P(D) = 5 (¥ =A%)

P does not have to be a projector but the operators P;(D) = PX and P,(D) = X P do. Moreover, -
for A € RX(Y) one has P;(Y —AX)~! = (Y — AX)~!P,. Let us denote I; =Im(P;) and K; =KerP;
the image and the kernel for P;. So, we can consider separately operators X', Y’ : I} — I and
X" Y" : Ki — K, which are the restrictions X,Y on I; and K;, with the spectrums prl (Y)=D,
SpX” (Y") = SpX(Y)/D. Moreover, the spaces I; and I; are isomorphic since the operator X’ is
invertible: X/~! = P : I, = I,. Pair of decompositions B =1, @ K; = I ® K> with X', Y’ and
X", Y" as above is unique.

Definition 2 Let A be an isolated X -spectral point for Y. Multiplicity of A is dimImP;()).

2 Proof of the Theorem

In this text the words ”bounded operator on a Banach space” mean ”bounded everywhere defined operator
on a Banach space”.
Without loss of generality we may assume N¢(A) C Ay for small enough v > 0 and € > 0.

Let 0 < 9/ < min(y, a). Consider Banach space E C C(R, C") with the norm ||u||g = sup,, |u(z)e ||
(u € E & ||lu|]|lg < 00). Let S be the shift operator on E: (S,u)(z) = u(z + a).

Proposition 1 The classic operator 8, is a closed operator on E with a dense domain.

So, operators Lo, = 8; + B + F(z) and L, = 8, + B + F.(z) are closed densely defined operators on
E, A is a bounded operator on E.

Lemma 1 The following relations are valid: R(c0) N Ay =R*(Loo) N Ay and R(c) N Ay =RA(L.) N A,.
Moreover, A € A, is an isolated spectral point for Eq.1 (Eq.2) of multiplicity k if and only if X is an
isolated A-spectral point for the operator Lo, (L.) of multiplicity k.
Proof. Let A € A, and §; € E. Consider equation

(0z + B—AA+ F(z))é = &2.

Every solution §; to this equation either decays or grows exponentially for £ — +oco. The same is true
for £ & —o0. So, if ¢ € C(R,C") then & € E. O

By operator L. we construct the following operator Le:E™ > E™. Forv = (vo,v1, ..., Um—1) € E™
with the norm [|v|| = ||vo||E + .. + ||tm-1||E We put

(Lev)i = (0: + B+ F(z)) vi+ (4)
{F(2)[(Seips (ig1 + Seipa (Vig2 + oo+ S ¥m—1)-..) + S—c; (vie1 + S—ci_, (Vic2 + ... + S—¢,%0)...)]}.
Lemma 2 The following estimate is valid (|| - ||z = || - ||)
IF (z)Sall < C max{exp(y’ — a)lal, exp(—+'|a])}
Proof.

|F (2)Sau(z)|| = sup | #| F(z)u(z +a)| < sup(e? *1Ce= e |julle=71#+4l) = C max{e(' =l e~y g

So, the normr of the operator in curly brackets in (4) tends to zero when d(c) — co. Let us consider
operator T, : E™ - E
Tev =9+ Se, (v1 + Se,(v2a+ ... + S, Vm—1)-..) (5)
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Let E™ =KerT, = {v € E™ : T.v = 0}. It is clear that T} is bounded. Let Lo, (A) on E™ be the direct
product of Lo, (A): _ _ .
Loo = Loo X Loo X ... X Log, A= AXAX..xXA

N ARG

m times m times

For the linear operator X on a Banach space B and its invariant subspace X we define the factor operator

X/X :B/X - B/X
v € D(X/X) & Juepx)v = {u} and X/X{u} = {Xu},
where {u} = u+ X € B/X.

Proposition 2 The following relations are valid: L.(E™), A(ET) C E™, the factor space E™|E™ ~ E
and the factor operators L./E?* and AJ/ET are isomorphic to L. and A, respectively.

Proof. Let v € E™, denote {v} the corresponding element of E™ /ET*. 1t is easy to define isomorphism
by means of operator T': E™ /E™ < E, T{v} = Tv, T"'u = {(u,0,0...)} O

For the linear operator X and its invariant subspace X denote X\X the restriction X on X. We will
say that operator Z on a Banach space B is invertible iff there exists a bounded operator Z~1! such that
ZZ 'u=uforall u € Band Z~'Zu = u for all u € D(Z).

Consider a Banach space B. Let B =X @& M and Y be closed operator on B with dense domain such
that Y(D(Y)NX) C X and D(Y) = D(Y)NX & D(Y) N M. If I is the projector on X along M then
the last property is equivalent to D(Y) N X = IID(Y).

Lemma 3 Operator Y is invertible if and only if both operators Y/X and Y\X are invertible.
Remark. This Lemma should be used carefully: it may happen that operator Y /X is not closed and, con-

sequently, 1s not invertible although its closure may be invertible.

Proof. Denote IT the projector on X along M, = = I — 1. We may represent each u € B as a
vector u = (u1,u3), u1 € X, ua € M. Then Y may be written as a matrix

y=(Y Yxm )\ _pypinyeszys
0 Y

It is clear that M ~ B/X and Yo ~ Y/X. Let Y5 ! and Yy exist then

v-1o( Yo' —Yi'Yam¥id
0 Yl

b

we should only check that the operator —Y5 lyy MY,QI is bounded and maps to D(Yy). Let

ol 0 0
v = (g v )

Then~R(Y;}1) C D(Y) and operator YYJ:;l is bounded as well as YxpY,! which is the restriction of

NYY! on M.
Suppose

Y"1=< Zx ZXM)
Zpmx  Zpm

Studying expression YY ~! = I one finds that Zy = Yyi! and Zpy = Y;il. u]

Let X be a bounded linear operator on B such that X(X') C X then the following corollary is valid.
Corollary 1 Sp* (V) =Sp*\¥ (Y\X)uSpX/* (v/X).

Let D be a bounded isolated subset of SpX (V') and T be a closed Jordan curve separating D from the
rest of SpX (Y). Denote projectors

1 1
P=- fa-rx)1xdr p =L _ -1 .
— f} (A=AX)7IXd), Py = o }i (A/X — AX/X)"1X/XdA
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Corollary 2 P(X) C X, P; = P/X, and, consequently, dimImP; = dimImP — dim(ImP N X ).

Ifoneputs B=E™, Y = L., X = A, X = E™ and M = {(,0,0,...), u € E} one obtains the proof of
the part 1) of the Theorem. .
Let us prove part ii) of the theorem. Let A € A be an isolated A-spectral point for Lo, of multiplicity’
k, then X is an isolated A-spectral point for Loo of multiplicity k - m. Let T C N¢()) be a closed Jordan;
curve separating A from the rest of the spectrum. Then the corresponding Riesz projectors are
Bo= — §(E. —AA)Ad\, P = 2% }f, (Eoo = M)™1AdA = Py x Py x ... x Py,

—-27Ti T

m times

where Py = (2mi)~! §.(Loo — AA)~1 AdX. For d(c) large enough one has |P. — P|| < 1, and consequently
dim(ImP;) = k - m. The proof of the part ii) follows from

Proposition 3 There ezist M > 0 such that ImP. N E™ = {0} for d(c) > M.

Proof. Since dim(ImP;) = k < oo there can be find r > 0 such that sup,; <, (lu(z)]) > 0 for u €EImPy

and the factor
Supy,is N [2(2)]

supg|<r [u(2)]
tends to zero when N — +oo uniformly in u(z) €EImP,. One can take such M’ that
SUP|z|> M’ lu(z)l 1
SUp|z 1<, [u(z)] ~ 2(m+1)

for all u(z) €ImP,.
In order to prove the existence of » and M’ one should use compactness of unit sphere in ImPy.
Moreover, there exists M" such that ||Ps — Py| < (2m —2)~! for d(c) > M". Tt is enough to take
M > max(M",M'). Indeed, let v = (vo,v1,...) EImP, and u = (ug,u1,...) = Peov (— u; EImPy) then
sup, |vi(z) —u;(z)| < (2m+2)~1. Choose j such that sup, |u;| = max; sup, |u;| then the simple estimates
show that

J
sup |HS,' Tev(z)] >0

lzi<r i=1
[m] °

CITEKTP MHOI'O-OBXOJHBIX 0J'IOKAJ'II/I3OBAHHBIX
PEIIIEHNN
J1.JO .T'snebcknit

Ioka3aHa TeopeMa CBA3BIBAIONIas QUCKPETHHII CIIEKTP N-OOXOAHBIX PEIIeHUN C QUCKPETHHIM CIIEKTPOM
COOTBETCTBYIOIIET0 OAHO-O0XOMHOrO pellieHHs. B ToM YucJie IOKa3aHo, YTO TOYKA CIEKTPa PaCUIENIsSeTCa
Ha 1 COEKTPaJIbHBIX TOYEK IPH Nepexofie OT ONHO- K N-OOXOMHBIM PEIIEHUSM.
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Abstract

We study stability properties of small stationary localized and periodic solutions for a class PDEs
reversible with respect to a spatial variable z in the case when the related stationary equation un-
dergoes the reversible Hopf bifurcation. Under general assumptions we prove instability of localized
and stability of periodic solutions.

1 Introduction

In the present paper we study small stationary solutions u(t, z) = u(z) of 1+1 parabolic PDEs appearing
near the threshold of loss of stability (with respect to a parabolic (”time-like”) variable t) of a stationary
homogeneous solution ug(t, z) = a. Without loss of generality we may regard a = 0. Our main purpose
is to investigate stability of such small solutions u(z). In order to find stationary solutions u(z) we
investigate certain bifurcation of a reversible ODE. The bifurcation turns out to be the reversible Hopf
bifurcation for the case considered. This bifurcation was studied in [14, 8]. In order to investigate spectral
stability (only such a stability will be discussed here) of these stationary solutions we study the eigenvalue
problem for a linear ODE. We consider stability of localized and periodic solutions appearing when the
2a bifurcation (see section 2) takes place. Another solutions and bifurcations will be studied elsewhere.

Our approach was inspired by the papers of Kirchgassner, Iooss, Mielke and others, ([11, 12, 10, 6].
The authors developed center manifold and normal forms theories for infinite dimensional systems and
used them for finding stationary and time periodic solutions of physically meaningful equations (e.g.,
the Navier-Stokes equation) with one unbounded and several bounded coordinates near the threshold of
stability but they did not consider time stability of solutions obtained as we are aware of. Although we
investigate much more simple case of equations with two independent coordinates, it seems to be possible
to extend our results to more general cases.

Relation of this work with an amplitude equations approach [7] should be marked. For the bifurcations
la, 1b, 2a, 2b one can derive, at least formally, amplitude equations of the Ginzburg-Landau type. In
order to do it one can use a slight modification of the method described in [7]. In what follows we shall
not use these amplitude equations, but it is worth mentioning that

o all stationary solutions we consider may be approximated by solutions to the corresponding ampli-
tude equation,

o the central spectrum of such a stationary solution is close to the one of the corresponding solution
to the amplitude equation.

The main result of the paper (theorem 1) is the following: stationary localized solutions appearing
at 2a bifurcation are unstable. In the similar way it can be shown that stationary localized solutions
appearing at la bifurcation are unstable.

Theorem 2 deals with periodic solutions and explains the well-known Eckhaus instability [5], see also
[13, 1]. Our theorem 2 may be considered as a modification of theorem 2 of [13]: our theorem has a
stronger condition and inference.
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2 Families of equations and bifurcations

We study families of equations which can be written in the form

Ju Ou

5t = Flwu) (1)
where u : R? -+ R?", A € C"'(R x R?® L(R*® R?)), F € C"*(R?>"*+! R?"), F(p,0) = 0; r; >
2, rp > 4. Moreover, we assume Eq.(1) to possess a spatial reversibility, that is, there exists G €
L(R?* R?"), G?= F =diag(l, ... 1) such that

A(p, u)

A(u) = -GA(Gu)G, F(u)=-GF(Gu)

A, F depend on the parameter p.

Existence of such an involution G means that Eq.(1) has the property: if u(t, ) is a solution of Eq.(1)
then so is ug(t, z) = Gu(t, —z).

Stationary solutions u(t,z) = u(z) have to satisfy an ordinary differential equation

Uy = F(u,u), (2)

reversible under G: F(p,u) = —GF(u,Gu).

Remark. Even a formulation of the Cauchy problem for Eq.(1) has some features, see [15], but in
all our examples equations of the form (1) appear in the following situation. Suppose we deal with an
evolutionary equation a; + La = f(a) with one spatial variable ¢ € R, where a € R™ and L is a linear
differential operator of the n-th order. Then stationary equation La = f(a) can be transformed by means
of introducing some new vector variable u < a into the form of the first order system uy = F(u). Then
the original equation is turned into a system of the form (1). Our main idea is to apply the powerful tool
of normalization not only to a study bifurcations of stationary solutions but for studying their temporal
stability properties as well. For this purposes the form (1) is especially convenient. It is clear that the
spectrum of stationary solution a(z) is the same as the spectrum of the corresponding u(z).

We perform a linear stability analysis of such stationary solutions u(z) being homogeneous, localized!
and periodic. To that end, we have to study the following spectral problem (we do not write parameter
u just for brevity)

AA(u(z))§ + & — DuF(u(z)) = 0, ®3)

where u(z) is a solution to Eq.(2). We shall consider the spectral problem in the complex Banach space
of continuous functions £ € C(R, C?") with the supremum norm: || £ ||= sup,¢r || £(2) |I-

Throughout this text X’ denotes a Banach space C(R, C?") with the supremum norm when we speak
about differential operators or an arbitrary Banach space when we deal with abstract operators, L(X, X)
denotes the space of linear bounded operators op X'.

Let L € L(X,X) and M be a closed linear operator with the dense domain in X

Definition 1 \ belongs to the L-resolvent set (RE(M))of the operator M iff there ezists a bounded
operator (AL — M)~!, this operator is called L-resolvent of M. X is called to be an L-spectral point of M
(A € Sp¥(M)) iff A ¢ RE(M), [15].

Denote By = DF(0), Ag = A(0). Let {x;())} be the set of eigenvalues of matrix (AAg — Bo), Fo = {A €
C :Rex;i(\) # 0}

Lemma 1 Let X = C(R,C?), L = A(u(z)), M = DyF(u(z)) — 0, then the following is valid:

i) if u(z) is periodic then X € Sp’ (M) if and only if there ezists a bounded on R nonzero solution to
Eq.(3).

i) if u(z) is localized and A € T then A € SpX (M) if and only if there exists a bounded on R nonzero
solution to Eq.(3).

Let us start with stability analysis for the homogeneous solution u(z) = 0. In that case we may seek
bounded solutions to Eq.(3) in the form &(z) = &e'**. The existence of such a solution leads to the

relation
0 = det(AA(u) + ikE — B(p)) = D(p, A, ik) (4)

1Here we call solution u(z) to be localized if [u(z)| < Ce~*|#! for some positive C and k.
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(here and below we denote B(u) = Dy, F(,0), A(p) = A(p,0)).

The relation (4) defines a multi-valued algebraic function A(k) : R = C ( whlch of course, depends
on parameter g for our case). The function A(k) is called a dispersion characteristic . Assume that
the solution u = 0 is spectrally stable for p < 0 and unstable for ¢ > 0. It means that all the curves
r = ReA(, k) lie below k-axis for p < 0 and only one of these curves (in generic situation) is tangent
(intersects) k-axis for p =0 (1> p > 0).

Proposition 1 D(p, A, ik) = f(p, A, k?), where f(p,z,y) is a polynomial in z,y with real coefficients
depending on p. If A(y), B(p) € C* (as functions R — L(R*",R?")) then the coefficients of f are
C*-smooth.

This proposition follows from reversibility of Eq.(1) and the fact that A and B are real matrices of an
even order. The proposition immediately implies that the following four types of loss of stability are
generic for one-parameter families of Eq.(1):

1a, 1b. One and only one curve Re);(0, k) of the dispersion characteristic has quadratic tangency with
k-axis at the unique point k = 0, with ImA(0,0) = 0 (1a) or ImA(0,0) # 0 (1b), see fig.1.

2a and 2b. One and only one curve Re;(0, k) of the dispersion characteristic has quadratic tangencies
with k-axis at two points k = tko, with ImA(0, ko) = 0 (2a) or ImA(0, ko) # 0 (2b), see fig.2.

Under additional assumptions on A and F we shall say that Eq.(1) undergoes 1a,1b,2a or 2b bifurcation
at p = 0 if its dispersion characteristic possesses the corresponding tangency (see also [11, 3]). These
assumptions will be pointed out in Sec. 3 for the 2a bifurcation.

3 The 2a bifurcation

Recall that B(u) = Dy F(p,0), B(p) = —GB(p)G. Let B(0) = By, A(0,0) = Ap. We shall say that
Eq.(1) undergoes the 2a bifurcation if

1. One and only one curve r = Re);(0, k) of the dispersion characteristic has quadratic tangencies
with k-axis at exactly two points k = kg, ImA(0, ko) = 0.

2. ReAj(p, k) = Aj(u, k) and Aj(u, k) is a simple curve in a neighborhood of (0, ko), that is, 9xD(0, 0, tko) #
0.

The matrix By in this case has the following properties:
o If k is an eigenvalue then —k, +x* are eigenvalues also.
o There are no eigenvalues k with Rex = 0 except k = +iko.

o Operators (Bg =+ ikoE) have 2-dimensional root spaces. Moreover, matrix By has a 2-dimensional
Jordan box for each eigenvalue ikg and —iko (not pairs of 1-dimensional boxes).

Let us prove the last statement only since the first item follows from reversibility and reality of By, see [14,
4], the second item is valid because the dispersion characteristic has no other tangencies or intersections
with the k-axis. It is clear that det(By — kE) has double roots +ike because of quadratic tangency. So;
operator By has a 4-dimensional invariant subspace Y corresponding to roots *ikog. Moreover, there is
the decomposition C?* = Y @ Z where Z and Y are invariant under By as well as under G, moreover,
By is hyperbolic on Z (has no eigenvalues with zero real part). Given proper coordinates, we can write
the restrictions By, G of By, G on Y = (y1, 2,91, ¥2):

0 0 1 0
-~ 0 0 0 -1
G=13 0 0 0 |’
0 -1 0 0
iko o 0 0
- | 0 ik O 0
Bo=1 ¢ o —iky o (5)
0 0 0 —iko
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where 0 = 1 or 0. We just need to show that o =1
Let us represent Ag = Ayy ® A,y ® A;. ® Ay, where
Ay Y Y, Ayy:Z Y, A, 12 o Z, Ay, 'Y = Z.
Reversibility and reality of Ao implies the following form of A,

iay; a2 iai3 a4
az iaz2 asz3 iag4
Ayy = . . , @ji € R (6)
—ia13 a4 —ia;; @12
a3 —iazq G2  —1iG22

in the same coordinates.
Using (5,6) one can calculate

D(0, \, ko + &) = —4kZ det(B, — iko)[0? + o )az + O\ + 6% + Ad)],

where B, is the restriction of By on Z. This expression along with the deffinition of the 2a bifurcation
implies
Proposition. ¢ = 1 and as, < 0 for the 2a bifurcation.

If F in Eq.(2) has the linear part as described above and some quantity a, calculated by the first,
second and the third order terms of the Taylor expansion for F', does not equal to 0 then Eq.(2) undergoes
the reversible Hopf bifurcation. The bifurcation was studied in [14, 8, 9]. Recall our assumption on the
parameter u: the solution u = 0 is stable for g < 0 and unstable for g > 0. Let O be the singular point
u = 0 of Eq.(2). Then O is elliptic for 4 > 0 and a saddle-focus for y < 0, provided |p| being small
enough. A neighborhood of O is rich with solutions of different kinds. For example, if 4 > 0 and a < 0
there are a family of periodic solutions and quasi-periodic solutions; some periodic solutions of the family
have homoclinic orbits ([8]). If # < 0 and a > 0 there are at least two homoclinic orbits to O. If these
homoclinic orbits are transverse there are a lot of other solutions lying in a small tube of these, ”basic”,
solutions, (see [2]).

The majority of these results are obtained by the following procedure:

e Detection of a center manifold and finding the normal form around O up to some order for the
restriction of the system to the center manifold. This normal form turns out to be integrable.

e Integrating the normal form.
e Studying which solutions to the normal form approximate ones to the original equations.

Let us briefly describe the first step of the procedure. Henceforth we shall write k instead of ko.
There is the following formal normal form for Eq.(2) ( assuming here F to be a power series, see [6]):2

1 = ikyr+y2 + i Py, lnl? i(nys — yive), v1) + (91 (1, v1, ¥2, v )ys, Y )
U2 = ikyr +iga P(p, |l i(n1ys — vive), v1) + ni1Q(e, [nil?, i(niys — ¥iy2), vk)

+(g2(1, 91, Y2, Y£ )y, Y1) (7)
v+ = Ly + fe(p,v1,92,91, ¥, Y+)y+

where P,(Q are power series with real coeflicients; changing the parameter p we can suppose that Q =
—p — a|y1|? + ..., the quantity a was mentioned above, y+ = 0 give the center manifold, y5 denotes all
quadratic terms of v+, (g(.)y+, y+) is quadratic form on C2"~4, L is hyperbolic matrix (all its eigenvalues
have nonzero real parts). In general, a normalizing transformation does not converge but really we only
need in normalization up to the third order terms so only a finite order of smoothness for F' is necessary.

Performing the normalization up to the third order terms by means of a polynomial change of variables

u = R(y)

where R is a third order polynomial we get an invertible in some neighborhood of y = 0 transformation
and the equation: B

v=F(py) (8)
with F' being in the normal form up to the third order term, that is, the terms of the order < 3 have the
form (7).

24* means complex conjugate of a, we make use of the fact that §* = y. The complete equations may be obtained if one
adds equation for y* and replaces y* by § everywhere.
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3.1 The ”basic” localized solutions

When a # 0 in a O(,/|p|) neighborhood of the origin, there exist localized solutions of Eq.(8) if and only
if p <0 and a > 0, see [8]. ”The basic” among these solutions can be constructed by a perturbation
procedure beginning from solutions to the truncated equation (the conjugated equations are implied)

n = tkyi+v2 9)
Y2 = ikya + (—py —alyi)n)
y£+ =0

Denote € = \/|u|. The equation (9) has the following localized solutions yo(¢, ¢, z):

V2 : ~ y
y? = 6\/c_lcosh €z et = ‘y?(f-’”)e’kr
2sinhex
0 _ 2 i(kz+y)
= —¢ e 10
Y2 Vacosh? ez (10)
v = 0,

where 1 is a parameter.

Definition 2 We shall call an e-family of localized solutions (ye(z)) to Eq.(8) (u = —€2) to be basic iff

ve(z) = ° (¥, 6,2) + g(e, 2) (11)
where ¢ € [0,27], g(e, z) is continuous and |g(e, z)| < €2Ke~ 2l for v > .
Let us recall that a solution u(z) is called symmetric iff Gu(z) = u(—=z).

Proposition 2 There erists € > 0 such that for € € (0, €'] there exist two (and only two) basic e-families
of symmetrical localized solutions to Eq.(8). They can be represented in the form (11) with ¥ = 0 and
Y=m.

The proof is given in [8].

Let uc(z) = R(ye(z)) where ye(z) is one of the basic families (11). Denote Sp(u.) the spectrum of
Eq.(3) with u(z) = ue(z) and p = —€2. Denote N. = { A€ C : |A| < ¢}

Now we can formulate the theorem which gives an unstable mode for u.(z).

Theorem 1 For all ¢ > 0 there exists € > 0 such that for any 0 < € < € one has Sp(ue) N N, =
SU{0,A1(€), A2(€)}, such that ReS < —€? + o(€?), Ay = —3€2 /a2 + O(€3) and A\, = O(€3)
3.2 Families of periodic stationary solutions. Eckhaus instability

In this subsection we consider a family of periodic solutions to Eq.(8) appearing upon the reversible Hopf
bifurcation when g > 0 and a < 0. This family can also be constructed by a perturbation procedure.
When Eq.(9) has the following family of periodic solutions:

W = ea(s)e! BT = ¢i(ez, 5)e'F”
0 . 2 i(k+es)z (1 - 32)
Yo = isea(s)e a(s) = —— 0 s€ [-1,1], (12)

which are elliptic for s2 > 1/3 and hyperbolic for s? < 1/3 as a solutions to Eq.(9).

Proposition 3 ([14, 8].) There is € > 0 such that for any 0 < € < € the following family of periodic
solutions to Eq.(8) exists

y(s,z) = ¢°(s, (1 + €2p(s, €)z) + €2g(e, s, (1 + 2p(s,€)z), s€[-1,1] (13)

g(€, s,z) and p(s,€) are uniformly continuous and bounded with respect to all of their variables, g(e, s, z)
is 2m(k +€s)~1-periodic in . Moreover, there are two positive functions sy (€), s2(¢), tending to 1/3 when
€ = 0, such that y(s,z) is elliptic (on the center manifold ) for -1 < s'< —sy and 1 > 5 > 52, y(s,z) is
hyperbolic for —s; < s < s3.



30

Denote the corresponding family to Eq.(2) by uc(s, z) = R(ye(s, z)).
Let Spc(s) be the spectrum of Eq.(3) with 4 = €2 and u(z) = R(ye(s,z)). Let N. = {A € C : |A\| < ¢}.
Now we are able to formulate

Theorem 2 For all b,c > 0 there exist € > 0 such that for ¢ € (0,€'] one has Sp(s) N N, = SN
[—€2b, a(s)], where a(s) > 0 for s < —s; and s > s, and a(s) = 0 for —s; < s < s2, ReS < 0. s, and s
are the same as in the Proposition 3.

HE YCTONYUBOCTH MAJIBIX JIOKAJIJIM30BAHHBIX

PEIIEHUHA .
IJIsT OMMHOI'O KJIACCA YPABHEHUN B YA CTHBIX
IMPON3BOJHBIX

JL.IO.T'ne6ekuit, J1.M.JIepman

PaccmoTpenHs! 6ndypkanun noTepH YCTORYNBOCTH OGHOPOAHOTO CTAIIMOHAPHOTO PEMIEHHUs [IJIsi OHOTO
KJIacca ypaBHEHHI, 0OpaTUMBIX OTHOCHTEJILHO IIPOCTPAaHCTBEHHOM nepemeHHol z. Iloka3zaHa BpeMeHHas
HEyCTOMYMBOCTh MaJIbIX CTAIMOHAPHEIX PElIeHUH, POXAAIOMMXCA NPU TakKuX 6udypkanuax.
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Abstract
Analyzing the general condition of amplification without inversion in three-level atoms driven by
the microwave coherent pumping we derive some principal thermodynamics’ restrictions. New pos-
sibility of observing the amplification without inversion under initial thermodynamics equilibrium
between atoms and thermal radiation field is also predicted.

1 Introduction

The conception of the amplification without inversion (AWI) was developed in a large number of papers
(for instance, see [1] and the references therein). Recently, two first experiments demonstrating the lasing
without inversion were reported [2]. The main interest in this region is connected with the possibility of
up-conversion and creating of the novel coherent sources of short wavelength radiation. For this purpose
the systematic analysis of the invsersionless amplification condition is very important.

The main difficulty in making such analysis up is a large number of parameters. Even in the simplest
three-level schemes with a microwave coherent driving field the set of parameters is quite broad. Indeed,
it involves along with an intensity of the driving field both longitudinal and transverse relaxation rates
at all the transitions.

The cardinal task of this paper is to derive the general condition of the AWI and to solve the principal
question whether the traditional Maxwell-Bloch equations allow for possibility of AWI in the case of

sufficiently strong driving field under initial thermodynamic equilibrium between atoms and field reservoir.

2 Basic equations

We analyze the close three-level system (see Figure 1) driven by the strong coherent field: &E(t) =,
B %(Epei‘”rt + E;e‘i“’r‘), coupling two upper states 2 and 3.
We are interested to find the amplification condition of the monochromatic probe field: &,(t) =
,%(Eae“"“t + Eje™'we!) acting at the high frequency transition 1 < 3 which is an adjacent one to the
driven transition 2 « 3.

] W.
— 32
W31
2
W3,
Wa
Wis 1 Wia

Figure 1: The close P-type, three-level system
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The density matrix equations in the rotating-wave approximation are:

( agtw = -Ti3o13+inze+iyorz (1)
8;:3 = —Ta3023+in3y +iaoi,  (1b)
3 agtn = -Tuop+i(yoiz—asls) (lo)
agil = R;-29(a%013) (1d)
agzz = Ry+23(a*o13+ v 023) (1e)

{ 1 = pi1+p22+pss

with the definitions:

ls= -7:33 +i(ws —wa1), T2z = T;" +i(wp — w32),
[z = T” + i(wa —wp —wa1), ¥ = p23Ep/2h, a = p13Eq/2h, nix = pii — prk,
Ry = —(Wa1 + W3y + Was)p11 + (Wiz — Wiz)pae + Wiz + 27123!‘7[2%%;,
Ry = (W21 — Wag)p11 — (Wiz + Waz + Was)paz + Was — 2”23]‘7[2%},%,
TiF is the transverse relaxation tlme of the transition ¢ < k. This time is connected with incoherenf

pumping and damping rates [ T = 2 Z(W,z + W)

The matrix of the relaxation parameters Wi is chosen in a general form with six independent
components. We do not impose the equilibrium balance principle or any other restrictions on the W, ;.
3 Amplification condition

The steady-state solution of the density matrix equations (1) in the first order to respect of the probe
field has a form:

.YN23
023 =1 T )
23
Y 013 — aoys
o2 = t—— .
| B
2 TN23
niz — || 5
_ 1503
T8 = W
Fis+ —
T2

where the populations differences n;5 and n13 which depend on the relaxation matrix W;._; and coherent '
pumping field are the solutions of the equation set (1d, le):

ny3 = é—
ChIPRe=C +m)
ni3

A
(Wiz — W31 )(Waz + Wig) + WiaWoz — Wi, Way .
(Waz — Waz)(Way + War) + Wa1 Wiz — W31 Wis (2)
Wiz — Way + Wia — Woy
AR (War + War) + 2ly* R (Waz + Wis)+
Wi2Wis + WiaWay + WiaWasz + Wo  Was + WiaWai+
\ WaosWay + Wi1aWag + Wa1 Wag + W31 Wa,

N3
nmunuu
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An amplification condition is

2 TN23
12155
lv[?

i3+ =—
13 F12

In the particular case of zero detuning the inequality (3) takes the form: nis — |y|*nsT53T,> <22 ,
This condition can be fulfilled only if the microwave pumping |v|? exceeds a threshold 757|y|® >

, and if the necessary condition which can be expressed as §T22 > 2¢, (3) is fulfilled.

niz — ||

x < 0. (3)

Ui
- % iy o
Using the relationships (2) it is possible to obtain the final necessary condition for amplification ( 3)
in the form:

2 L
(Waz — Wa2)(Way + Way) + W1 Wiz — W3 Wip > W(Wm —Wa1 + W, — Wa). i)
2

4 Field reservoir

Let us consider now a particular case of the field reservoir.

In this case the matrix of the relaxation parameters W;. ;. are well known and have the form: W;_; =
Ari(8(i — k) + M (Jwg:])),here wy; is the frequency of the transition ¢ < k, Ag; is Einstein coefficient, 6(z)
is a step function, M (Jwki|) is a mean number reservoir’s quanta at the frequency wg;.

After substitution of the last expression into the necessary condition (4) we can transform it to the

form:

(A13 + A12)(A12 + A3 M (w23)) (5)
A13M (wis) + A12M (w12)
In a particular case when 2 « 1 transition is forbidden (A;; = 0) inequality (5) leads to condition

M(ws1) > M(wsz) derived in [4] and regarded as an inversion condition for a field reservoir. In general
(5) implies the following inequality to be satisfied:

Azz > A1z +2A12+

A13(M(ws1) — M(ws2)) + A12(M(w21) — M(ws2)) > 0. (6)

It can be fulfilled only if M(ws;) > M(ws2) and/or M(w21) > M(wsz) and hence at w3z < w2 (i.e.
when the frequency of the amplified field is larger than the double frequency of the driving field) can be
regarded again as an inversion condition for a filed reservoir.

However, at w3s > wq; it can be fulfilled even in case of the thermally equilibrium reservoir for which
the mean number of photons is defined by Bose-Einstein distribution:

1
exp(hlwri|/kT) — 1

M(jwril) =

if Ao exceeds some threshold value:

M(w32) - M(wgl)

A2 > A13M(w21) —M(ws2) (M

In this case resolving (5) with respect to Az3 we can rewrite it also as

(Aiz + 2412)(A13M(w31) + A1 M (w21) + A12(Ar2 + A13))

Az > A13(M(w31) — M(w32)) + A12(M (w21) — M (w32))

In the limit of high temperature inequality (7) takes a form

2

w
A > A13~————-——~2 5
W3y — Wy

Taking into account that A;2 ~ w?, we verify that the condition (7) can not be fulfilled in the limit
w1z — 0. So the possibility of AWI under the thermal equilibrium between atoms and thermal radiation

field can be found only in the restricted domain of the frequencies ratio wy;/w3;. Figure 2 illustrates the
characteristic dependence of this domain on the Einstein coefficients A;2, A1s.



34

0.1 T T T T T T T
0'05 - -
0 = 3
-0.05 F 1
-0.1 | 2 -
-0.15 F -
3
0.2 1 1 i 1 1 1 1
0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4
wa1 /w3y

Figure 2: The dependence of the left side inequality (6) on wy;/ws;. Parameters of curves are the next:
A12 = algwgl/wgl, hwal/kT = 3, (1) - A13/a12 = 03, (2) - A13/a12 = 0.4, (3) - A13/a12 = 0.5.

At the end we would like to remark that this method developed for P-scheme can be extended for
H-scheme as well, and leads to the analogous results.

In conclusion, we obtained the general necessary condition (3) for the P-scheme and analyzed it for
the radiative limit (5) and show that the thermal equilibrium between atoms and thermal radiation field
restricts the possibility of observing the AWI. We also found the region of parameters in which the AWI
exists in the system under thermal equilibrium conditions.
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YCI/IHGHI/IQ bes HHBEpCHU: TepMOINHaAMUIE€CKNEe OTPaHNYICHNA

Omnsra KowapoBckas u FOpun PocTosnes

B pa6ome noayueno obwee ycaosue cyuecmeanud yYycusenud 6e3 UHBEPCUU 6 IAMKHYMOU
MPETYPOBHEBOT CUCTIEME ¢ KOZEPERMNOT KAKANKOU, NO360AUSUEE 6LITEUMb MEPMOJUNAMULEKUE
o2panuverud Ha nAPaMEmMpPbl cucmembt u Hadmu ofaacmb napamempos, ede yYcuaenue 6e3
UHBEPCUU BO3MONCHO NPU MEPMOJUHAMUNECKOM PABHOGECUU AMOMHOU CUCTREMBI C TNENAOEHIM
UBAYUEHUEM.

Mul paccMoTpelu 3aMKHYTYIO TPEXyPOBHEBYIO aTOMHYIO cucTeMy (cM. puc. 1) ¢ KorepeHTHol
HaKa4KOH, CIMTAast, YTO Peakcalusa U HEKOTepeHTHas HaKa4yKa 06yCIOBIEHHE B3AUMOENCTBUEM C IIOJIEBHIN
pesepByapoM.

B pesynbraTe pelieHus ypaBHEHUH A MaTPUIB! INIOTHOCTH (CM. cHCTeMy ypaHenwuii (1))B pesoHaHCH
OpuGIMXEHNM, HaMHU NOIydeHO obuiee ycioBHe ycuieHus (4) M OpOBefeH ero MOJPOGHBIA aHAIUS s
cly4ad, KOrfa MaTpPHIa PelTakCalliid ONpeRenseTcss paBHOBECHEIM TEIUIOBHIM M3y YeHHEM.

Beuto HaliffeHO, 4TO HPH COOTHOIIEHNH YaCTOT w3z < Wa), B ClIy4ae TEINIOBOrO PABHOBECHS, YCHICHHUE
6e3 mHBepcuM HeBo3MOXHO. IIpyu 06paTHOM COOTHOUIEHMH YacTOT, HAPOTHUB, CyUIECTBYET, B IPUHIAILE,
0651acTh apaMeTPOB, Ifie BOBMOXHO ycuieHue 6€3 MHBEPCUM IIPH PABHOBECUH MEXNIY IOJEM TEIIOBOTO
pesepByapa W aTOMHOH CHCTEMON.
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UNSTABLE QUANTUM FIELD THEORY SOLVES
THE PROBLEM OF QUANTUM GRAVITY

V. V. Kocharovsky and V1. V. Kocharovsky
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A quantum field theory of interacting negative-energy and positive-energy fields is proposed to
be a self-consistent renormalizable unified theory of gravity and matter fundamental interactions.
It is shown that the standard Feynman rules and the euclidean formulation of a quantum field
theory are inconsistent with the actual physics of the negative-energy instability in a gravity-matter
system. A correct formulation of an unstable quantum field theory is outlined. Contrary to the old
higher-derivative quantum theory of gravity, the unstable quantum field theory does not suffer from
a contradiction between unitarity, causality and renormalizability.

The simplified model of quantized conformally-flat gravity and a massive scalar field is analyzed. A
new technique for the evaluation of Feynman diagrams is developed since the usual euclidean method
is not applicable to nonsemibounded hamiltonians. Renormalization-group equations are derived
and their exact solution is found. It yields a remarkable phenomenon of self-consistent asymptotic
freedom taking place both in the ultraviolet and infrared limits simultaneously. Some quantum-field
aspects of the Universe inflation and evolution are discussed.

Introduction

We discuss a quantum theory of gravity based on an unstable quantum theory of interacting negative-
energy and positive-energy fields [1]. The main conclusion is that this approach solves the long-standing
problem of quantum gravity, i. e., more accurately, yields a proper way to a self-consistent physically ac-
ceptable quantum field theory (QFT) of gravity and its unification with fundamental matter interactions.

As is well known, the gravitational interaction is the last of the known interactions for which a
consistent quantum theory still is not found. It is commonly accepted nowadays that the standard local
quantum field theory fails to describe gravity (see, e. g., reviews [2 — 5] and references therein). In
other words, the observable gravitation and, hence, the Universe evolution in a whole are inconsistent
with the standard set of basic principles of a quantum field theory which includes renormalizability,
causality (in particular, local commutativity), unitarity, Lorentz and general gauge symmetries, cyclicity
of the vacuum state, positive definiteness of a hamiltonian (condition of spectrality), etc. All these
principles together yielded a remarkable quantum field theory in the case of matter interactions including
electromagnetic, weak, and strong interactions as well as their unifications. There were a lot of attempts
to extend or modify basic principles in order to incorporate quantum gravity. However, it seems, no
one of them was successful finally. (Moreover, even without gravity, the modern quantum field theory
of matter interactions suffers from unpleasant divergences of effective coupling constants, that indicates
some inconsistency of the theory, at least, on the perturbative level of formulation.)

In our opinion, the reason is that the principal feature of the gravity-matter interaction, namely,
the phenomenon of the negative-energy instability, was not taken into account correctly. So, a positive
definiteness of a hermitian hamiltonian should be excluded from the basic principles of quantum field
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theory. As a result, a gravity-matter field system appears as a non-equilibrium system with an internal,
self-consistent reasc;n for the development of non-equilibrium structures of matter and spacetime.

The initial obstacle to a QFT of gravity is a non-renormalizability of the classical Einstein-Hilbert
lagrangian density £. = \/—g(R — 2A) /167G, where R = g#”R,,, is the scalar curvature of spacetime,
guv the metric tensor, Ry, = R),, the Ricci tensor, Ry, the curvature tensor, and A the cosmological
‘constant; g = det g,,. There are two approaches to the solution of the problem (for general references
see, €. g., reviews [2 — 5]).

The first, radical approach is to cancel or, at least, suppress ultraviolet divergences by formulating
a theory of a different kind. For example, one can impose additional symmetries in extended spaces
(supersymmetric theories), replace a local interaction of point particles by an interaction of extended
objects (string theories), exploit essentially nonlinear variable transformations (Ashtekar’s variables),
etc.

The second, more conservative approach is to add to the lagrangian new terms which are necessary for
the renormalizability of the usual QFT. They arise naturally in the perturbative calculations and lead to
a lagrangian with higher-derivative terms, as it was pointed out by DeWitt and Utiyama [6]. A reason-
able correspondence with the classical gra&itation theory can survive due to a nice theorem by Weinberg
stating that the dominant term in a lagrangian at the low-energy limit is always the Einstein-Hilbert
one, provided that the underlying theory is asymptotically safe. It was verified that the higher-derivative
QFT of gravity is renormalizable [7] (even in the presence of matter, see [5,8]). Then, in a series of
papers [9 — 12] (each later paper corrects and/or extends the results of the previous one), it was shown
by means of the renormalization-group analysis in the one-loop approximation that this QFT can possess
an ultraviolet asymptotic freedom. Unfortunately, it occurs mainly for the range of parameters where
unitary, causal behavior of the system is broken because of the presence of negative-norm ghosts or
tachyons (for a general discussion of tachyons and negative-norm states in QFT see [13] ). Moreover,
some coupling constants do not possess the asymptotic freedom. In addition, in the case of the ultra-
violet asymptotic freedom, the infrared divergence appears, and vice versa. (A formal alteration of a
coupling-constant sign [14] does not solve the problem because it yields the infrared freedom only at the
price of the disappearance of the ultraviolet freedom, and vice versa, as in a simple ¢* -theory.) The
problem of unitarity was discussed already in [7] and in most of the later papers on higher-derivative
QFT. Speculations on a possible replacement of a negative real g2 -pole by a pair of complex-conjugated
poles by means of some generalization of the Lee-Wick mechanism (which was used in [15] to construct
an ultraviolet-finite version of quantum electrodynamics with a non-hermitian lagrangian), or the intro-
duction of radiative corrections, or the hope for non-perturbative effects were never developed into a
consistent theory [2,5,7 — 12,14 —17]. The existence of divergences of the effective coupling constants, ei-
ther in the infrared or ultraviolet limits, indicates also the inconsistency of the theory or the need to hope
for non-perturbative effects. Thus, because of these serious problems, it is almost commonly accepted
nowadays that the existent higher-derivative QFT of gravity cannot be regarded as a self-consistent phys-
ically acceptable fundamental theory [2, 3, 5].

1 Higher-Derivative Theory of Gravity and Negative-Energy In-
stability

The unstable QFT allows us to solve simultaneously both the unitarity and the effective-coupling-constant
divergence problems of the second approach by taking into account properly the phenomenon of instability
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in a gravity-matter field system.

First of all, it should be remembered that the “higher-derivativeness” of QFT does not mean something
special because this QFT can be reformulated in the equivalent form of the usual lower-derivative QFT
of gravity and some additional matter-fields [18, 19]. This means that the renormalizability of the theory
dictates definitely that a pure gravity field cannot exist alone without interaction with some matter
fields, “hidden” or observable. All fundamental gravity and matter fields participating in the interaction,
their propagators and energy signs can be determined explicitly. For instance, in the case of the “pure”
higher-derivative QFT of gravity [5,7,11, 12] with a lagrangian density

R—2A
167G

L= ,/‘:g[ +A1R2+AgR“”RW+/\39+/\4DR], (1)

there is one spin-2 massive negative-energy field with five independent variables, one spin-2 massless
sositive-energy gravitational field with two independent variables, and one scalar massive positive-
mergy field. The lagrangian (1) includes also the surface term, OR, and the Gauss-Bonnet term,
7 = R®PYR,5.s — AR* R, + R?, which is a topological invariant only in a four-dimensional space-
:ime and, therefore, is important for the renormalization in the dimensional regularization scheme. The
‘enormalizability of the higher-derivative theory of gravity (to all loop orders in a perturbation expan-
sion) was first shown by Stelle on the basis of the so-called locality hypothesis and then rigorously proven
‘together with the locality hypothesis) by Voronov and Tyutin [7].

The facts that there is a negative-energy contribution to the hamiltonian coming from a conformal
factor of spacetime metric, and that the interaction between negative-energy fields (in particular, the
sonformal factor) and positive-energy fields (observable matter and gravitational waves) leads to a simul-
aneous growing of amplitudes of all fields were known in the context of the classical and semiclassical
heory of gravity for a long time [20 — 22]. However, in the scope of semiclassical theory the prop-
rties and the very existence of this instability depend on the choice of a regularization scheme for the
mergy-momentum tensor and, hence, cannot be described consistently. Nevertheless, this instability phe-
10omenon develops even starting from a vacuum initial state and influences crucially the quantum physics
of the system. The distinctive feature of the gravity-matter system is the unboundedness of its hamilto-
iian from below as well as from above. (Note that the well-known Witten’s positive energy theorem for
he asymptotically flat gravity is valid due to constraints in the classical theory and is not applicable to
1 QFT of gravity.) For such an unstable QFT, usual Feynman rules and euclidean formulation of QFT
ire not correct anymore. In other words, a standard euclidean theory corresponds to some fiction of the
‘euclidean” field dynamics similar to quasi-equilibrium quantum fluctuations in statistical physics, and
loes not describe the actual dynamics of the physical gravity-matter system. This is the reason why the
ld higher-derivative QFT yielded physically unacceptable inconsistent properties.

These ideas as well as the correct formulation of the unstable QFT of a gravity-matter system follow
mmediately from the results obtained in [1]. Calculations should be done directly in the Minkowski
nomentum space (not in the euclidean one) by means of, e. g., a dimensional regularization and the use
f the integral representation of a hypergeometric function similar to the technique developed in [1]. In
rther respects the calculations are analogous to the standard ones and are lengthy. However, the results

e dramatically different from the standard ones and make the theory self-consistent and physically
wcceptable.
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2 Unstable Quantum Field Theory

Here we explain, using a simple example, where the usual euclidean formulation of unstable QFT is
wrong, what the correct formulation is, and summarize qualitative conclusions. Let us study QFT of two
sets of interacting fields, ¢ = {¢} and ¢ = {¢}, with partial lagrangians £, = AC‘(,,O) + £$'"" and total
lagrangian £ = Ly + L4 + E( "), Suppose that partial hamiltonians He = mpp, — L, for ¢ = {9} and
¢ = {¢} are bounded from below and above respectively. The simplest renormalizable model of this type
contains two fields with fourth-order interaction,

LY = F(—prp,+mie?)[2, LE =FA00 /4, L03) = —xp?4? /2121, )

in a Minkowski spacetime with a metric 7,, = diag(1,—1,-1,-1); u,v = 0,1,2,3. Here the signs “”
should be taken for ¢ = ¢ and “+” for p = ¢.

Opposite to a widely spread opinion that unstable systems like (2) are irrelevant to actual physics, we
take them seriously and consider them as prototypes for the interaction of fundamental fields including
gravity. There are analogs of the negative-energy instability of the gravity-matter system, explicitly
described in the present paper, in quantum electrodynamics (QED) of active media and solid state
physics. One of the well-studied examples is superradiance of a positive-energy electromagnetic field
due to interaction with a negative-energy polarization field in an active medium of molecules with a
population inversion of energy levels [23]. There is nothing mysterious in the growing of the quantum
fluctuations of fields up to macroscopic values and in the interaction of quantum fields on the background
of the inhomogeneous-in-spacetime vacuum with spontaneous symmetry breaking and external fields. The
instabilities develop through relatively fast and slow stages. An example is a transition of the Universe
from an exponential inflation to a slow adiabatic Friedman expansion. It seems natural that an unstable
QFT at a slow stage can be reduced to an effective stable QFT for the field fluctuations near a dressed
dynamical vacuum.

Most of the formulas and methods of usual QFT (see, e. g., [24]) can be applied with small modifica-
tions to the unstable system (2). Note that the vacuum of the system (2) is just an usual tensor product
of the partial vacua of ¢- and ¢-fields. However, now it is not the ground state, but an unstable state.
In order to pick out the contribution of the unstable vacuum state to the observable quantities, e. g.,
Green’s functions, it is necessary to use the “anti-Feynman” propagator for the negative-energy field and
the Feynman propagator for the positive-energy field. For the two-scalar-fields model (2), it means that
one should change the sign in front of ¢ = 40 in the Feynman propagator of the negative-energy field as
well as the sign in front of the whole ¢-propagator:

B e iR - mE—ie), — =i/ (p} — m] +ie). 3)
This main and almost the only difference in the formulation of the unstable QFT is predetermined by
the convergence condition of the path-integral representation for the amplitude of the vacuum-vacuum
transition. A sign of [,g’) does not influence the dynamics of a partial free field, but it is crucial for
the dynamics of the whole system. As a result we obtain causal and unitary evolution of the unstable
field system (in a common sense that a density matrix evolves as p(t) = exp(—i¢Ht)p(0) exp(iHt) with a
hermitian hamiltonian H).

Let us consider a model of a gravity-matter system. The gravity is described by a metric g,,(z)
via an Einstein-Hilbert action with a lagrangian £.. The simplest choice for matter is a scalar field
¥(z) with a mass m, self-interaction Ay ¥* and coupling with gravity £R¥2, i. e., with a lagrangian
L = —/—g(x)[-THFT , + (m? + ER)? + 2),¥*/4!] /2.
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We restrict the analysis to a conformally-flat spacetime, g, (x) = Q%(z)n,,. There are at least four
reasons to do so. First, the obvious simplicity. Second, the field of conformal factor Q(z) characterizes a
scale of spacetime in the Universe at a point z and plays one of the main roles in cosmology. Third, specif-
ically the conformal degree of freedom makes a negative contribution to the hamiltonian compelling it to
be unbounded from below and, hence, leads to an instability. Deviations from conformally-flat metric are
associated with gravitational waves and contribute with positive energy [21, 22]. Fourth, but not the least,
with the additional choice of conformal coupling ¢ = 1/6 we get precisely the model (2) for the rescaled
scalar field ¥(z) = Q¥ and conformal factor ¢(z) = (3/47G)'/2Q with A = 87Gm?/3, Ay = —167GA/3
and vanishing masses my, = my = 0, i. e., the renormalizable nonlinear self-consistent QFT. To get the
proper classical Einstein equations a quantum-average condition (H) = 0 on an adniissible state of the
Universe can be imposed. The renormalizability of the resulting gravity-matte. =T -au be proved iu
a way similar to that of the ¢*-theory. The presence of the dimensional coupling constant G = Mp 2
in the original gravity lagrangian, where Mp is a Planck’s mass, is often used as an argument against
renormalizability, but it is not in the present model of gravity-matter interaction.

3 Method of the Evaluation of Feynman Diagrams in the Un-
stable Quantum Field Theory via Integral Representation of
Hypergeometric Function

One of the main features of the unstable QFT is the impossibility to make a Wick rotation of the time
axis in a complex plane, z° = ¢ — it, in order to replace QFT in Minkowski spacetime by QFT in
euclidean space as it is usual to do in the standard QFT with a stable ground state. The reason is that,
according to Egs. (3), the rotation should be counterclockwise for a positive-energy field, but clockwise
for a negative-energy field. Hence, it cannot be done at all without crossing singularities. Thus, another
technique is'needed to evaluate Feynman diagrams. The only new elements complicating these diagrams
are the mixed loops which contain both the negative-energy-field and positive-energy-field propagators
(3). We formulate the technique within a dimensional regularization approach for the example of the
irreducible two-particle vertex in the one-loop approximation (Fig. 1). The mixed-loop contribution in
the u-channel is equal to

. dél i i _
P (p) = _(_"\)2/ @D (= pu)? —m3 —ie B —mj +ic /fdl"’ @

wherel = {l,,p = 0,1, ...,d—1} is a momentum vector in the d-dimensional Minkowski space, p, = p1—ps,
and u = p2 is one of the three well-known Mandelstam variables. The contribution in the ¢-channel is
Tm(pe) with ps = p1 — ps.

The integral (4) along a path in the complex plane Iy = Relg +:¢Imlp, depicted in Fig. 2, is squeezed by
four poles of the %-propagator, t:f = :I:((12+mfo)1/ 2_ic), and the ¢-propagator, t;f = puoi((qz-}-mﬁ)lf 24
i€}, where 1 and q = 1 — p, are the spatial components of d-vectors ! and I — p,, respectively. The residue
theorem yields I'ny = Targ — I'ary, where a half-difference of residues I'yr, = im (rﬁs - cgs f) at the
poles t% for ¢ = 9, ¢ is reduced after integration over all angles in the (d — 1)-space :o a hyptergeometric
function via its integral representation (see [1] for details).

This technique can be applied to the usual “euclidean” diagrams as well. A nice feature of the present

technique is that it gives the answer directly in the Minkowski space in terms of a hypergeometric function
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Figure 1: Irreducible two-particle vertices for ¢ — ¢ and ¥ — ¢ scattering and the self-energy of v-field
for the unstable QFT (2) in the one-loop approximation. The ¢ — ¢ and ¢ — ¢ vertices and ¢-self-energy
can be obtained from the depicted ones by the substitution (¢ — ¢, ¢ — ¥).

Figure 2: Path of the integral (4), I'ss, for the last diagram (with a mixed loop) of the ¥ — ¢ vertex
(shown in Fig. 1) is squeezed by four poles contrary to the usual euclidean diagram, I'g.
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with known analytic properties, i. e., solves simultaneously the problem of the analytic continuation of
the result.

For the renormalization-group analysis it is necessary to extract a contribu‘ion to the vertex,
%, that diverges as (4 — d)~! at the limit of physical-spacetime dimension d — 4. The result is
% = iA2(m3 —m2)/87%(4— d)pZ,, where a subtraction point p, = 0, pyo # 0 was chosen for simplicity.

The usual “euclidean” vertex with one positive-energy-field loop is determined by the integral (4) along

the imaginary axis, I'g, because in this case poles ti are displaced to the same sides of the integration

path as ti (see crosses in Fig. 2) and do not hamper the Wick rotation. Representing the integral (4)

in the form I'ns = Tg + 2I'ar4, we see that the mixed-loop vertex has an additional contribution from

the difference 2I'ar4 of the residues at poles ti. It explains why the divergent part {'§; depends on the

masses my,, my and the subtraction point pyo while the euclidean integral T'g ~. T'® = iA2/872(4 — d)
- was mass-independent at d — 4.

4 Derivation and Solution of the Renormalization-Group Equa-

tions

Let us apply the method of the renormalization-group analysis [24] to the unstable QFT to describe the
behavior of interacting fields at arbitrary energy-momentum scale kp; through the effective (running)
coupling constants A(k), A,(x) and masses my, (k) if they are known at a given scale Kgp;. Using the
technique outlined in the Sect. 3 we derive the following renormalization-group equations in the one-loop

approximation
Ay _y2 _ 32 g _y2 _y2  dr _ A my—my
ds _/\11‘_/\’ ds _/\4’—/\’ ds_3(A¢+’\¢+’\ P2 ’ (5)
dm? 3272=)\ dm?2 32x2-2)
My 327 =2y 02 4 A2 e — 92T A .02 A2
ds = 3 My +3my, —LE= 3 Mg — 3My,

where s = (3/1672)In(k/ko), 5% = 2(p;¢ + Pie’), and pyo and pyo are subtraction energies in the u -
and ¢ -channels respectively.

These results cannot come from euclidean integration because in the Minkowski momentum space the
integration path along the real axis is squeezed by poles from all sides so that there is not any possibility
for a Wick rotation without crossing singularities. In particular, the minus sign in front of A? in Egs. (5),
which is crucial for the infrared & ultraviolet asymptotic freedom, appears due to the diagram with a
two-vertex loop formed by virtual propagators of the field with the energy sign opposite to the sign of in-
and out- fields. Note also that the one-loop approximation is correct only if there are no divergences of
effective coupling constants. This is, indeed, the case for the unstable QFT with the infrared & ultraviolet
asymptotic freedom, and never happens in the euclidean version of the theory or in the standard QFT
of electroweak and strong interactions.

First of all, we summarize the results of the solution of Egs. (5) in the case of vanishing masses, which
corresponds to the gravity-matter model of the Sect. 2. The exact solution of Egs. (5) at my = mg =0
for A, as functions of A can be written down explicitly,

Ao = €,V/3023 + \/3,\2(1 — a) + b2)4), (6)

for arbitrary initial conditions defined by two parameters a and b at a reference scale Kk = kg. Here
we introduced €, which is equal to +1 for ¢ = 9 and —1 for ¢ = ¢. The scale dependence is given
via a quadrature s = 3 f(Ay + Ap) "2A71dA. A typical form of an integral curve in (A, Ay, Ag)-space is
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Figure 3: The separatrix cone Ay Ay = 3A% and typical trajectory of Egs.(5) in (A, Ay, As)— space (massless
case). In the limit of asymptotic freedom all trajectories approach the lines Ay = Ay = £+/3)\ which
describe the asymptotical unification of interactions.
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Figure 4: Scale dependences of the effective coupling constants according to Egs. (5) in the massless case.
Solutions are plotted for (a) the QED-type divergent behavior (Ay(0) = 0.55, A4(0) = 0.5, A(0) =
0.2), (b) the QCD-type divergent behavior (Ay(0) = —0.55, A4(0) = —0.5, A(0) = 0.2), and (c) the
self-consistent infrared&ultraviolet asymptotic freedom (Ay(0) = 0.55, A4(0) = 0.5, A(0) = 0.38).

shown in Fig. 3. The point of freedom, A = Ay, = Ay = 0, cannot be reached at a finite energy scale
and corresponds to ultraviolet (s — +00) or infrared (s — —oo) limits. A trajectory behaves essentially
different inside and outside a separatrix cone AyAy = 3A% and never comes from one to another side of
the cone. Each trajectory describes a definite QFT.

Inside the cone, the self-interaction of fields prevails, AyAy > 3A2. The QFT resembles either QED
with an infrared asymptotic freedom and ultraviolet divergence (upper part of the cone where both
self-coupling constants are positive, Ay, Ag > 0, that corresponds to stable partial fields), or quantum
chromodynamics (QCD) with an ultraviolet asymptotic freedom and infrared divergence (lower part of
the cone). Apparently, a QCD-type asymptotic freedom is a consequence of a negative self-coupling
(Ay,A¢ < 0) of both partial fields making them unstable. The appearance of divergences, like in QED
at the illusive Landau pole (Fig. 4a) or in QCD at the QCD’s scale parameter (Fig. 4b), indicates some
inconsistency (at least, on the perturbative level) in the theory of both types.

Outside the cone, 3A2 > Ay Ay, the interaction between positive-energy and negative-energy fields is
so strong that it results in a remarkable phenomenon of ultraviolet and infrared asymptotic freedoms
taking place in the same QFT. A trajectory starts at the point of freedom at s — —oo and tends to the
same point of freedom at s — +o0o without going to infinity (see Fig. 3 and Fig. 4c). The absence of
divergences means a self-consistency for this type of QFT.

It is worth to emphasize that in the asymptotics s — %00 all coupling constants become proportional
to each other, Ay — Ay — £Vv/3\. This fact means an asymptotical unification of interactions between
positive-energy and negative energy fields and should be compared with a formally exact (for all energies)
unification, i. e., proportionality, of all cbupling constants in the standard gauge QFT with a simple
symmetry group, e. g., SU(n) Grand Unified Theory (GUT). A standard way to account for the observable
SU(3) x SU(2) x U(1)-splitting of strong, weak and electromagnetic interactions at low energies is to
explore some speculations on a possible phase transition at some critical GUT-energy. In the unstable
QFT, an analogous splitting occurs automatically, i. e., self-consistently, and in a smooth way. This fact
may be relevant to the origin of the field symmetry in the gauge QFT, at least, as far as the Higgs’ fields
and ghosts are concerned.

Now, let us study the modifications which appear for the massive fields. According to Sect. 3,
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Figure 5: Scale dependences of (a) the effective coupling constants and (b) the effective masses squared.
The numerical solution of Egs. (5) is plotted for the case of the self-consistent infrared&ultraviolet asymp-
totic freedom (Ay(0) = 0.55, A4(0) =0.5, A(0) =0.38, m2(0)/p§ =6, m3(0)/p}=5.9).

the well-known minimal renormalization (subtraction) scheme fails to be mass-independent, contrary to
usual QFT [25]. This mass-memory effect in unstable systems results in a mutually consistent behavior
of effective masses and coupling constants demonstrated in Fig. 5. The main effect of masses in the
coupled set of Egs. (5) is to "switch off” the interaction A between positive-energy and negative-energy
fields at some energy scale s = s.. At lower energies, in particular, in the infrared limit, both fields
behave as decoupled ¢*-QFT fields similar to QED. For higher energies the effective coupling constants
behave as in the massless case because masses go to zero sharply in the ultraviolet limit. This behavior
looks physically reasonable and can be justified easily by means of the approximate analytical solution

of Egs. (5).

5 Preliminary Conclusions

It seems that, according to the preliminary analysis in the one-loop approximation, the correct unstable
QFT of gravity does not suffer from the non-unitary, acausal behavior and divergences of effective coupling
constants. In fact, the absence of a stable ground state in a QFT with a hamiltonian unbounded from
below makes senseless the usual discussions of a non-unitarity at the perturbation level. The appearance of
complex-conjugated eigenfrequencies (i. e., poles resembling those of the Lee-Wick mechanism [15]) is very
natural since they describe the growing and decaying eigenmodes of an unstable system (see an example
from QED of active media in [23]). Moreover, the gravity-matter system possesses a remarkable property
of self-consistent asymptotic freedom taking place in the ultraviolet and infrared limits simultaneously.
It is very probable that these properties are true for the pure higher-derivative QFT of gravity as well as
for its various extensions which include more material, gauge or non-gauge, fields with positive energies
or some ghosts with negative energies. In particular, it means that the interaction with gravity makes
asymptotically free and consistent even non-gauge ( ¢* or Yukawa) fields which separately do not possess
. ultraviolet asymptotic freedom. The absence of the infrared divergence solves the problem of “ultra-
macroscopic radius for ghost confinement” that was a difficulty in the old higher-derivative QFT of
gravity [11]. The infrared asymptotic freedom is plausible for the solution of a cosmological constant
problem [4] (cf. a recent discussion on the infrared behavior of an effective euclidean theory of quantum
gravity in [14,26] ). At the same time, the renormalizability of the unstable higher-derivative QFT of
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gravity and matter fields is conserved (if all necessary interaction terms like —£4% R for a scalar field ¢ are
included in the lagrangian) because it is a property of nonlinear field kinematics rather than dynamics.
It is worth to emphasize that we arrive at these conclusions on the basis of the renormalization-group
analysis which reveals only very general properties of a quantum field system.

By quantization of the metric (in particular, conformal factor) we achieve the main goal of quantum
theory of gravity, namely, to make probabilistic intervals between events (ds? = g, dz#dz”, dz* =
zh — z!). However, we still keep a classical set of events. (More general questions, e. g., ”Is it necessary
and how to quantize even the set of events itself 7”, are out of the scope of the present lecture.) Moreover,
we imply a particular coordinate system in Minkowski spacetime that allows us to formulate standard
relativistic QFT. Formally, in this underlying Minkovski spacetime we have only Lorentz (more precise,
Poincare) covariance. But it does not mean that we lose a general covariance. (in some sense, accord-
ing to a gauge-theory terminology, we choose a particular gauge condition to exclude some unphysical
degrees of freedom corresponding to general diffeomorphism transformations.) The general covariance is
present because the theory is formulated via general metric g,,. In principle, the geometrical and field
formulations of the gravity theory are equivalent (see, e. g., [27]).

6 Open Problems

Among the open problems of general analysis, the first one is to combine gravity with the electroweak and
strong interactions in an unified unstable QFT. In fact, except for the instability treatment, the standard
results on the GUT’s modelling (see, e. g., [2,5, 8,11,28,29]) can be used. The most straightforward and
simple possibility is to add to the higher-derivative lagrangian (1) the lagrangian of the minimal standard
model for electroweak and strong interactions,

1
Lo =+v—-9(Lr+Lg+ Lo+ Ly —ERDTR); Ly = _Z(F:uFaw + W3, W + B, B*¥),  (T)

where Lp is the lagrangian-for fermion fields interacting with the gauge fields Aj, Wﬁ, B, associated
with the SU(3) x SU(2)L x U(1) -gauge group (a = 1,---,8;6 = 1,2,3;» = 0,1,2,3 ), £, the total
lagrangian of the gauge fields with the conventional strengths defined via covariant derivatives (e. g.,
B, =V.B, —V,B, ), Ls the lagrangian of the scalar fields ® coupled with gravity via —£{ R®*® and
with fermions via Yukawa interactions Ly. (A conformally symmetric version of Eq. (7) was discussed
recently in [29].) However, it is worth finding a natural way to incorporate “hidden” fields of the higher-
derivative QFT (1) into a unified symmetry group, and not merely add them with other matter fields.
The results obtained for the model (2) prove the existence of a novel mechanism for the asymptotic
freedom in QFT. The property of the asymptotic freedom in the ultraviolet limit was discovered in 1973
for non-Abelian gauge QFT [24]. It corresponds to the observed quasi-free behavior of quarks in hadrons
at high energies and is very important in QCD. Moreover, from a theoretical pdint of view, the asymptotic
freedom seems to be a very desirable attribute of any physically acceptable and self-consistent theory of
unified interactions between particles (fields) at high energies including quantum gravity. The stability of
spacetime in the ultraviolet limit of very small distances is also associated with the asymptotic freedom.
Later it was shown that any renormalizable QFT of scalar and fermionic fields with a stable ground state,
except for non-Abelian gauge QFTs, does not possess asymptotic freedom in the ultraviolet limit, but
shows asymptotic freedom in the infrared limit. Examples are ¢*-theory and Abelian gauge theories like
QED. The first problem is to explain this tremendously opposite behavior of traditional unconstrained
and modern constrained (with non-Abelian gauge symmetry conditions) QFTs (cf. Fig. 4a and Fig. 4b.
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A well-known analogy between the Yang-Mills vacuum of self-interacting non-Abelian gauge bosons and
a paramagnetic medium [24] gives only a reformulation of the same facts in other physical terms and
does not reveal a deep reason for the phenomenon. The second, more important problem, is to find a
mechanism which would allow the combination of both ultraviolet (like QCD) an infrared (like QED)
asymptotic freedoms in the same QFT. The standard QFT model of elementary particles does not-possess
such perturbatively self-consistent (without divergences of effective coupling constants) behavior.

The results we discuss in Sections 1-5 provide some ground for the hypothesis that the negative-energy
mechanism is a general mechanism for the self-consistent asymptotic freedom in QFT, including gauge
QFT. Indeed, a quantization of a gauge theory is reduced by one or another way (gauge fixing, ghost
introducing, BRST-quantization, etc.) to a quantization of some equivalent or extended unconstrained
theory. The last one can be asymptotically free due to negative-energy ghosts which correspond to the
degrees of freedom with pure imaginary coordinates and momenta emerging in the procedure of the
BRST-quantization [30]. A gauge symmetry provides a possibility of a reduction to an effective positive-
energy QFT in a physical sector without appearance of ghosts in the physical states. However, ghosts have
to be taken into account in the intermediate states in Feynman diagrams because a total elimination of
ghosts from dynamics would lead to non-unitarity of S-matrix as it was pointed out by Feynman [31]. To
save unitarity in the standard gauge QFT it is necessary to cancel non-unitary contributions in diagrams
by means of a formal assignment the additional factor —1 to each ghost loop as if the ghosts, though
spinless, obey Fermi statistics. This famous trick results in a wrong, unphysical connection between spin
and statistics for ghosts. In the unstable QFT, the factor —1 for the negative-energy-field loops appears
automatically (without any violation of the spin-statistics connection) due to corrected Feynman rules
of integration as it was explained in Sections 2-4 (see Eqgs. (3) and discussion of Egs. (5)). In this way
the mystery of ghosts can be resolved by the physics of the negative-energy instability process. The
well-known fact that the asymptotic freedom in the standard gauge QFT aggravates and disappears if |
one involves sufficiently large number of positive-energy self-interacting scalar or fermionic fields is in
agreement with the hypothesis since this modification is similar to a transition into the upper part of the
separatrix cone in Fig. 3 with QED-type asymptotic behavior.

The unstable quantum field theory of gravity-matter interaction we discussed above includes a pos-
sible mechanism for a spontaneous symmetry breaking similar to a Higgs’ one, but on a nonstationary |
background of unstable fields growing up to macroscopic values. This process could involve a transition
from quantum to quasiclassical gravity fields via inflation and subsequent adiabatic Friedman expansion
of the spacetime and provide a truly dynamical mechanism for gauge fields to acquire nonzero masses.

An essentially different problem is to analyze, at least approximately, a nonlinear dynamical solution
for spatio-temporal evolution of interacting gravity and matter quantum fields. Only in this way can
the principal question about the existence of the solution describing a transition from a fast inflation
to a slow quasiadiabatic Friedman expansion be solved explicitly. It is reasonable to expect that the
unstable QFT at a slow stage of instability can be reduced to an effective stable QFT on a quasiadiabatic
inhomogeneous-in-spacetime background. If this is the case, then we would have a dynamical analog of the
Higgs’ mechanism for the solution of the spontaneous symmetry breaking problem in the unified QFTs (cf.
[29]). Of course, the unstable QFT described above provides us only with the rigorous, mathematically
correct, formulation of quantum gravity theory and not with concrete solutions of quantum field equations.
To find an explicit solution is a difficult technical problem.

We can refer to an analogous situation in the history of general relativity. After formulation of the
Einstein equations, which describe much more general physical system than Newton’s equations and

possess many unusual features in dynamics (e. g., collapse), a lot of efforts of many researchers were
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needed to find nonlinear solutions (e. g., Schwarzschild’s metric) and clarify completely the question
for what subsystems the Einstein equations can be effectively reduced to Newton’s ones (cf., e. g., the
Newton’s limit of general relativity for Solar subsystem).

At the moment, we have analyzed only the dynamics of a very simplified model of two coupled
nonlinear oscillators possessing opposite signs of energies:

A A |
H=- ( ~02/92% +w(M?2?) + < ( ~0?/02} + wie 2)— T e+ gmeted, (8)

It can be shown that in this case the negative-energy instability takes place as well. The most interesting
features are a transient non-adiabatic behavior and a slowing down of the instability with time due to
a self-consistent squeezing of the quantum states of oscillators and due to nonlinear resonances between
opposite-sign energy levels of anharmonic oscillators (8). These encouraging results can be demonstrated
the most clearly at a semiclassical stage of the instability when one of the interacting oscillators is on a
macroscopic level of coherent excitation and behaves as a classical oscillator. Even classical analog of two
nonlinearly coupled anharmonic oscillators (8) show the saturation of the instability and the formation
of a localized (”dynamical vacuum”) state for which the interaction between nonlinear resonances and
stochastization similar to known in the Kolmogorov-Arnold-Moser theory are very important.

7 Towards Quantum Inflationary Cosmology

The conclusions we come have interesting consequences for cosmology. Here we mention only some of
them. First of all, the unstable quantum field theory of gravity gives a very natural, fully quantum
basis for the inflationary cosmology. The inflationary scenario (more accurately, a series of its different
versions) was proposed phenomenologically and on the semiclassical level [22, 32] because of the absence
of a consistent theory of quantum gravity. The inflationary cosmology is preferable nowadays since
it is the only one that provides reasonable solutions for many serious difficulties of the standard Big
Bang and other cosmologies [22,32]. It is remarkable that the unstable field theory of quantum gravity
proposed above points namely to the inflation cosmological scenario (a definite version of it) and explains
consistently a quantum origin of the inflation on the fundamental level. The immediate conclusion is
that, due to quantum fluctuations, the inflation and matter creation starts even from a vacuum state.
At different local regions of an infinite space, the inflation develops independently and spontaneously
at different moments of time, i. e., with a wide probability distribution of a delay time. Usually, each
“bubble” expands very fast up to an exponentially large scale and forms a local universe. For an observer
inside a “bubble”, the expansion looks as a superluminal so that he receives signals only from a finite,
relatively small region inside a so-called horizon of events. This observable part of our local Universe is
about 1028 cm. Direct signals from neighbouring expanding “bubbles” (i. e., from other local universes)
can reach him only after an exponentially long interval of time. At a semiclassical stage, the inflation of
each “bubble” is slowing down to a quasiadiabatic Friedman expansion due to a self-consistent squeezing
of quantum states of unstable fields and other nonlinear effects. This is the stage where the standard
cosmological model works well. After a long enough expansion, when a local universe becomes dilute and
homogeneous enough, quantum fluctuations can trigger a negative-energy instability and a subsequent
inflation again (see [33]). The self-similar infinite process of secondary inflations has no end and does not
need a beginning. Our preliminary conclution is that the inflationary scenario is suited perfect to the
unstable quantum field theory of gravity.

The fact that a finite coupling and, hence, gravity-matter structure appears only within a finite
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range of energy-momentum scales can be related to the observed range of scales from a Planck’s scale

oL, ~ 10733cm to a cosmological scale 1, ~ 10?”cm on which the Universe becomes homogeneous

K
according to the cosmological principle. The ratio &maz/Emin ~ 1089 corresponds to the interval As =
3/ 1672) In(Kmaz /Kmin) ~ 3 of the order of unity and can be easily accounted for by quantum field theory
without introducing big numbers ad hoc. Another consequence is the impossibility to fix arbitrarily a
cosmological constant A o Ay, in particular, to set A = 0. It is correlated with a gravitational constant
G « A and matter self-interaction constant Ay and, hence, can change a sign and be finite at some
energy scales (see Fig. 4c). Therefore, different scales (energies) contribute to the total expansion of the
local, observable Universe with different weights and even signs. This conclusion changes essentially a
status of the well-known “dark matter” problem of the standard cosmology. The last problem originated
from the fact that the density of the observable matter in the Universe (in galaxies and clusters of
galaxies) is too small, poss ~ 0.03p., compared with the so-called critical density p. = 3H2/87G ~
5 x 103%/cm3, to provide the observable, relatively slow expansion of the Universe with a Hubble
constant H, ~ 50km/(s x Mps) if the classical general relativity with A = 0 and no scale dependence of
gravitational and cosmological constants is used.

It is important to stress that the quantum field theory of unstable systems displays genuine dynamical
behavior in contrast to the usual euclidean quantum field theory which deals, in principle, only with the
statistical mechanics of quantum fluctuations near an equilibrium ground state. The presence of the
instability allows to incorporate the observable irreversibility of the Universe evolution in the unified
quantum field theory of fundamental matter and gravity fields. Obviously, the processes in the unstable
gravity-matter system, as the system of interacting fields with a continuum energy spectrum, are similar
to irreversible processes of non-equilibrium statistical physics. The properties of irreversibility in this
system is even more pronounced because of the additional Poincare resonances between negative-energy

and positive-energy fields. As a result, it is possible to derive kinetic equations for gravity-matter fields. '

They are different from the usual kinetic equations of stable field systems and describe self-consistent
non-equilibrium creation of matter and gravity in the Universe via internal, negative-energy mechanism
of instability without any external sources of energy. These equations will be discussed elsewhere.

8 Resume

In conclusion, the preliminary analysis shortly summarized above indicates that there are no any obsta-
cles, neither in a rigorous mathematical formulation nor in a physical interpretation, for the development
of the unstable quantum field theory of gravity and its unification with fundamental matter interactions.
In a result, the renormalizable, unitary, ultraviolet & infrared asymptotically free theory of quantum
gravity and matter fields can be established. The conclusions announced in the present lecture have a
fundamental importance for a QF T of gravity and unified interactions and, of course, demand an indepen-
dent verification. To promote such a verification is one of the purposes of this preliminary communication.
The method of the solution of the quantum gravity problem described above is very conservative in the
sense that we manage to extend the validity of standard basic principles of QFT (locality, unitarity and
causality, renormalizability and the absence of effective-coupling-constant divergences) to all fundamental
interactions including quantum gravity. This means that the other exotic theories proposed ad hoc in
order to overcome the renormalizability difficulty in quantum gravity, like superstring theory, lose one of
the main motivations for turning to them. Hopefully, this approach results in an acceptable solution of
the long-standing problem of quantum gravity.
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PEIMIEHUE ITPOBJIEMbI KBAHTOBOU 'PABUTAIIAN
HA OCHOBE ‘
KBAHTOBON TEOPUM HEYCTONYUNBBIX I[MTOJIEMN

B. B. Kouaposckuii, Ba. B. KouapoBckuit

Haiineno pemenne nmpo6sieMbl KBaHTOBOM rpasuTanud. Iloka3aHo, YTO IrpaBHTAIMOHHOE B3anMOZeEH-
CTBHE B OTJIMYHE OT TPeX NPYTHX M3BECTHHIX QYHOAMEHTAJIbLHBIX B3aUMOLEHCTBHUI (CHIBHOTO, CJ1aboro u
3JIEKTPOMArHETHOIO) IPUBOAUT K MEPEHOPMUPYEMOil KBaHTOBOH TEOPUH MOJIel C HENOJIyOoT PaHH4YeHHBIM
rammisToHMaHoM. CTannapTHele npaBwia PeffuMana n eBKJIMIOBa GOPMYJINPOBKa TE€OPHH HE BEPHBI IJ1s
cHCTeMHl ”rpaBuTanus + MaTepus’, B KOTOPOW faXe U3 BaKyyMHOIO COCTOSHHMS pa3BHBaeTCH IpoLecc
HEYCTONYHBOCTH BCJIEACTBUE B3aUMONEHCTBHSA MOJIe OTPULATEILHON SHEPIUH C MOJISMHU NOJOXHUTEILHON
seprun. Ilana koppekTHas GpOpMYJIMPOBKa KBaHTOBO! TEOPHH B3aMMOIEHCTBYIOIIMX MOJIEH ¢ pa3sHBIMH
3HaKaMU SHEeprui.

B Takunx cucremax obuapyxenn ssieans UK&Y P-acumnroTryeckoit cBO60NBI B OTCY TCTBHUS PACXOLH-
MocTelt 3K TUBHBIX KOHCTAHT CBSI3H, IPECICAYIOUIMX CTAHAAPTHYIO KBAHTOBYIO TEOPHIO NOJIs (UK THB-
HBI mosmioc JIaHnay mpu GOMBIINX SHEPTUAX B KBAHTOBOI 3J€KTPOAMHAMUKE, PACXOANMOCTDb B KBAHTOBOU
XpOMOOMHAMHKe B 06/1aCTH MaJIbIX 3Hepruil B6imn3u MacmTabHoro napamerpa KXII). Y rBepxnaercs, 4To
npensioXkeHHas KBaHTOBasg TeOPHs HEyCTOWYMBHIX NOJIEH pa3peliaeT OCHOBHOE NPOTHUBOpPeYHe JIOKAJILHOR
KBaHTOBOIIOJIEBOH T€OPHH I'PaBUTAINH - POTUBOpEYNe MEXNY NMEPEHOPMUPYEMOCTHIO U YHHTAPHOCTHIO
(1M IPUYMHHOCTHIO), CBA3aHHOE C CYIIECTBOBAHMEM MyXOB (MM TaXHOHOB). B pe3ysibTaTe MEI IPHXOINM
K CaMOCOTIJIaCOBaHHOW NepeHOPMHPYEMO#l KBAaHTOBO! TEOPMHM IIOJieil MaTepHH M T'PABHTAIMH C BHICHIAMHU
IIpOU3BOAHBEIMM, B KOTOPOH OQHOBPEMEHHO' pelnaeTcs mpobiema pacxo}ngOCTeﬁ 3¢ PeKTHBHBIX KOHCTaHT
cBa3u. B 3akiioueHne o6CcyXKaaeTcs KBaHTOBOIMOJIEBOM ClieHApUit nncﬁﬁxunn u 3Bostionny BcesleHHOM.
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DYNAMICS WEEK IN NIZHNY NOVGOROD

DWNN-96
Nizhny Novgorod July 1-7, 1996 Russia

The DWNN-96 is dedicated to the 95-th anniversary of academician A. An-
dronov — the founder of Nizhny Novgorod scientific school of nonlinear oscilla-
tions.

The goal of the DWNN-96 is to provide a forum for the presentation of
outstanding theoretical and applied works in the areas of nonlinear dynamics

and chaos. Andronov’s scientific lectures will be delivered in the course of
DWNN-96.

The DWNN-96 is a joint promotion of:

¢ 374 International Scientific School-Seminar “Dynamic and Stochastic Wave
Phenomena” (DSWP-96)

e 2"4 International Conference “Contemporary Problems in the Theory of
Dynamical Systems” (CPTDS-96)

o International Specialist Workshop “Nonlinear Dynamics — Synchroniza-
tion and Chaos” (NDSC-96)

DWNN-96 is planned to be held on board of a comfortable ship cruising
along the Volga river. The DWNN-96 is open to all the world. The partici-
pation in all three announced school, conference and workshop is available for
participants of any of them without additional registration procedures and fees.

Organizers of DWNN-96

University of Nizhny Novgorod (Radiophysical Faculty, Research Institute
for Applied Mathematics and Cybernetics)

Institute of Applied Physics of the Russian Academy of Sciences (Nizhny
Novgorod)

Nizhny Novgorod Regional Administration

For further information, please, contact:

DSWP-96 Radiophysical Faculty, University of Nizhny Novgorod,
23 Gagarin St., Nizhny Novgorod 603600, RUSSIA
faz: (8312) 658592 , e-mail: school@rf-nngu.nnov.su

CPTDS-96 Research Institute for Applied Math. & Cybernetics,
10 Ul’yanov St., Nizhny Novgorod 603005, RUSSIA
faz: (8312) 390411 , e-mail: conf@focus.nnov.su,

NDSC-96 Radiophysical Faculty, University of Nizhny Novgorod,
23 Gagarin St., Nizhny Novgorod 603600, RUSSIA
faz: (8312) 658592 , e-mail: workshop@rf-nngu.nnov.su
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NONLINEAR ABSORPTION AND VELOCITY DISPERSION
OF ACOUSTIC PULSES IN SUPERCONDUCTORS
V.A Kukushkin, N.P.Tolstova

Shuvash State Pedagogical Institute
38 K.Marx str., Cheboksary 428000, RUSSIA

The evolution of the intensive longitudinal pulses in superconductors is studied. The kinetic
equation is used to define the force effecting the lattice by resonant quasi-particles. The
wave equation soluton describing the nonlinear absorption and phase velocity shift éw has
been researched. It is shown that the temperature dependence §w(7T") when T tends to the
critical temperature 7, has a sharp maximum some time later in superconducting tin observed
experimetally by Fil and his colleques.

Introduction

The evolution of the intensive longitudinal pulses in clear superconductors caused by the absorption
and velocity dispersion is studied. It is assumed that the average free path of normal particle ! is
_ much larger than the pulse length L; in this case the phenomena under study are determined by quasi-
particles moving in approximatly perpendiculary direction towards of wave propagation (along z axis).
This kind of particles is called resonant particles”. We shall assume too that the wave power is so
strong that the flight time of pulse area by resonant particle L/9 is smaller than the relaxation time
Be=7 <1,5=( 20) /2, - the maximum value of acoustic field). Furthermore the temperature of
pattern 7" is near critical temperature T,. Under these conditions the nonlinear evolution is determined
by resonant particles reflecting from the potential barrier of acoustic pulse. This type of nonlinearity
is called ”pulse nonlinearity”. The energy attenution has a collisionless character in this case and it is
explained by equilibrium distribution function fy of particles having the negative sign of the one derivative
of fo with respect to longitudinal velocity v, reaching the sound velocity w: %’)L“- }w- In other words we
have a well known phenomenon, Landan damping. :

In addition the nonlinear evolution is determined by the dependence of sound velocity w on lattice
displacement. In collisionless case the velocity dispersion is determined by resonant particles having the

response function containing the second derivative of fo with respect g vz: g}% [1].

1 Basic equations

The basic equations of the problem are the kinetic equation

of §0f dedf  f-folél_
ot e ot e = (1)
where € and £ are a dispersion law of particles in superconducting and normal states, and wave equation
0%u ,0%u
oz~ P sz = b (1.2)

where p is a density of pattern, F is the force effecting the lattice by resonant particles. This force is
found as a variational derivative of energy electron system with respect to lattice displacememnt u at
constant entropy

2 0 ~
It is assumed that the solution of (1.1) is the following
f = fole) + 9(7,z — wt). (14)

Then the disequilibrium distribution function g has the form

— wdfo [ ds —a(r=7") 18, ,
=TT e /_w ar'® dr’, (1.5)
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satisfying the initial condition g — 0 at ¢ — —oo; here s = (v, - w§)/v.
For further we have to expand the derivative dfy over de in s nea.r point s = 0:

?_fg 3fo fo

9 ls=0 +—=5- 5e2 |s=0 miws. (1.6)
Introducing (1.6) into (1.5) and then (1.3) after some calculation we obtain
F =F + Fy; (1.7)
moA%o © (arr “{ PNV Q-®)/2+1].
F=3T= 2 (/T 41) {(1- 27+ @1n AT (1.8)
. _ /2 _ 3/2
23 5 [(1- 00— &:%]
=FL{1 —- LV =FL .
Fo=F, { + 3 ur 3, F;"Gy(®,) (1.9)
for the potential ”barrier” case;
2Vv2
F=Fr{1 { + il | &, |1/2} = Fo Gy (®1) (1.10)

for the potential ”well” case; were force

2
3 g & mw h_z(_é_)g?_l (1.11)

L—————-
B =sTaT° an

correspond to the linear case when the particle trajectories have been weakly pertubed by sound field.
2 Acoustic pulses evolution
Let us regard the equation (1.2) with electronic force (1.7); it describes the nonlinear energy attenuation

of acoustic pulses. Using the slow evolving profile method (u(z,t) = u(q, t'), t’ is slow time) this equation
may be written as follows

o®
57 +R@O, t’)/@o(t'))a—n =0, (2.1)
where 3 ndw A (1= @)1/
=3mAw A w oA A=) ""+1 .\ 5y-1/2
=S’ Ler vp( +1)” {ln 3, +(1-9) . (2.2)

The equation (2.1) was regarded by Demichovskii and his colleques for the longitudinal acoustic pulses
in normal state of metals [2]. It is neccesary to note that the temperature dependence of the absorption
coefficient (2.2) is described by BCS-formula and when T tends to T, a smooth transition to absorption
regime for the normal state takes place. The potential ”well” absorption is absent in this case.

Let us regard the equation (1.2) with the electronic force (1.8)-(1.10). It describes the pulse evolution
because of the sound velocity shift. We shall search the solution of it in the following form

u = u(z — w(n)t), w(n) = wo + dw(n), (2.3)

where wy is equilibrium sound velocity, w is slow function of n and g = M < 1. Introducing (2.3) into
(2.1) in linear approximation for the small parameter ;1 we obtain

sw = 5w Gy(®,) (2.4)

for the potential ”barrier” case and
dw = 6wt G, (®,) (2.5)

for the potential ”well” case, here

Swk = 3 no/\imwo

ch=?A/T-
it pwo T /
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the linear sound velocity shift.

In Fig.1 we can see the effect of the pulse deformation described by formulae (2.4)(Fig.1a) and
(2.5)(Fig.1b). It is neccesary to note that the temperature dependence of velocity shift has sharp maxi-
mum when T — T, (Fig.2). In this maximum the relative value of velocity change is much larger (namely
two or three orders) than that for the normal state of metals [3].

This effect is explained by strong modification of the normal particle spectrum in superconducting
transition. It was observed experimentally some time ago in superconducting tin by Fil and his colleques

[4)-

P
1

Fiq. 16

Figure 1. Character deformation of acoustic pulses profile because of nonlinear sound velocity
dispersion (1a for potential "barrier” case; 1b for potential ”well” case)
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HenureitHOe 3aTyXaHWe U OUCIEPCUS CKOPOCTH
aKyCTHUIeCKHX UMITYyIHCOB B CBEPXIIPOBOLHUKAX

B.A Kyxymkun, H.II.Toactosa

Hayuena 3BomONMS MOIIHBIX aKyCTHYECKMX MMIYJIBCOB IPONOJIBHOM NOJAPU3ALAM B CBEPXIPOBOMAHH-

kax. Ilpenmonoxeno, 4To mauHa npobera | HOpMAILHHIX HOCHTeENEH B 06paslie MHOTO GOIbIIE IJMHE

HUMIyabca L, a MOIIHOCTL BOJHEI TaKOBa, YTO BPEMsS IIPOJIETa PE3OHAHCHBIMHU BO36YXIEHUAMH 06IIacTH

HMIyJIbca MeHbIIe BPeMEHH PEelaKCallMHl Tp; CIATAeTCs TakkKe, YTO TeMIepaTypa obpaslia HOCTATOYHO

6nm3Ka K TeMOepaType cBepxnpoBoasmero mepexona T.. B sTHX ycioBHAX AMHAMWMKa KBa3sMYaCTHUIL

uMeeT HeJUHENHBIA XapakTep, OOyCIOBIIEHHHI OTpaXkeHHeM OOBIYHOIO THNA OT MOTEHIUAIBLHOrO MOJIs

poiiHEl. COOTBETCTBYIOMMI THII HEJIMHERHOCTH M3BECTEH NON Ha3BaHMEM ”MMIyIbCcHas HEMHEHHOCTH”. '
Ha ocHOBaHMY pellleHNs KNHETHYECKOTO YpaBHEHH HalileHa CHJla, NeACTBYIOMAsA CO CTOPOHEI Pe30HAHCHBIX

Bo36yXJieHnit Ha pemeTKy. MccienoBaHO pellleHMe ypaBHEHHsS TEODUM YNPYTOCTH, ONMCHIBAalOUIee He- |
JInHeliHOe 3aTyXaHHe M IepPEHOPMHPOBKY CKOpocTH 3Byka dw. IlokasaHo, 4TO BOIM3M TeMIlepaTyphi

nepexona T = T, 3aBucumocTh dw(T') mposBaseT pe3kmil muk (CM. puc.2), HaGmOAaBIIMIACS paHee

3KcImepuMeHTasbHO PuileM ¢ coTp. B cBepxXmpoBoAsLIeM oinose [4].
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PROPERTIES OF TIME DELAY IN QUANTUM CHAOTIC
SCATTERING

N. Lehmann!, D.V. Savin?, V.V. Sokolov?, H.-J. Sommers’

'Fachbereich Physik, Universitat Gesamthochschule Essen, D-45117 Essen, Germany,
2Budker Institute of Nuclear Physics, 630090 Novosibirsk, Russia.

Abstract
‘We study the properties of time delays in a model of chaotic resonance scattering based on the random
matrix approach. Analytical formulae which are valid for an arbitrary number of open channels and
arbitrary coupling strength between resonances and channels are obtained by the supersymmetry
method. We demonstrate that in the limit of a large number of open channels the time delay
correlation function, though being not a Lorentzian, is characterized, similar to that of the scattering
matrix, by the gap between the cloud of complex poles of the S-matrix and the real energy axis.

1 Introduction

The duration of particle collisions is an interesting and important aspect of general scattering theory which
is in a sense complementary to the energy representation ordinarily used. A collision is characterized
in this case by the time delay of particles in the region of interaction. Wigner [1] was the first who
considered the time on which a monochromatic particle with given angular momentum is delayed during
its elastic scattering. He established the connection of this time delay to the energy derivative of the
scattering phase shift. The sharper the energy dependence of the phase shift the longer is the time delay.

Later on Smith [2] extended the time delay concept on many channel problems introducing the time
delay matrix

d € €

ab . ac * cb

E)=—ih{ — S*(E+< E—-—

Q™ (E) ‘{ds}; (E+35)5"( 2)}0, (1)
&=

in the channel space. Here S is the scattering matrix and the summation index ¢ runs over all the

M open scattering channels. Diagonal element Q°° coincides with the mean duration of collision (time

delay) in the c-th entrance channel. Averaging over the channels, one arrives at the simple weighted-mean

characteristic

AR =3 Q= = Indet S(B) @

of the duration of collisions. Eq.(2) is just the many-channel version of the well-known simple Wigner
formula. (Here and below we set h = 1.)

The time delay turns out to be an especially pertinent concept for the chaotic resonance scattering
encountered in atomic, molecular and nuclear physics [3, 4], as well as in the scattering of electromagnetic
microwaves [5] in resonance billiard-like cavities. The quantity Q(F), being closely connected to the
complex energy spectrum of resonance states, shows in its energy dependence strong fluctuations around
asmooth regular variation. The two kinds of variation on different energy scales are naturally decomposed

Q(E) = (Q(E) +Qn(E) , ®3)

with an energy or ensemble averaging. By this, the slow energy dependence of time delay is revealed
whereas the two-point autocorrelation function

Ca(E,¢) = (Qu(E+5)Qn(E-3)) = (QUE+I)Q(E-2)) - QE+HNQE-2) (@)

/
is used to characterize the time delay fluctuations.

According to the general scattering theory [6, 7, 8], the poles of the resonance scattering matrix in
the complex energy plane are those of the Green’s function

G(E)=(E-#H)"". (5)
They coincide with the eigenvalues &, = E,, — %I‘,, of the effective nonhermitian Hamiltonian

H=H-iyW, W=VVT, (6)
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with E, and ', being the energy and width of n-th resonance state. The Hamiltonian (6) describes the
evolution of the N-level unstable system formed on intermediate stage of a resonance collision. Due to
the elimination of continuum variables, it acquires the antihermitian part which consists of the product
of amplitudes VS of transitions between N internal and M channel states. The dimensionless parameter
~ characterizes the strength of the coupling of the internal motion to the continuum. It what follows, the
properties of the spectrum of complex energies £, play the crucial role.

The intrinsic chaoticity of the internal motion of long-lived intermediate system manifests itself by
chaotic fluctuations in resonance scattering and demands a statistical consideration. Therefore the ran-
dom matrix approach extending the well-known [9] description of chaotic bounded systems has been
worked out in [10, 11, 8]. It is usually assumed that the hermitian part H of the effective Hamiltonian
subject to the T-invariance belongs to the Gaussian Orthogonal Ensemble (GOE),

2
<Hnm) =0, <Hann’m’> = AN(‘snn’(;mm’ +Jnm’6mn') . (7)

In the limit N — oo eigenvalues of H are situated in the interval [-2), 2)] with the density given by
Wigner’s semicircle law. Following [8], we suggest the transition amplitudes V;¢ also to be statistically
independent Gaussian variables,

V) =0, (VEVE) = 2:6%m ®

The number N of resonances is as usual supposed to be asymptotically large and for carrying out
the averaging of quantities defined in (3,4) over the ensemble (7,8) we use the powerful supersymmetry
technique [12] first applied to chaotic scattering problems in [11]. The number M of the (statistically
equivalent) scattering channels can be small or large or can even scale with the number of resonance
states. One can treat the latter two cases [4, 13, 14] as a ”quasiclassical” limit in the matrix model. We
show here that the time delay local fluctuations are governed, similar to those of the S-matrix [14], by
the gap between the real axis and the upper edge of the distribution of resonance energies in the complex
energy plane. We compare this result with that obtained in the framework of the periodic orbit approach.

2 Time Delay and Resonance Spectrum

The poles &, in the lower part of the complex energy plane are the only singularities of the resonance
scattering matrix. Due to the unitarity condition their complex conjugates & serve as S-matrix’s zeros.

These two conditions result in the representation det S(E) =[], %’;: Substituting this into eq.(2), we
come to the important connection
' 1 1 r
E)=-2Im{ —trG(€) p = — E "
) m{M il )} M 2« (E-En)? + 112 ®

between the time delay and the trace of the Green’s function (5) of the intermediate unstable system.
The time delay is entirely determined by the spectrum of complex energies of this system. The collision
duration directly reflects the statistical properties of resonances. This is in contrast to the scattering
amplitudes $°¢" which explicitly depend also on the transition amplitudes Vig.

The ensemble averaging of eq.(9) gives

(@(B)) = 5 Reg(E) (10)

where m < 1 is the ratio M/N and the function g(E) = iA§ (tr G(E)) satisfies the cubic equation [14]

1 + my iE
g(E) 1++g(E) A

The (unique) solution with a positive real part has to be chosen. It can be seen from the consideration
given in [14] that this real part is close to %wp(E) with p(E) being the projection on the real energy axis
near the scattering energy E of the density of resonance levels in the complex energy plane.

g(E) - =0. (11)
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On the other hand, averaging eq.(1) directly, we express (Q) in term§ c.)f the two.-point S-matrix
correlation function [11, 14], which, in the limit of a large number of statistically equivalent channels,
M > 1, scaling with the number of resonances N is given by [14]

Cs(0) = = T() = K T() (12

with the two smooth functions defined by

p(e)=f"2_,\ﬂ , ();—M (13)

g(e/2) 1+ vg(e/2))

and we set E = 0 for the sake of simplicity. The quantity Cs(0) = 7(0) = T coincides with the
transmission coefficient T = 1 — |(S)|?>. With eq.(12) taken into account we obtain

;4Cs(e) _ _;p9KE)

.dT (¢)
de +1 - de

de

&= .

@=- (14)

e=0
where we have designated I'(0) as T'y.

In eq.(12), only the first fast varying factor K (¢) describes the local fluctuations whereas the second
one corresponds to the joint influence of all resonances giving rise to the processes with a very short
* duration [14]. The average time delay of a non-monochromatic spatially small wave packet caused by the
formation of a long-lived intermediate state (3, 16] is determined just by the factor K(¢) [14]

dK (e -1.
()= _z—_de(: ) =I5t (15)
e=0
This implies the connection [16, 14]
_ _ 2N . 2mp
() = (@)/T = 12 g(0) ~ 2t (16)

3 Time Delay Correlation Function

Now we calculate the correlation function (4) and, to simplify formulae, we restrict ourselves to the center
of the GOE spectrum E = 0. Taking into account the relation (9), one can cast eq.(4) into the form

Cale) = (@) Ko(e) = 77 Re {(trG(E)r G (- 2)) ~ (r GG ()}, (1)

where we have also defined the normalized correlation function Kq(g). The terms containing two Green’s
functions with poles at the same side from the real energy axis are omitted in (17). Their contribution
turns out to have got no resonance behaviour and is negligible as long as 'y < A, implying a clear
cut-distinction of local and global scales [14].

To perform the ensemble averaging in (17) we use the modification worked out in [14, 15] of the
supersymmetry technique [11]. Using the integral representation of Green’s function as a multivariate
Gaussian integral over commuting and anticommuting variables, one gains the possibility to accomplish
the averaging exactly. With the help of the Fourier transformation in the supermatrix space the integra-
tion over initial auxiliary supervectors is then carried out. Since the number of resonances N — 00, the
integration over the supermanifold can be carried out in the saddle-point approximation. Two cases when
the number of channels M is finite (m = 0) or tends to infinity (m is finite) have different saddle-points
and, therefore, should be treated separately. Details of calculations can be found in [15].

In the limit of a fixed number of channels M we come to the result

1 (o) oo
Ko) = 5 [ 1 [aho 30,1, X2k + 30 29Pcos(mpe(2ro +3g 12y [ D21
Qle) = 7 [ @0 [ dA1 [ dAz (Ao, A1, A2) (220 +A1+As PEEA O T T T T (14 TAg)
0 0 0

(18)
"where

_ (1=20) o)1 = As]
#(Xo, A1, Az) = [T+ 202 (1 + A A 200+ A1) 2o +22)2
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and T = 4v/(1 + v)? is the transmission coefficient (see (13)) calculated in the limit of m = 0.

In the limit 4 = 0, when the system gets closed, the correlation function (17) becomes proportional
to the GOE density-density correlation consisting [9] of the singular term §(mpe) and smooth Dyson’s
function —Ya(mpe). Coupling to the continuum leads to appearing of a new energy scale caused by the
decay processes and defined [14] by I'(¢) from eq.(13). One can anticipate a qualitative changing of the
correlation function to occur on this scale. For larger distances the influence of the antihermitian part
should fade away and the asymptotics of Cq for € — 0o is expected to coincide with that of —Y>(mpe).

Generally speaking, the threefold integral in (18) can be investigated for arbitrary number of channels
M only numerically using the methods developed in [17] (see [15]). However, this integral can be simplified
if M becomes large enough. Let the number M grow still keeping the ratio m « 1 and the product
MT = 2npl'w (compare with (16)) fixed. The quantity 'y is just the limiting value of I'y with T and
g calculated in the limit m = 0. It coincides with the well-known semiclassical Weisskopf estimate of the
correlation length of Ericson fluctuations. Then Kg(¢) is found to be

2 [«
Kg(e) = /dt te(=mPTwt) (1 - -;—ln(t+1)) cos(mpet) + /dt e(=mPTwt) (2 - -;—ln ;—t—i—) cos(mpet) . (19)
0 2

This is in close analogy with the consideration of the S-matrix correlation function made in [17]. In
the limit pT'yy — 0 this expression reduces to the normalized GOE density-density correlation function
written in its Fourier representation [12].

The behaviour of K¢q(¢) is quite different in the regions ¢ « 'y and € > I'w. In the first one it is
determined by decays and therefore is sensitive to the coupling to the continuum. Quite opposite, for
large £ the behaviour becomes universal since the GOE fluctuations described by the Dyson’s function
Y, are restored. It is perfectly reasonable since an open system cannot be distinguished from a closed
one during a small time t € I‘;Vl.

In the limit of isolated resonances, pI'w < 1, it is natural to set aside the contribution of asymptotics
of the integrand, presenting (19) in the form

Kq(e) =

2
;1; .(—Ezf‘I—LI‘%V) + /dt e~TPlwt (t - -;—ln(t-l-l) - 1) cos(mpet)
0

o .
+/dt e~ mPTwe (1 - %ln ;—ti-) cos(mpet) . (20)
2

The Lorentzian contribution with the width 'y directly traced to the GOE d-function dominates in
the domain ¢ < I'yy. The sum of the remaining integrals is negative for all values of ¢ and approaches
asymptotically the function Y, from above. We thus come to the conclusion that the correlation function
vanishes at some intermediate point €9 which can be easily estimated as g9 ~ \/Tw /(7p).

In the regime of strongly overlapping resonances, pI'yy > 1, the main contribution in Kq comes from
t < (mpT'w)~! and, therefore, the second integral in (19) can be neglected. Dropping then out the small
logarithmic term in the first integral and extending its upper limit to infinity, we arrive at
4T3}, T%, —¢?
M2T2 (52 + r%v)z ’

oo
Kq(e) ~ /dt tel="PTw?) cog(mpet) = (21)
0

The function (21) is not a Lorentzian at all. Decreasing quadratically in a small vicinity of the point
€ = 0, it deviates subsequently from a Lorentzian, becomes zero at the point g = 'y, reaches a negative
minimum and approaches at last zero from below. Just the correlation function of such a form with
T'w substituted by the classical escape rate was conjectured in [18] as the limiting classical expression
following from the periodic orbit picture.
In the limit of finite m we have found that the expression (21) is reproduced again but with T'y
substituted by I'y where
- _To_
) T 14Ty’
and Ty = dI'(¢)/de|c=o0. It has been proven in [14] that I'y, playing the role of the correlation length
of the Ericson fluctuations, coincides with the gap between the distribution of resonance energies in the

(22)
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complex energy plane and the real energy axis. Therefore, we come to the conclusion that the properties
of fluctuations both of the S-matrix and time delay are described by the same quantity, the gap I'y.
The obtained form of the e-dependence of the many-channel correlation function Cg is close to that
found in [19] for Gutzwiller’s model of single-channel chaotic scattering on a space of negative curvature.
- The same values of all resonance widths and the outcoming possibility for resonances to overlap are two
specific features of the model which are in fact in strong disagreement with properties of the resonance
spectra represented by matrix models. In particular, the single-channel resonances cannot overlap at all
in the latter models [8] and their widths fluctuate strongly. That is why our result for M = 1 (see also
[15])) differs noticeably from the correlation function of ref.[19]. The situation changes when the number
of channels is large. The width fluctuations diminish with the number M of channels growing. The time
delay depending (see (9)) only on properties of the complex energies of resonances and not on the number
of channels directly, the correlation functions become similar in the two quite different cases compared.
It is worthy to note that resonances overlapping strongly suppress time delay fluctuations. Indeed,
one gets for isolated resonances Kq(0) = (mpI'w)~! > 1 whereas Kqg(0) = (72p?T'%,)~! < 1 when they
overlap. The duration of a collision thus becomes a goed definite quantity in the ”quasiclassical” domain.
The question arises of a possible connection of our results to the classical limit. Since Planck’s
constant actually has a finite value, corresponding to a vicinity around the point ¢ = 0 the long-time,
t > t*, asymptotics of the Fourier transform of the time delay correlation function is formed by quantum
effects [18]. Our results imply that the decay rate of this asymptotics coincides with the gap T'y and
there is no another decay exponent similar to classical one which takes its appearance at intermediate
values of time in the periodic orbit consideration in ref. [18]. Certainly, there are no reasons why the
classical regime must appear as long as the condition I'g¢* < A holds. The natural estimate for the time
t*is the Heisenberg time t* ~ hp. Hence, the resonances are isolated under above condition and the gap
characterizes individual widths which ceased to fluctuate since the number of channels is very large.
One could expect that in the opposite case I'yt* >> h when resonances strongly overlap the gap should
approach the value kv, with v, standing for the classical escape rate. This would mean that quantum
effects completely disappear from eq. (21). In fact, the matrix model used fails to provide by itself any
estimate for 7. or even the way in which the time t* goes to infinity in the formal limit A — 0. The
density of levels p is a free parameter of the model. Therefore, the conjecture just made cannot be checked
in the framework of our approach. It is worthy noting in this connection that arguments of rather general
nature have been presented in [20] that the difference between I'y and Ay can survive even in the limit
i — 0 provided that the classical motion is chaotic.

4 Summary

In this paper we have considered the fluctuations of the characteristic time of collisions in the framework
of a random matrix model of resonance chaotic scattering. These fluctuations are entirely due to the
fluctuations of the spectrum of complex resonance energies. We calculate analytically the time delay
correlation function and investigate its properties analytically and numerically for different values of the
number of channels and the strength of coupling to the continuum. For any values of these parameters this
function is far from being a Lorentzian. In particular, it vanishes at some point which can play the role
of the characteristic correlation length of the fluctuations. In the ”quasiclassical” limit of a large number
of strongly overlapping resonances this length is given, similar to that of the S-matrix fluctuations, by
the gap between the upper edge of the distribution of complex energies of resonances and the real energy
axis. We believe that the link between the characteristic lengths of correlations from one hand and the
complex pole distribution from another, established in [14] on the example of matrix models, is in fact
the generic feature of chaotic quantum scattering.
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CBOVICTBA BPEMEHMU 3ANEPKKIW B KBAHTOBOM
XAOTNYECKOM PACCEsHNN

H. Jlemann!, [I.B. Capun?, B.B. Cokosnos?, X.-FO. 3ommepc!

PaccMOTpeHBl (DIIyKTyallnn XapaKTepPHOTO BPEeMEHHM CTOJIKHOBEHHMH IpPHM DPE30HAHCHOM XaOTHYECKOM
paccesHHN B PaMKaX TEODMH CJIyYaikHHIX MaTpull. OTH QIAYKTYalUH HEJIUKOM ONpPeHesIaioTcs QIyKTy-
alUAMM CIIEKTPa KOMILIEKCHEIX 3Hepruit. IIpu momomu MeTona cynepcMMMETDPHH BBIUNCIEH KOPPEISTOP
BpPEMEH 3a[epXKKN M HCCIIENOBAHBl €r0 CBOMCTBA NPU PalINYHbIX 3HAYEHNSAX YUCIIa OTKPHITHX KaHAJIOB
CHJIbI CMEIIMBaHus ¢ KOHTUHYyMoM. IIpy JIo6GrIX 3HaUeHHSX STUX NapaMeTpOoB 3Ta GYHKINS He SBJIgeT-
cs JlopennuanoM. B 4acTHOCTH, KOpPppeNATOp 3aHYJSETCd B HEKOTODOi TOYKe, KOTOpas MOXET UIPaTh
POJIb XapaKTepHOH KOppeJISIMOHHON IJINHE duykTyanuit. B ”kBasukiaaccuueckoM” mpepnelie GOJIBIIOTO
YHCIIa CUIBHO NEPEKPHIBAIOLINXCA PE30HAHCOB 3Ta IUIMHA, MOJOGHO KOPPEeSISINOHHON JVINHEL QIIyKTyauni
S-MaTpuubl, onpenesseTcs LIENbIO MEXAY BEPXHUM KpaeM paclpelejieHHs KOMIUIEKCHBIX 3HEPTUA pe3o-
HAHCOB M BEIeCTBEHHOM OChIO 5HEpTHH. MH majiaraeM, 4TO yCTaHOBJIEHHAS CBA3b MEXAY XapaKTePHLIMU
OIMHaMH QIYKTYaluil ¥ pacrnpeiesieHHeM MOJIIOCOB S-MaTPHIH ABJISeTCs oblIell 4epToit KBAaHTOBOIO Xa-
OTHYECKOrO pacCesHus.
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Abstract

The dressing method originally formulated by Zakharov and Shabat [1], is a powerful tool for
construction of multidimensional nonlinear integrable equations together with their solutions. This
method exists in different modifications; the most advanced one is connected with the nonlocal D-
bar problem [2], [3]. For various equations this method allows to describe almost all known their
properties with maximal simplicity and efficiency. However, the direct study of some questions by
means of the D-bar method is rather complicated. For example, it is difficult to obtain the compact
form of the ”general” evolution equations connected with the given auxiliary spectral problem. In
the present paper we show how to avoid these troubles by using the dual D-bar problem.

First, we introduce some definitions and notations.
The nonlocal d-problem is an integral equation for complex-valued matrix function ¢(A) ,A € C

g—f =Ly [0 wiw. (1)

where symbols d?u and d?v indicate the usual measure on the plane. We assume that the equation has
the unique solution. Function f is called the normalization of J-problem, R is a kernel..

Normalization f is chosen from convenience. Two cases are usually considered: f =1 and f = 1=,
where a is arbitrary point in the complex plane. We shall use the notations ¥()), ¢(a,A) for the
corresponding solutions of equation (1). These functions have the expansions as A — oo

zp(,\)=1+3b—l+o(/\) (2

o= % o (1).

(here and below prime means the residue at the infinity). Solution ¢(Aj has no singularity in the complex
plane, and ¢(a, A) has the unique pole at A = a, which is called the normalization point

é(a,\) = —1——+¢<°)+0(|,\—a|) A—a. 3)
Together with problem (1) we consider the equiations
1/; - 2 :
_X— = R(\, p)d(p)d?p (4)
po1,A =00

and

99 (b, )
)Y

= m6(A — b) — /RAp 3o, pyd?p. (5)

3o, /\)_.)¢b+o(,\12) A= 00
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It is naturally to call these equations as the dual 0 -problem ; it plays the basic role in our approach.
From eq. (1) — (5) one gets the relations

¢(a:b) = —q;(b, a) 3 (6)
¢u=9(a), 6, =¥(a), (7
Vv =-¢. (8)

These formulas connect the solutions of the d-problem and the dual one and possess to simplify signifi-
cantly the derivation of many formulas in the dressing method.

The relation with the integrable nonlinear PDE can be established, if we introduce the additional
parameter z; by the formulas

SR = (WRY) — RO ME), ©)

where [; are mutually commuting matrix-valued rational functions. Let D; and b; be the ertended
derivatives

9 L
Div % 35+ 4L, (10)
= 0
Dy = oz, LAY

( operators D; are used in the dual problem). This procedure was described by V.E. Zakharov, S.V. Man-
akov and L.V. Bogdanov [2], [3], [4]. Here we consider two examples [7], [8]. The first one is associated
with KP-hierarchi and vector NS.

Let us put in the equations (9) 1 =2, 22 =y, ga=7and [} = =\, [ = =A2, I3 = > - In
this case we '
3
Dy =8, -\, Dy =0, -\, D,-=61-+Q=31+zi:/\_,\i.
The corresponding spectral problems arise in the form
'/’y + Yoz — 2AY; = uyp (11)
where
u= _2¢:,r 3.
The equation for () with respect to 7 is
wi
p(N) + Z o = Xijw.-«z»(x.-)eﬁ(x,-,x). (12)

Let us expand eq. (12) in powers of } as A — oo. In the leading order we obtain
O + Y wi =Y wih(N)g), ¢ = ¢, .
i i

In the usual O-formalism [2], [3] the next step (to connect ¢ with u) is rather difficult. However, by
using dual J-problem, namely the formula (7), one can get

¢ = P(N).
Substitution of this relation into the previous equation and differentiation with respect to z yield
Bru = =2 wi(B(A)B(A))e. (13)

The symmetry constraint u, = u, gives rise to

u= -2 Zuiw(xi)gz(,\;). (14):
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Substituting eq. (14) inta eq. (11) and putting A = ); we arrive to the vector nonlinear Schrédinger
equation [5], [6] )
By + e () = 20t (N) + 23w e ()P 05)9(N) = 0 (15)
J

In the second example the parameters z; are introduced as follows

€
Dx=ax+)‘;Dy=6y+XyDr=ar+Q=ar+Xi:

A —
As usual, one construct the equation )
| D, Dyt = ADy¥ +up + ¥,
where A = 0;In9(0) , u = ¢j,. After substitution \
U = e+ 5y (16)
this equation turns into the 2-dimensional stationary Schrodinger equation
Uy = AV + ¥ + V. (17)
The evolution of potentials A and u comes from the equation
9+ 0TI = Rt (e ), (18)
which gives
ur = &0, ($(0)9(0)) = Twid, (¥0F)) (19)
and .
A= it [222 (00 - £90) )] (20)

Now we consider the simplest reductions. Equation (19) offers the symmetry constraint (g—’; = %)
u= Zwi'p('\i)";(/\i)-
‘ i

Let 1 1
PO ==Y, 0= T+

Then from (17) we have the system for functions v = \Il(a) w = ¥(—a)

oo = (vw),
T e+ Quw

(vw),

w. =
VT e+ vw

vy + 2v%w + ev (21)

wy + 2wy + ew,

In particular, putting
v=w= (i)%sinhg
~ 2 2
one gets from the equations (21)
gzy = € sinhg

(This fact was noted by A.V.Mikhailov ).
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IOYAJIBHAMS 6-ITPOBJIEMA U (2+1)-MEPHBIE

HEJIMHEWHGBIE EBOJIIOIIMOHHBIE YPABHEHUS
A W. 3enuyk, C.B. Manakos

MeTon oneBaHus, BiepBbie chopMyJ/upoBaHHELl 3axapoBsM i IllaGaToM [1], 4BiIS€TCS MOIHEIM HHCTPYMEHTOM
1S IOCTPOEHNSI MHOTOMEPHEIX HEJIMHENHBIX HHTEI PAPYEMBIX yPaBHEHHI B YaCTHHIX TPOU3BOAHbIX. OnHoM

13 HOPMYJIMPOBOK 5TOTO MeTONa ABJISETCS HeJIOKaJbHasi O-npobieMa. B mammo#f paboTe paccMOTpeHa
IyasbHas O-mpobiieMa, KOTOPOil paHee He IPUAABAJIOCH CYIIECTBEHHOTO 3HAYeHNS. DTO O3BOJSET 3pdEKTHBHO
VICTIOJIE30BATH VISl IOCTPOEHHS HEIUMHEMHEIX CHCTEM CHHTYJIIPHBIE PeIleHns J-pobJieMbl , HOpMUPOBAHHbIE

B TOYKE CHHI'YJISPHOCTH.

Ton HeJIOKaIBHOM O-po61eMOit IOHMMAETCS ypaBHEHHE (1), rme d*p, d*v — o6rIYHAs Mepa Ha KOMIUIEKCHOM
IJIOCKOCTH, R— $IpO HHTEr paJIbHOTrO ypaBHeHus, f— HopMupoBodHas GyHKIHA. OOBIYHO PacCMaTpPUBAIOTCS
nBacaydasd: f = lwmm f = A—i—a, re a— NpOM3BOJIbHAA TOYKa Ha KOMIVIEKCHOM milockocT. CooTBeTCTBYIOLINE
peterus o6o3HaumM P(A) u ¢(a, A) (2). IlepBoe 3 3THUX pelenHnil He NMeeT OCOGEHHOCTE  Ha KOMILIEKCHOR
IVIOCKOCTH, a BTOpPOe MMeeT eANHCTBEHHMIH NPOCTOll NOJIIOC B TOUKE A = @, Ha3bIBa€MOM TOYKOH HOPMUPOBKH(3).

Bmecte ¢ (1) paccMoTpum ypasrenus (4) u (5), KoTophle Ha3oBeM IyaJsibHO# O-npobiemoit. W3 (1) —

(5) srerko mosyuuts coorHomenus (6) — (8).

Teneps CBA3b C HOTUAEHHEIME YPaBHEHAIMU BOSHUKAET, €CJIM BBECTH 3aBUCHMOCTS SAPa OT HOMOIHUTEbHEIX
napaMeTpoB z; o dopmyiam (9), (10). dannaa npobiema usyueHa B paborax [2], [3], [4].

PaccmoTpuM nBa npumepa. B nepBoM mapaMeTpH BBeIeM CJIEAYIOIINM 0GPa3oM:

Wi
A=)

szaz_)‘;Dyzay-’\z,Dr‘:ar"‘Q,:a‘r"'z

O6LIYHBIM CTIOCOBOM TOCTPOMM CHeKTpaJjbHylo 3amady (11) a Takxke sBomonuonHoe ypasHeHue (12).
Monb3ysce penykuneii uy = u; ¥ CHeKTpaJbHOR 3anadei (11) mosyuum (1+41)-MepHOe BeKTOpHOE HeSIMHERHOE
ypasuenue Illpenunrepa (15).

Bo BTOpOM NpMMepe OONOJHUTEIbHRIE TAPaMeTPhl BBeIEM IO GopMyJIiaM

Wi

A=\’

Dy=0,+A,Dy=08+5,Dr=0,+Q=0,+)
i

TIpoBens paccyXneHusl, aHaJIOTHYHbIE MPEALIAYIIUM, IIOIyYUM SBOJIIOLMOHHKIE ypaBHeHus (19), (20) mas
koedbdunuenTos B ypasHenun Illpenunrepa ¢ MarHuTHEIM nosieM (17), H, ¢ MOMOIIbIO BHITEKAIOIUEH W3
HUX PeNyKUHH u, = Uy, (14+1)-MepHylo cuctemy (21), acTHBIM CilydaeM KOTODOH SBJIA€TCS ypaBHEHHe
sh-T'opnona. Bosee monpo6Hbie pe3y/ibTaTH H3IOXEHH B paboTax [7], [8].
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Abstract

Two examples of normal forms for the shallow water equations are demonsirated. In first example a
slow forcing is eliminated by a nonlinear transform and it is allowed to obtain a slow manifold and
a motion equations on it. A second example is a direct application of Poincare method of normal
forms for the shallow water equations in large space scale, because the main part of this system for
this limit is one of ordinary differential equations.

Introduction

Method of normal forms is widely used for study a system of ordinary differential equations [1]. In
this article this method is applied to the shallow water equations. Two examples of such application
are given. The first example is to find a slow manifold and the motion equations on it by transform
to a special form which allows to obtain the formal invariant manifold. The second example is a
direct application of Poincare method of normal forms to the shallow water equations for large scale
and inhomogeneous Coriolis parameter. This example is important for obtaining nonlinear interaction
equations of inertial-gravity and Rossby waves in non-homogeneous media.

1 The first example
1.1 Basic idea

Let us write the shallow water equations in standard form

up — fo+ 2, = —(uug + vuyy), (1)
vt + fu+ 2y = —(uvz + vvy), (2)
2t + Uy + vy = —(u2), — (v2)y. 3)

Here the notations are commonly used and the Coriolis parameter f is a constant. The idea of the first
example is better to explain for spectral form of the equations. In order to obtain them we perform the
Fourier transform, introduce normal variables ay, b; and obtain system

a—;—f = fAkklk,aklakzé(E - El - Ez)dgldgz

+ ( [ Bikiksbran,6(k — By — Ba)drdk, + k.c.) (4)

%bf + twrby = kaklkzaklbkzé(E - El — Ez)dgldic‘g
+ (f Vikoksbrbes6(F — By — Eo)dRydR, + ke) (5)
+ [ Wik k,ak, ar, 8(k — £y — ko)dkydks,

here wg =/ f2 + IEIZ 1s frequency of inertial-gravity waves and Agg,k2, Bkk,ksr Ukkikar Vikikar Wikik,
are some coeffcients. a; and b; describe a slow and fast motions, accordingly. If we put a;x = 0, then eq.
(4) is satisfied identically and eq.(5) is one for evolution of b;. This corresponds to a well-known case of
conservation of potential motion, if initial velocity is potential. From other side, if we put bz = 0, then
the underlined term in (5) will generate bz. Therefore the problem is to find a nonlinear transform

ar = ag, by = by + Flax], (6)
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which eliminates a slow forcing in equation for b;. Then equation for br will satufy identically for by = 0
%éf = f Akklkzaklak26(£ — El - Eg)dl-c'ldl-c.z
+ (f Bkklkzgkldkzls(g— El - Ez)d]-c‘ldgz + k.c.) + ..., (7)

égf + iwkl;k = f Ukklk,ahi)h&(l—é - El - Ez)dEIdEZ
+ ( [ Vikaksbe,bi,8(F — Fy — Fz)dFydEs + k.c.) + ... (®)

Consequently, for b = 0 in (6) and (7) we obtain the equation for the slow manifold and the motion
equation on it.

1.2 Acase f=1

Let us make the elimination in r-space. The first step is to separate motion in linear part by transforming

to the new variables x, &, ¢
u -0y —0: O: X
v]|=1| 0 0y Oy E]. 9)
z 1 A 0 P

The equations are as follows

(1- 0K = N(x.69) (10)
A= 2% +AG - A)p = R(oE,0) (1)
& A1~ )= 5(x,6,9) (12)

where N, R and S are nonlinear terms. The variable x describes a slow motion, and variables £ and ¢
describes a fast one. The second step is to eliminate the slow forcing by nonlinear transform

X=X =&+ Flx), v = ¢+ G[x]. (13)

The equations for the variables with bar are

6 3 = A 7 ~ —
(1-8)FF = N §+ FIx], ¢+ G = N (x.£,9), (14)
o¢ & _
0p &/ F -
S~ A1 - A) = 500.€,9)- (16)
We seek a transform such that R(x,0,0) =0 and S(x,0,0) = 0, then initial data on the slow manifold
xXlt=0 = x0, &li=0 = F(&0), ¢lt=0 = G(p0) (17)
evolute according to equation 5
X
(1~ 8)% = N(x, Flx, Glx)). (18)
To find this transform it is necessary to solve the functional system
dF ‘
P+ 61 = RO FI, G0, (19)
dG[x
9O _ (1 - myFix = S(x, P, G, (20)
where temporal derivative of x is from eq. (18). By solving this system for weak nonlinearity we have
E=E+2(1-A)T'ATT (X2 — XeoXyy) + o (21)
p=¢+(1-A)TAT Ax X+ - (22)

where [a, b] notes Jacobian of two functions a and b.
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1.3 A case f=0

For the shallow water equations without Coriolis force the motion equation on the slow manifold is as

follows 9AY o+ 0 Ot Oy
p oY o¥ oY% +AY = 23
5 + [¥, AY] + 5 5. 5y ay"'A‘P Ay =0 (23)

where 1 is the stream-function and ¢% is the solution of the following equation

2 2 2
Apt +4[v, BL L - (2L

2 2 2 2 2 _
+2(5L A A U] + FLE AT AY, 6] - 254 52 AT AY, ¥]) =0 (24)

It is easy to see, that the quadratic part is a well-known equation for vorticity and a nonlinearity of
fourth order arises owing compressibility. A higher nonlinearity can manifest itself at stable solution of
the equation for vorticity Ay = F(1), where F' is arbitrary function.

2 The second example

Let us introduce for the shallow water equations a new variable ¢ = % and operator D = 8"";6 ,
then the equations are

Yo+ ify + Dh+D* ¢+ "Dy =0 (25)

h: + D*yh + DyY*h =0, (26)

here Coriolis parameter is a positive function of space variables. We consider a motion for a scale,
which is larger then Rossby radius, therefore we assume D << 1. Then the main part of (25)-(26) is a
system of ordinary differential equations with frequencies 0 and f, in which z and y are as parameters
and one can use Poincare method of normal forms to eliminate all nonresonant terms. In this system
small terms are nonresonant, therefore one can make a transform to eliminate all terms of first order
of D

Wt +if "1 Dh + ¥* AY + By 27)

h—h — iD* f~'¢h +iDf~'¢"h (28)

where A = if 1D —i(Df~!) and B = —iD*f~!. The equations obtained with only resonant terms in
second order of D are

he+[R%/2 + hg?, f~1 =0 (29)

Y+ ifyp — iDD* f~'hyp + i D* (£~} Dh) +if =1 (Dh)(D* ) — if = (D* h)(D¥)
+YD*(¥* AY) + 9" (A*9)(D"¢) + ¢* D(¥ BY) + ¢(AY")(Dy) = 0. (30)

Analogous equations was obtained for a constant Coriolis parameter and beta-plane by some other way
in [2].

Conclusion

The first exaple demonstrates a general approarch to studying a system with two time scale. Let us
assume that we are interested only the slow motion in this system, then there are two ways to study
this problem. The first way is to reduce a original equations to ones which describes only a slow motion.
The second way is to study the original equations with slow initial data. In the first way the initial
data are set exactly, but the equations are approximate. In the second one it is oppositely, the slow
initial data is approximate, but the equations are exact. '

The second example shows a case, when the main part of the partial differential equations is a system
of ordinary differential equations, then one can apply methods of perturbation theory for ordinary
differential equations to study the original system [3].
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JIBA TIPUMEPA HOPMAJILHBIX ®OPM
TIJISEI YPABHEHUM MEJIKOM BOJbI

C. B. Mensenes

IIpuBeneHnl nBa npy¥Mepa HOPMaJbHBEIX (OPM A ypaBHeHUil Menkoil Boawl. B mepBom
IprMepe C MOMOIIBIO HEJIWHEHHOT0 NTpeobpa30BaHUA UCKITIOUAETCA MeAJeHHbIN (OpCHHT, UTOo
[03BOJIAET MOCTPOUTHL MeAJIeHHOe MHOorooGpa3ve U YpaBHEHHA NOBUKEHWUA Ha HeM. Bropoii
IpUMep ecThb IIpAMoOe IpPHUMeHeHMe MeToJa HopMaJbHBIX ¢popMm IlyaHkape nmna ypaBHeHuit
MeJIKoii BoAbl Ha GoNBIINX NPOCTPAaHCTBEHHBIX MacliTabaX, MOCKOJbKY INIaBHAaA YaCTb 9TUX
YPaBHeHUII B ®TOM Ipelelie eCTh CUCTeMa O0OBLIKHOBEHHBIX AU PepeHIMATbHBIX yPaBHEHMIA.
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Quantum Group Diffusion over Roots of Unity

A. P. Protogenov and Yu. V. Rostovtsev
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V. A. Verbus
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We consider the temporal evolution of strong correlated degrees of freedom in 2+ 1 D spin
systems using the Wilson operator eigenvalues as variables. It is shown that the quantum-
group diffusion equation at deformation parameter ¢ being the k-th root of unity has the
polynomial solution of degree k.

PACS numbers: 74.20.Hi, 74.20.Kk

1. INTRODUCTION

. Strong quantum fluctuations in low dimensional spin systems change the structure of the ground state and
the classification of low-lying excitations. Breaking of local magnetic order due to doping and creation
of charge degrees of freedom makes the role of many-body correlations more essential. For instance, this
situation exists in the layered CuO2 compounds. The spin disorder of any number of particles can be
expressed in terms of fluxes ® of a statistical gauge field “measuring” a degree of the spin noncollinearity
along an arbitrary large loop C. The statistical magnetic field fluxes through any sets of cells can be
ordered or random depending on the temperature and other factors. If at low temperature and density
the Wigner crystal is formed, then at higher temperature we have the liquid phase of magnetic fluxes.
In the case of Gaussian distribution of fluxes with the dispersion proportional to the total area S(C),
' the mean value satisfies the confinement law: < exp (i®) >~ exp (—aS(C)). The choice of the gauge
and diffeomorphic invariant eigenvalues exp(i®) of the Wilson operator is connected not only with the
need to take into consideration the many-particle correlations. The choice of these variables simplifies
the structure of the phase space of planar spin systems under consideration. The finite volume of the
phase space makes the dimension of the Hilbert space finite [1] due to the periodicity of the canonical
;onjugated variables exp(i®,) (¢ = n or @ = m), for example in the simplest case of the phase space
being a torus. The wave function ¥(exp(i®)) will be a k-dimensional vector, because the eigenvalue of
the Wilson operator is equal to the k-th root of unity, i. e. &, = 2win/kand n =0,...,k— 1. Here k
is related to the coefficient K before the SU(2) Chern-Simons term in a usual long-wave description by
k= K + 2 [2]. In the general case the quantum number, K, has a sense of the linking number of the
particle world lines. In particular, within the SU,(2) quantum group theory of fractional statistics the
semion excitations have the value k = K + 2 = 4, i. e., the d-wave quantum number K.

The problems of properties of the electronic system in the phase with Gaussian-random or homo-
geneous distribution of magnetic fluxes are discussed in a great number of papers published recently
[3, 4, 5, 6]. On the other hand, the quantum group approach to the description of the diffusion in spin

chains has been used in Refs. [7]. In this paper we study the g-dynamics of the states characterized by
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the random distribution of the fluxes with fixed value of k and an arbitrary value of n. We are interested

in the time behavior of transition processes n — n + 1.

2. ¢ RANDOM WALKS

Let us consider the transition from the state ¥(w,)= ¥, to the neighboring states ¥(wn41). We use
the parametrization of the wave function argument by the eigenvalue w, = exp(®,) of Wilson operator
W = TrrP exp( §a dl). Here R denotes an irreducible representation; a is the non-Abelian gauge
potential. Using cthese variables the processes of the creation ¥(w,) — ¥(wnq) and the annihilation
¥(wn) — ¥(wn/q) of the fluxes can be considered as hops on the lattice constructed by the geometrical
progression rules. The denominator of this geometrical progression ¢ = exp(2wi/k) is the k-th root
of unity. The wave function is now determined on a discretized circle with the points locating in the
positions of the k-th roots of unity: {1,q,...,¢*"'}. In this case the procedure of the comparison of

function values in neighboring points is represented by the difference operator D;:

¥(qwn) — ¥(wn)

D} ¥(wn) = P (1)
and by Hermite-conjugated ones D :
- ¥(wn/q) — ¥(wn)
D; ¥(w,) = . 2
The action of the Laplace operator, A, is given by [8]
Vo1 + ¥y — 20
—_ - N+ _ n+1 n-1 n
A, =Dy DyV¥, = Py 3)
and the equation of motion in the Euclidean time
v’

has the form of the g-diffusion equation [9]. It is easily seen that the operator (3) coincides with the
Hamiltonian for a rotator in the limit ¥ — oo (¢ — 1) and Eq. (4) is a usual diffusion equation in this
limit.

The eigenfunctions and the eigenvalues of A, are given by

\Il,.,mz—\}—’;q"‘”, nm=01,...,k—-1, (5)
sin®(rm/k)
"= SRR ©
By using Egs. (5), (6) the general solution of Eq. (4) may be written as
k-1 k-1
‘I’n(t) = Z am‘I’n,meqemt = Z gmG(n —m, t) ’ (7)
m=0 m=0
where g, = ¥,(0) and the Green function G(n,t) has the following form
=
G(n,t) = % Z exp{—est + 2misn/k} . (8)

s=0
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3. DISCUSSION

First of all, we would like to draw attention to the fact that spectrum (6) has the sense of the squared g¢-
dimension [n]? of irreducible representation of algebra U, (sl ). Here [n], = (¢"/% — ¢~"/2) /(¢'/% — ¢~1/?).
From this viewpoint the temporal evolution looks like quantum group random walks in the space of differ-
ent hooks of the Young tableaur connected with representations of the ¢-deformed algebra. This motion
can also be considered [11] as random walks on a Dynkin diagram and ¢ as a discrete time parameter. The
statistical models related with random walks on Dynkin diagrams have been studied in Refs. [12, 13]. The
" associated two-dimensional quantum field theories at critical temperature (equal to T'= 1/In(1 + /@),
where @ = 2+q+q~! is the Jones algebra index) are conformal field theories with a value ¢ = 1—-6/k(k—1)
of the central charge. For k¥ = 2 we have the usual value ¢ = —2 for the random walks. The connection
between the topological properties of random walk on double punctured plane and the behavior of the
four-point correlation function in the conformal theory with the central charge ¢ = —2 was discussed in
Ref.[14].

It is easily shown using Gaussian-like distribution (8) that in the initial state the mean value (e,),

i.e.; the variance

w1 k-1 _ 1 .
([n]q>—zn§€m——2—3i—nz(—1r/—;)_’ )]

is proportional to the g-analog of the Casimir operator for odd representations [15].

At t — 0 the variance agrees with the diffusion law ([n]2) = D(k)t with the diffusion coefficient D(k),
- which equals 1/2 in the fermion case k = 2. For semions D(4) = 5.

The g-deformed equation of the random walk motion (2) was first obtained in Ref. [9] (see also Ref.
[10] in connection with the anyon problem). We show here that the Madjid’s assumption [9] that there is
not reason to think that the solutions of ¢-diffusion equation “should exist along familiar Gaussian lines”,
is valid in the following case.

The determination of operator (3) is not unique. Its determination [9] as D? where D,¥(w) =
{¥(quw) — ¥(w/q)}/{w(qg — g7 )} leads to existence of only zeroth modes in the diffusion equation. In
that case Eq. (4) has the following form:

-

ov _

5t w2 g™ W (wnt2) + ¥ (wn-2) (10)

—(g+ ¢ 1) ¥(w,)] = AV.

The multiplier (¢ — ¢~*)~2 in the right-hand side of this equation is included in the definition of ¢. The
formal solution of Eq. (10)

W, (t) = eAt,(0) (11)
is a polynomial in ¢ and ¢
r—1
t .,
W) =S Ay, 12
Ua(t) 82;‘)3,“ ©) (12)

because the operator A is the nilpotent operator of degree r: A" = 0. The dependence of r(k) is shown

in the following Table 1.
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k odd || even, 4 <k <10 | 12 | 14, 16
r [ (k+1)/2 E 2

In the steady-state Eq. (10) is satisfied by solutions (5) which are equal to the functions ¥, (0) in Eq.

(12). To make this fact more clear, let us rewrite Eq. (10) in the equivalent form

%I’ = a2¥. (13)
The annihilation and creation operators a, at in the finite-dimensional g-holomorphic representation are
defined by [16]

_\ -1
Iql Z-l’ at =g, (14)

where h = exp [(27i/k)P] and g = exp (iQ). The effect of the last operators is given by

a:g'1

(h¥)(wn) = ¥(wn41),
(g‘I')(wn) = wn‘I’(wn)- (15)

They satisfy the following commutator relations
¥ =g* =1 hht =ggt =1, hg=qqgh. (16)
Using the latter property it is possible to find [16] the commutator relation [17, 18]

aat —gata=q". (17)

The relation shows that the angular momentum operator P and the particle number operator coincide.
The eigenstates ¥,,, (wy ) of the operator P (P¥,, = m¥,,, m=0,1,.:.,.k— 1) coincide with the functions
¥, in Eq. (5).

All eigenvalues, ¢, being equal to zero means that Eq. (10) describes a motion'in the degeneracy space
of the ground state. This allows us to formulate the following hypothesis associated with the dependence
of the entropy on the braid linking index k. The operator of the time evolution of states in the frames of
the quantum-group approach can be generalized [19] with the conservation of energy and nonconservation
of entropy, i.e. with the possibility of transition from pure states to mixed ones, as this takes place in
open systems. The presence or absence of the transitions can depend on the invariance of the considered
mixed state with respect to the action of the g-generalized evolution operator. In particular, since the
“renormalized” coefficient before the Chern-Simons term for the high-T, superconducting state is zero, it
might be interesting to check up if the superconducting coherent state differs in the above respect from
the high-temperature normal state which has partially retained quantum-group order.

In conclusion, we have performed a study of the ¢g-Brownian motion in the flux space. For the
deformation parameter being a root of unity, it is found out that the general solution of the g¢-diffusion
equation is the g-power polynomial and the distribution of the flux numbers is characterized by the

variance that is proportional in the initial state to the g-analog of the Casimir operator.
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Amplification without inversion

via field-dependent relaxation
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We study a three-level atomic system strongly driven by a monochromatic field resonant to one of
three atomic transitions and probed by a weak field at the adjacent atomic transition. We predict a
novel mechanism of probe field amplification without population inversion which is due to a strong
field induced spontaneous relaxation of the ground atomic state. This mechanism ‘appears in case
of sufficiently fast relaxation at the low frequency transition. -

Nonlinear phenomena based on atomic coherence induced by a strong laser field in two-level and
three-level atomic systems such as lasing without inversion, electromagnetically induced transparency,
enhanced index of refraction drew much attention during the last five years [1]. The common approach
to the description of these effects as well as many other phenomena in quantum optics has involved
consideration of the interaction between atoms and the coherent driving field separately from the process
of atomic relaxation. Atomic relaxation was modeled by the conventional interaction of bare atoms (i.e.
atoms uncoupled to a laser field) with a suitable reservoir in spite of presence of external laser field. This
approach leads to the traditional Bloch equations for density matrix ppmm of the atomic system which in
the energy representation has the form

d . i
"Epm'm + Wm'mPpm'm + ‘T;[V(t);P]m’m = z Reyyimninpnin (1)

n'n

where wmim = (Em' — Em)/h is a frequency corresponded to separation between energy levels | m’' >
and | m >, V(t) is the-Hamiltonian of atom - laser field coupling. Atomic relaxation terms Rpnimn'n are
constants which depend exclusively on properties of bare atomic system and reservoir. It’s obvious, that
the above equations are valid if the interaction of laser field with atoms is small enough.

Meanwhile, it was predicted [2] and verified experimentally [3] that strongly driven two-level atoms
placed in a high—Q cavity manifested dramatic alteration of their relaxation properties. That was
interpreted as a result of non-Markovian spontaneous relaxation due to the finite response time of the
environment [2]. Subsequent investigations [4] connected with this phenomenon, were limited by the case
of two-level atoms coupled to a single-mode microwave cavity and dealt with the spontaneous emission
spectrum.

Recently a set of generalized Bloch equations has been proposed for a semiclassical description of the
strong atom-field coupling [5]. According to this approach atomic system and laser field are treated as a
single quantum system (so called dressed atom, i.e. atom dressed by the laser field [6]) which is coupled to
the reservoir. Master equations for the dressed atoms can be written in the same form as the traditional
Bloch equations (1). But now all atomic relaxation rates Rmimn'n = R(E,w) depend on both amplitude
¢ and frequency w of the laser field [5]. This field-dependence, being intrinsic property of the generalized
equations, introduces novel nonlinearity into the traditional Bloch equations and can substantially alter
the whole picture of atom - laser field coupling.

It is not difficult to show [7,8] that the field-dependence of the atomic relaxation originates from
dependence of the decay rates A;; of the quantum dressed states on frequencies @;; of the corresponding
dressed transitions when the driven atomic system is coupled to vacuum (fig.1). In turn, modification of
mode properties of vacuum (high—Q cavity etc.) via factor 7)(@i;j) provides an additional possibility for
manipulating by the atomic relaxation rates.
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This approach allows to predict a number of novel effects of field-atom-reservoir interaction. Even in
case of simplest two- level atomic system driven by a monochromatic laser field a number of novel effects
has been predicted [8].

In this paper we consider a three-level atomic system where two upper levels | 2 > and | 3 > are
coupled by the coherent pumping field and an adjacent transition | 3 > — | 1 > is probed by a weak
coherent field (fig.2). Let intermediate level | 2 > to be close to the ground state | 1 > and intensity of the
pumping field to be so high that corresponding Rabi frequency | 8 |= pu32€/2h, where pgz is the dipole
moment of the | 3 > — | 2 > transition, exceeds a frequency ws; between levels | 2 > and | 1 >. This
situation corresponds to the crossing between the lower dynamic Stark level | 2,n — 1 >, and the ground
state | 1,n >, (fig.2). As soon as the lower Stark level moves under the ground state the spontaneous
decay of the ground state to this level arises. Note that in the bare-atom basis the above process is
spontaneous relaxation upward direction | 1 >—| 2 >. This phenomenon is completely ignored by the
conventional treatment and naturally appears within the framework of the generalized master equations.

The atomic system under the above conditions demonstrates a number of novel effects. Some of them
were predicted in [7]. Hear we show that atomic response to the action of the probe field resonant to the
adjacent transition demonstrates substantial difference from the solution within the traditional approach.
We limit ourselves by the case when: (i) the atomic system is placed in vacuum n(w) = 1, (ii) the average
number of vacuum photons at any frequencies equals zero, i.e. we deal with spontaneous relaxation only.
This means that in the absence of the coherent driving field all the atoms occupy the ground level

=1, phy=p3=0. (2)

Note that according to the traditional Bloch equations any field acting at | 2 > — | 3 > transition never
changes this initial population distribution. The field does not interact with such a system. Therefore an
absorption line of the probe field at the adjacent transition | 1 > — | 3 > has the usual Lorencian profile.

The generalized Bloch equations give essentially different result. If one considers the probe field to be
small enough to influence the population distribution caused by the pump field, the generalized equations

can be written in quite a simple form in the dressed-states representation. For the case depicted on fig.2,
we have:

d . . S _ P
P11 = —012hn + A2: 2= + (@31 + Asi1)pss,

d .
dtp” = @12p11 — (A21 + A23)p22 + Aszpss,

d . _—_— _ - P
PB = Az3paz — (@31 + Azy + As2)pas (3)
20> / [3.n>
2> —— 2pl; 3> 2Bl .
Ry __ \ L
i — &
o A Oaf O . —
— 2,n-1> / : : 13,n-1>
1> — Ay [2> \ | L
- |1> N ' ;51? : — |1,n>
e 1> — 12n1>
Flgure 1 Spontaneous decay rate A., =_ Figure 2. Dressed state representation of a strongly
4520 n(w,,) from quantum dressed state | t,n >  driven three-level system, when the lower Stark level

to | s,n— 1 > is defined by the dressed dipole  has crossed over the ground atomic state.
moment fij, by the dressed frequency @;, and by

dimensionless factor n(@i;) characterizing the mode

" density of the reservoir; in vacuum 9(@;,) = 1.
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where Apmp =, 3hc =4+ |fimn|2@2,,,7(@mn) is the spontaneous emission rate (the Einstein coefficient) at the

optical dressed frequency @mn (fig.2), while @mp, = 3—,ic-g|umn|2wm,,n(wm,,) is -emission rate at the low

frequency dressed transition between unperturbed level | T,n > and Stark levels | 2,n—1 > and
| 3n—1> (fig.2).
One can easily find analitically a steady state solution of (3). It is defined by the equalities:

pa2 =72/D, p3z=r3/D,
ry = —d12(@31 + Az + As2), T3 = @12423,
D = ry + r3+ (31 + Aa1)(A21 + Azs) + Az Asa. 4)

The relations

p11 = P11, paz = P22+ 57p33, P33 = %P2 + c*fas,
s =|B12/O*+|B ), =62/(0%+]|B81),

0=(64Q)/2, =/ +4|B|7 & =wsz—ws. (5)

provide a correspondent solution for the populations of bare states. Fig.3a,b show that the novel
spontaneous relaxation channel | T,n >—| 2,n —1 > (fig.2) induced by the strong field |3], leads to
essential perturbation of both dressed and bare atomic populations due to spontaneous depletion of the
ground state | 1 > with the rate a;;. At any detuning &, of the pumping field from the transition
| 3 > — | 2 > within the domain 8, < §; (fig.3a) there occurs the relation psz > p11. This means
that probe field interacting with the | 3 > — | 1 > transition (fig.2) will be amplified in the vicinity
of the frequency ws; (fig.4a). At the same time at 8, < &2 the relation po2 > p1; provides probe-field
amplification in the vicinity of the @, atomic transition (fig.4b). Dependently on the pump detuning,
amplification of the probe field can be either accompanied or not by the presence of the steady-state
population inversion between bare atomic states. In case illustrated on fig.4a there occurs steady-state
inversion of bare populations p;; < p22, pa3 (see fig.3b). Note that this steady-state inversion is created by
the monochromatic field. This effect is impossible within the traditional treatment. Fig.4b illustrates the
case when positively detuned probe field is amplified in the absence of steady-state population inversion
P11 > p22, p33 (see fig.3b).

Therefore we can speak about inversionless amplification of the probe field which is caused by
spontaneous decay of the ground atomic state to the field-induced lower Stark level. We have a remarkable
example wherein spontaneous relaxation does not destroy but helps to induce steady - state atomic
coherence which leads to amplification of a probe field. Thus we predict a novel mechanism of amplification
without inversion via field induced spontaneous relaxation of the ground atomic state in strongly driven
atomic system. Unlike the AWI in the A-scheme [1] this mechanism appears in case of sufficiently fast
relaxation at the low frequency transition.

The author wishes to thank Olga Kocharovskaya for guidance by the research. The research was
partially supported by International Soros Science Education Program (Grant No.A858-F).
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Figure 3. Populations p;; of the dressed levels (a) and populations p;; of the bare levels (b) for the
scheme of fig.2 versus the pumping field detuning 6, in units of resonant Rabi frequency |8 for |8|/w2; =
30, Ay /way = 1078, Agy/way = Aszfwa = 1072, way fwey = wagfway = 105, n(w) = 1, N(w) = 0, where
A;;j is spontaneous decay rate at the bare atomic transition | i >—| j >. The corresponding solution
within the traditional approach is p11 = p11 = 1, pa22 = p22 = pasz = p33 = 0 for all detuning ;.
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Figure 4. Amplification profile of the probe field at the | 3 > — | 1 > transition (bold line) in comparison
with solution of the traditional master equations when pumping field detuning from the [ 3 > — | 2 >
transition is fixed at the magnitude (a) & /|8| = —1.4 (f33 = p22 > p11 (fig-3a)- probe-field amplification
at both side-bands, meanwile p33 = p22 > p1; in fig.3b), (b) 8 = 0 (p33 < p11 — probe-field absorption
peak (left), p22 > p11 — peak of probe-field amplification without inversion (right) since p33 = p22 < p11
(see fig.3b))
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Ycunerne 6e3 WHBepCHE
3a C9eT BaBHUCAIEH OT MOII pelakCalun

Eprennn Paguonnrden

HegaBHO mpefckasaHEOe W yXe NONTBEPXK[EHHOE SKCIEPHMEHTANLHO SBICHHE YCHICHHS HU3IYdeHHS
aTOMHHMH CHCTeMaMu 6e3 WHBEPCHH HACENEHHOCTEH NPHUBJEKAET B MHPE SHAYHTENbHEIA HHTepec. Teo-
peTHYCeCKEE aHamw3 oToro sddexra, a Takke MHOTHX IPYTHX ABICHAH KBaHTOBOHM ONTHMKH GasHpyeTcs,
KaK NPaBHIO, Ha pelleHNH ” TPafUIUOHHKEX” KBaHTOBHIX KMHETHIECKHX YPaBHEHHH JJIA MaTPHOH IUIOT-
HoctH (1). B aTOM mogxofe B3aHMOEACTBHE ATOMOB C KOT€PEHTHHIM N0IEM PacCMAaTPHBAETCA OTHENLHO
oT mponecca penakcanmu. IlooToMy penakcanHoHHBIE WieHH B (1) 3aBHCAT MCKIIOYHTENLHO OT CBOMCTB
aTOMHOH CHCTeMLI ¥ pe3epByapa, HECMOTPA Ha HPHCYTCTBHe KorepeHTHerc moisi. O4eBHHO, TakoH
MORXOJ KOPPEKTEH NPH JOCTATOYHO MAJOH HHTEHCHBHOCTH MOJA.

HegaBHo B [5] 66111 monyYeHH 06061eHAbIE KBAHTOBEE KHHETHYECKHE YDaBHEHUA, KOTOPHIE OCTAIOTCS
CHpaBefIiBH B peXnMe ‘CHIbHOro nois. B »ToM mogxofe aTOMHas cHCTeMa M JasepHOe HOJE paccMa-
TPHUBAIOTCA KaK elMHaA KBaHTOBaA cucTeMa (ofieTHill aToM [6]), BsauMOpeHcTBYIOUai ¢ pe3epByapoM.
O606uienHbIe ypaBHeHHsE MOTYT GBITh BanucaHbl B Bafe (1), HO Teneps CKOPOCTH RTOMHOM pelakCalUH
SaBHCAT OT aMIUIATYAH H YaCTOTHl NOMA. YKasaHHas NOJEBasi 3aBHCHMOCTDb PEaKCAaUH BHOCHT HOBYIO
HEIMHEHHOCTh B TPAJANMOHHHE KBAHTOBLIE KHHETHIECKHE YPABHEHHS U MOXET cymecTBeHno U3MEHUTH
BCIO KapTHHY B3aNMOJEHACTBUSI aTOMOB C KOI'epEHTHRM IOJIEM.

Mu npuMeHsieM 0606lUeHHEIE KBaHTOBble KMHETHYECKHE YPABHEHHA NS aHANIW3a B3aHMOXEHCTBUA
TpexypOoBHEBHIX aTOMOB ¢ GHrapMOHHMYECKHM IOJIEM, OffHA KOMIIOHEHTa KOToporo (Haxadka) pe3soHaHCHa
nepexopy 3-2 u ABNAETCA MOUIHOM, a Apyrad, cnabad, npo6yeT cocegnumii nepexop 3-1 (puc.2). B ycnosusx,
KOTr[ia BH3BaHHOE HAKadKOW {HHAMHYecKoe WTapKOBCKOe pacllelliecHHe, NpeBLIIaeT 9aCTOTYy ATOMHOTO
nepexofa, Tak ITO OfHH M3 WITAPKOBUKHX YPOBHeH ONMyckaeTcs HHMXe OCHOBHOTO COCTOAHMA (pHc.2),
BO3HHMKaeT CIIOHTAHHAA PeJIaKCAIMs U3 OCHOBHOI'O COCTOSIHMS HAa YKaBaHHBIM YPOBEHb. OTO NPHUBOUT K
KapAuHaJIbHOMY H3MEHEHHIO ATOMHOTO OTK/IMKA Ha BOS[eHCTBHE Kak HaKadykH, Tak U npo6Horo moas. Ha-
npuMep, pacnpefelieHHe HaceleHHOCTeH Kak OfleThIX, TaK ¥ 9HepreTHYECKNX ATOMHBIX YPOBHER KOp €HHBIM
06pasoM OTIHYaeTCcs OT COOTBETCTBYIOLIETO PEUIEHAA TPAJULUUOHHEIX ypaBHenu# (puc.3). Bemegctaue
9TOro, KOpeHHbIM 06pa3oM HM3MEHAETCA XapaKTep pacHpOCTpaHEHHs NMPOGHOTrO MOJA B TAaKOM CHCTME.
Ilpn ompegeneHHBIX yCNOBHAX MOXET MMETH MECTO YCHIEHHe NMPOGHOro mois B OTCYTCTBHE HHBEPCHH
HacelleHHOCTe# B aToMHo#l cucTeMe (puc.4). Takum o6pasoM, NMpeCcKasaHO sBIEHHe Ge3HIHBEPCHOTO
yCUIeHHst TPOGHOTO NOJA Ba CYeT CIOHTAHHON PelakcallMd OCHOBHONO aTOMHOTO COCTOSHHMS Ha MHAYLH-
POBAHHHIM MMOJEM HAaKadK! WUITAPKOBCKUH yPOBEHb.
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Abstract

The classical solvability of the initial-boundary problem for the Davey-Stewartson-II type system of
equations is proved. :

Introduction

Let us consider the initial-boundary problem for the Davey-Stewartson-1I system of equations:

iut + Uzz — Uyy = 7lulzu + /\"%, Pz + Pyy = /‘(’ulz)l‘ ) (1)

u(:c, yit)|t=0 = uO(z) y)) V‘P - 0) 1"2 + y2 — 00. (2)

The Davey-Stewartson-II system of equations is the two-dimensional generalization of the usual
nonlinear Schrodinger equation. Systems of the form (1) were first derived by Davey and.Stewartson
in the shallow-water limit for the surface waves in fluid, [1]. Physical applications also include plasma
physics and nonlinear optics. In the above u(z, y,t) is the amplitude of a surface wave packet and ¢(z, y,t)
is the velocity potential of mean flow interacting with the surface wave. It is worth mentioning that some
of Davey-Stewartson systems of equations are integrable, but many of them are not integrable. The
existence and uniqueness results with respect to the initial data (in Ly, H', H2) were recently obtained
in the sufficiently wide classes of generalized solutions, [2]. Our notice is centred on existence of classical
solutions of the initial-boundary problem for the more generally Davey-Stewartson-II system of equations.

The existence and uniqueness theorems

Fourier transform with respect to spatial variables lies in the base of proof of solvability of the initial-
boundary problem (1)-(2). By using this traditional approach to the proof of existence theorems, we
may pass from the system of partial differential equations (1) to a single integral equation in terms of
the Fourier transform @(k,m,t) of u(z, y,1):

¢
a(k, m, t) = dio(k, m)e' (™ =F)t _ i/ e K== 1 (4(k, m, 7)e2* =m")7T) g7 (3)
0

where the operator L is defined by the following formula:

2
L() = vit % " % + Apsii % [kzi—mz(a « i),

Here the sign * is a convolution with respect to (k, m). \

Theorem 1 Let uo(z,y) € HP provided p > 1. There ezists a positive T > O such that Vt € [0,T] the
inatial-boundary problem (1)-(2) has a unigue solution such that: u,Vy € C*([0,T); HP).

The basic idea of the proof is now to use a contraction mapping method in a suitable scale of Banach
spaces. In these Banach spaces integral operator from (3) should be bounded and Lipschitzian. By
analogy with [3,4], we introduce the scale of Banach spaces C([0,T]; H?) of Fourier transforms 4(k, m,t),
which are continuous with respect to (k,m), t € [0,T] and decreasing at the infinity, with the following
norms:

| 9(k,m,t) |= sup || (1+ [k[+ [m|)Po(k, m,2) ||z, -
te[0,T]
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In view of nonlinearity of L operator, our Banach space must be an algebra with respect to the
convolution operation. This problem was solved provided p > 1. It turns out that in this case the
convolution is a Lipschitzian operator in Sobolev space H?. Then if we choose a suitable T" such that the
mntegral operator from (3) would be contraction, the solvability of the equation (3), and so of the problem
(1)-(2) follows from the Ovsjannikov’s results for the equations in Banach spaces, [5].

This result is directly applicable to the more general systems of equations in multidimensions. Namely,
we consider the following initial-boundary problem for the system of partial differential equations:

i0u + w(—i0z,, ..., —i0z, )u = g(u,u*) + h(u,u*)Vep, Pp =V f(u,u*), (4)

‘ w(zy,. .., T, t)|i=o = wo(Z1,...,20); Vo —0, z2+...4+z2— 00, (5)

where P is a second-order differential operator with the constant coefficients and w(ki,..., k) is a
polinom with respect to ki, ..., kn.

Theorem 2 Let 1) functions f,9,h are analytical with respect to all arguments such that: £(0,0) =
9(0,0) = h(0,0) = 0; 2) wmntial function ug(z1,...,z,) € HP provided p > n/2. There ezists a
positive T > 0 such that ¥t € [0,T) the wnitial-boundary problem (4)-(5) has a unique solution such
that: u,V(z1,...,za,t) € CY([0,T); H?).
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PASPEHNINMOCTD 3AJAYU KOIIIN IJIA
VPABHEHHUN 15BU-CTIOAPTCOHA-II

M.M.llakupbaHoB

B HacTosiue#l 3aMeTKe paccMaTpUBAaeTCs HadaJbHO-KpaeBasd 3alJada AJId CHCTEMbI ABYX HesMHei-
HEIX AuddepeHnuanbibix ypaBHenuit Iasu-Ctioaprcona-1I. PesysbTaThl 0 paspemmmMocTd NOCTaBJIeH-
HOlt 33a1a4M B TpocTpaHcTBax, 3kBuBaientHrx C1([0,T]; HP), npu p > n/2, cnpaBensIuBhl OJ1A CACTEMBI
ypaBHeHnit Tuna (1) NpousBoJIbHON PasMEPHOCTH N ¥ AHAJMTHYECKUMM NPaBbIMH YacTAMHE (TeopeMa 2),
TaK KaK IpeJCTaBJICHHBIH TOIXOM He MCIOJIb3yeT, HM TEXHUKH MeTofa obpaTHOR 3a1add, HU alpuop-
Hble onenku. CiienyeT MOM9EPKHYTh, YTO ST PE3YJIbTATH O3BOJIAIOT MOy YUTh KJIACCUYECKOE PELIEHHE
HaYaJIbHO-KpaeBoit sanaun (1)-(2), ocHoBbIBasich Ha Teopemax Bioxenns Cobosesa.
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Pedepar

B nexmmu nestaeTcs MONBITKA HAMETUTDH U OTYACTH CHOPMYIMPOBATh HAIPABJICHNS PEIlIeHUS BaX-
Hoi1 po6jieMBl, CBA3aHHON C Pa3sBUTHEM CHCTEMEBI B3alIMOINEMCTBUS MEXAY JeJIOBEKOM M mHbOopMarm-
OHHOM MAILMHON - KOMIbIoTepoM. Peyb mzieT 06 yCTAHOBIEHMH HPSMOrO ABYXCTOPOHHENO KOHTAaKTa
MeXIy ABYMS 5I€KTPOHHEIMM MHGOPMALMIOHHEIMYM CHCTEMaMH - MCKYCCTBEHHON (KOMIBIOTEpDHOI) !
€CTECTBEHHO 6MOJIOrMYecKoll (HEPBHOM), T.€. B IOCTPOEHMH CEHCOPHO - 3(@dEKTOPHHIX KaHAJIOB, He
TPHUCYLIX YeJIOBEKY OT Hpuponil. Takoil KOHTaKT TpefyeT CO3NaHNA NPUHIMIIMAILHO HOBBEIX - HM-
INIaHTUPYeMHX - uHTepdeiicoB. OHM yXe HacCTOATENHLHO TPeBYIOTCA IS pa3spaGOTKU PasyIMIHbIX
3JIEKTPOHHEIX NPOTE30B - KOHEYHOCTEW, OPraHOB CJIyXa M 3peHNs, 3JIEMEHTOB HEPBHOW CHCTEMHEI - AJIf
yTpaBJieHNsa KOTOPHIMM KOHEYHO He NPUTONHHE HY KJIaBHATypa, HU Haxe rojoc. Ilns npoekTupoBanus
HOBBIX MHTep(deiicoB TPebyloTCAa KauyeCTBEHHO HOBHIE CBeleHUs M3 06JIaCTM HeHpo- M INCUX0odHu3Ho-
JIOTHH, He NOCTAaBLINECS HaM B HAcJIEACTBO OT KJIACCHMKOB. B JeKIu NpUBOOATCA ABa KOHKPETHRIX
npuMepa pellieHUs SKCIEPUMEHTAIbLHEX 3a4ad, SBJIAIOIIMXCSA IONBITKON IOJIyYNTh HOBhHIE (QaKThHI M3
3TOM pa3BHBaloLIENCcsa obiacTu.

BBenenue

Ilo npusHanmio cnenuagucToB 3a 50 JeT pa3sBUTHS YIEKTPOHHON BBHIYNCIUTENLHOM TEXHUKM HaMMEHb-
M 6B Iporpecc B obJsiacTH co3naHus uHTepdeiicoB. leficTBUTENBbHO, apndMeTHYECKOE YCTPOMCTBO U
ycrpoiicTBo namMiTH OBM nepBoro mokosieHHs 3aHMMaJid HECKOJILKO KOMHAT, a ONEPAaTOP-NMOJIb30BATENb
CHIeJ 3a CTOJIOM, Ha KOTOPOM pa3MeIlaJjics MOHHTOP C 5KpaHOM M KjiaBuaTypa. Celluac mpm conocTaBH-
MBIX H [faXe CyIIeCTBEHHO OOJIbIIMX BO3MOXHOCTSX BHIYMCIHMTEILHOE YCTPOMCTBO M MaMATh 3aHUMAIOT
06beM Ha MHOTO NOpAAKoB MeHbinui. C GHITOBOM TOYKM 3peHHs 3TOT o6beM Boobiue 65im30k K Hymo. Ho
NOJIb30BaTeJIb MO-NPEXXHEMY CHAMT 33 CTOJIOM, a Iepell HUM - 5KpaH MOHHTOpPA M KJIaBHATYpa, IPHMEPHO
Takue Xe, kak u 50 jleT Hazan. U xorna oH Xo4eT BBECTH MHPOPMANMIO B KOMIIBIOTED, TO YaCTO BHIHY XKIEH
npuberaTh K IIOMOIIY NaJblieB. JTO HHGOPMAIMOHHOE KOJILLO ”9KPaH - 3peHHe - MO3T - MaJIbIHl - KJIaBU-
aTypa (IXKOMCTHK) - BHIYUCIUTENIBHOE YCTPOMCTBO - 3KpaH” , laXe YCUJIEHHOE CACTEMAaMH OTNIO3HABAHUSA M
CHHTE3a pedyd, Ype3BHIYaiHO MemmuTesbHo. OHO He MO3BOJISET pellaTh MHOTHME M3 3a[ad, BOSHAKIINX B
NOCJIeHEE BpeEMS.

XapakTepHEIM PUMEPOM TaKOM 3a/{aull MOXET ABJISTHCA CO3aHHe IEKTPOHHLIX MPOTE30B OPraHOB
yesioBeka. OueBuaHO, YTO 3bHEeKTUBHOE yNPABIEHHE MPOTE30OM OT KJIABHATYPH M HaXe [OJIOCOM HEBO3-
MoxcHo. [losToMy pa3paboTYuky HadaJi UCIOJIB30BATh IPSIMOM 3JIEKTPOHHEIN KOHTAKT MEXAY NPOTE30M
1 HepBHOU cucTemoil. IIpm 3TOM eciiM B HOBEMIIMX CJIyXOBBIX MPOTe3aX OCYIIECTBJIAETCS MpAMas CBA3b
MeXy BBIXOIOM MHKDPOGOHHO-YCHJIMTEILHOIO TPakTa M CJIYXOBBLIM HEPBOM, TO B IIPOTe3aX BepxHe# Ko-
HEYHOCTH OCYILIeCTBJIeTCA U obpaTHasd CBI3b HEPBHO-MBIIIIEYHOI'O KOMILJIEKCA C IMPOTE30M.

Hpyroi 3amadeit, koTopas ¥ HaBejla Ha pacCMaTpHBaeMyIo IpobJieMy, SBJIS€TCA CO3NaHUe NOIOJIHHU-
TeJIbHBIX CEHCOPDHBIX KaHaJIOB, He INPHUCYIIUX 9YeJIOBEKY OT HpHPOABI. B Takmx KaHaJlaX OH MOXeT HY-
XIAaThCA B 5KCTPEMaJIbHBIX ycioBuax. Hampumep, Bo BpeMs KOCMHYECKOrO IoJIeTa, OCOOEHHO B NepBHIE
€ro 4acel ¥ JHM, KOCMOHaBTHI MOIBEPXKEHHBl TaK Ha3biBaeMo# OOJIe3HU OBMXKEHUS, BBI3bIBaIOMEH NUCKOM-
¢$opT, rOJIOBOKPYXEHHS U TOWIHOTY. OTa 6GOJIe3Hb NPOBOLHUPYETCS U YCHJIMBAETCA NPH HENPaBHJILHBIX
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IBIDKEHUSX ToJIoBHI. YesloBeK He MOXeT 3(hdeKTUBHO KOHTPOJIMPOBATh UX, €CJIM 3aHAT KaKHM-s1ubo Ie-
jgoM. OH He 3aMedYaeT HENPABWILHEIX ABMXEHHUH [0 TeX NMOp, MOKa GOJIE3HEHHBI CHHAPOM HE MPOSBHT
cebss. HeT cKosbKO-HUGYObL CEPHE3HBIX TEXHUYECKUX TPYHHOCTEN B CO3NAHUU NATYMKOB ABMKEHHUII ro-
JIOBBI, HO €CTh Cepbe3Has NpobiieMa NOBelleHWs CHTHAJIOB OT HHUX JIO YeJIOBeKa TakK, YTOOH OHH GbuIM
BOCHPHMHATHL. TOYHO Tak e MPEACTABIAIOTCI TEXHUYECKH PaspellUMBIMU IPOGJIEMBI CO3IaHMSA CaMBIX
Pa3HOOOpa3HLIX HaTYMKOB IVIS N3MepeHHs DaKkTOPOB M BO3NEWCTBHI HE OLIYIIAEMBIX YEJIOBEKOM, HO CY-
HIECTBEHHO BJIMAIOIINX Ha HEro.

3neck ¥ BOSHHKAIOT MAes U NpobiieMa NPSIMOTo 3JeKTPHYECKOTO KOHTAKTAa UCKYCCTBEHHBIX 3JIEKTPOH-
HBIX UHPOPMANMOHHEIX CUCTEM C NPHPOXHON OHOJIOrMYECKON 3JIEKTPOHHONW MHGPOPMAIUOHHON CHCTEMOI -
HEpBHO# . OTa UIed He HOBA M NPUHAJIEXUT, HO-BUAUMOMY, (paHTACTaM, IPUAYMABIINM BCEBO3MOXHBIX
”kubepoB” - KTO IJI pa3Biie4eHUs MyOIMKH, KTO I O0DOCTPEHHOM MOCTAHOBKM MOPAJILHO-3THYECKUX
a1 dunocodpckux npobiieM. MH ke moONBITaeMcd NONOMTH K mpobiieMe KaK K TEXHOJIOTHYECKON M MOMbI-
TaeMcsl HaMeTHTh BO3MOXHBIE Iy TH ee pemieHud. CrnenuanucTamu B obsacTu cosnaHus 6uounnos (BY),
T.e. MHKPOJIEKTPOHHEIX YCTPONCTB, SBJISIOMIAXCS aHAJIOraMH HEKOTOPHIX 6MOJIOrnyeckux cuctem, ! [1-3]
oHa (HOpPMYJIApYeTCs KakK MpobjieMa HCKYCCTBEHHHIX UMINIAHTUPYEMEIX (BXUBJISEMBIX) cHHancoB. Hamu
OHa chOPMYJIUPOBaHA KaK MpobJieMa CHHTe3a NONOJHUTEHHBIX CEHCOPHBIX KaHAJIOB B CHCTEME YeJIOBEK—
MalouHa, U1 paclIUpeHNs CIEKTPa BOCHPUHUMAEMBIX (1eJIOBEKOM) MOAAILHOCTEN BO3NIEUCTBUI U Co3la-
HAs OPTaHOB UyBCTB, He MPUCYIINX YeJOBEKY OT NpHpoAbl [4].

s mocTpoenus Taxux NHTepdeHCcOB HEOOXOOUMO PEIIUTh CJIEAYIONIINe MPOGIeMBI:

1. paspaboraTh U H3roTOBHTH Heobxonumeie BY;
2. pewuTh NpobieMy HEOTTOPXKUMON UMINIAHTAINN;

3. peminThb np06.neMy SHEPreTU4YECKOro u IJiaCTUYECKOTrO (peMOHTHO—BOCCTaHOBHTeJILHOI‘O) obecneue-
HHA NUMIVIaHTHPOBaAHHBIX BYs npouecce ux SKCIVIyaTalluu,

4. peaiu30BaTh B MOCTPOEHHON GMOCHCTEME MPOHECCH KOAWPOBaHWUs, Mepefadyu u ob6paboTku uHGOp-
MAaIMOHHBLIX CUTHAJIOB;

5. HAyYWTDH XXUBOH OPTaHU3M IOJIB30BAThCA IIOCTPOEHHBIM CEHCOPHBIM KaHAJIOM;
6. pemITH MOPaJILHO-3THYECKHE NPOGJIEMHI.

Ecan nepBeie Tpu IpoGiieMbl pacCMaTPUBAIOTCA Pa3IMYHBIMA o"rpémxmn HayKH, CBA3aHHBIMU C TIpO-
Te3NMPOBaHUEM OPraHOB, B TOM YHCJIe M MMINIAHTHPYEMBIX, TO NMpobJjieMbl nepefadd WHGOPMAIMOHHBIX
CHTHAJIOB M OOy4YeHHsS OpraHM3Ma MOJIL30BAaHMIO HOBHIM CEHCODHHIM KaHAJIOM He CTaBATCH, MO KpailHel
Mepe, B Toi ¢opMe, KOTopas o6CyKaAaeTCs HaMH B JIGKINH.

BwmecTe ¢ TeM, 5TO npobiieMEl HE CTOJILKO TEXHUKHM, CKOJILKO HEHPOMU3NOIOrUM U NICUXOJIOrun. Bpsn
JIA pasyMHO OXHUAATh, NOKa MOABATCH peajibHble BY, m aumnb moToM paspabaThIBaTh METOOB MX HC-
nojib30BaHWA. Bojlee TOro, COOTBETCTBYIONIME HAyUHbIE HCCIENOBAHHS MOTYT CYIECTBEHHO NOBJIHUSATH
Ha GOpPMYJIHpPOBKY TpeGOBaHUM K TeXHMYECKMM NapaMeTpaM BY, cBA3bIBaolMX HEPBHYIO CHACTEMY C
3JIEKTPOHHBLIME ycTpoiicTBaMu. Takoil B3ria , yYUTHBAIOINA TaKXkKe HeOGXONMMOCTh KOJIM4YeCTBEHHOTO
ONMCaHNsA CBOMCTB HEPBHOH CHCTEMBI, IO3BOJISET (POPMYJINPOBATDH HOBBIE 3aja4il HEHPODU3INOTIOT MIECKHUX
ucciteoBanmii. B Jsiekumm GyayT npencTaBieHB pe3yJIbTaThl PacCMOTpeHMS ABYX Takux 3amad. Ilep-
Bas CBA3aHA C aHAJM30M CTPYKTYPHI €CTECTBEHHHIX KOINOB KOXHOrO aHaJIM3aTopa KOIIKH, a BTOopas - C
KOJIMYECTBEHHOH OIIEHKOH OLIYIIeHUN B MBHIIEYHOM aHaJIM3aTope YeJIOBEKa.

1 O cTpykType ecTeCTBEHHBIX KONOB

B cBSi3u C NOCTAaHOBKOH BONPOCAa O BO3MOXHOCTH CHHTE3a NONOJHHTEIbHBIX CEHCOPHBIX KaHaJsioB [4], B
KOTOPHIX NlepBHYHas pU3HdecKas BeJUIHHA PErUCTPUPOBAJIACH Gbl 3J1IEKTPOHHBIM YCTPOMCTBOM M IOCJIE
npeobpa3oBaHns BBOOWJIACh HENOCPENCTBEHHO B HEPBHbIE BOJIOKHA B BHJE KOIOBBIX NOCHIIOK, IpobiieMa
CTPYKTYPH €CTECTBEHHHIX KOIOB IpuobpeTaeT ocobblit mHTepec. Bo-mepBHIX, ¢ TOYKHM 3peHUS HCHOJbL-
30BaHMA MX Kax obpasna Ayt ¢GOpMUPOBaHUs NPUTONHBIX [JI1 BOCHPHATHS HEPBHOH CHCTEMOMN KOIOB MC-
KYCCTBEHHOTO CEHCOPHOrO KaHaJjia. Bo-BTODHIX, C TOYKH 3PEeHHs ONEHKHM NPHHIMIHMAJIbHOH BO3MOXHOCTH

lMHO!‘Jla non 6mouynnaMym NMOHMMAIOT TakK)Ke MHTErpajlbHYI0O CXeMy, KOMIIOHEHTaMH KOTOPOFI ABJIAIOTCA 6GuoJioruyeckue
MOJIEKYJIHI.
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(popMupoBaHUA GU3AOIOTUIECKH HOMYCTHUMBIX KONOBHIX ITOCHUIOK, OTVIMYHBIX, OIHAKO, OT HabJII0gaeMbIX
NP €CTECTBEHHBIX Pa3ApaXeHUsIX.

C 5Toil HeNBI0 PACCMOTPEHBI PE3YJILTAThI BHINOJIHEHHOTO paHee IMKJIA pa60T MO WCCJIENOBAHUIO pe-
IENTOPHOTO aIIapaTa KOXHOrO aHaJIM3aTopa KOmKH [5-8].

CTpyKTYypy KONOBHIX MOCHUIOK M3y4YaJi¥ NPH XOJIOIOBOM, TEIVIOBOM, TaKTIJILHOM M 6OJIEBOM pa3npa-
KEHUSX PELENTOPHOTO MOJIS yYaCcTKa KOXM KOIIKN U OTBeJleHHd IMOTEHIMAJIOB OT IieJjIocTHOro HepBa. Ilpn
3ToM B aPepeHTHOM UMITYJILCHOM HOTOKE PErUCTPHPOBAIM YaCTOTY MMILYJILCOB B MOMEHT Pa3fpaXeHus
PEleNTOpOB, IINTEILHOCTh addepeHTHON HMIYJIbCANNK TIpH pasapaxeHun # 1010 (%) Bo3byXIeHHBIX
Ag, As u C - BosokoH [9]. OTu napaMeTpsl pacCMaTPUBAaJIN B Ka4eCTBe MPU3HAKOB KONOBBHIX HOCBUIOK K
HCIOJIL30BAJIN ISl UX ONMMCAHUA.
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P u c. 1. Orobpaxenne napaMeTpoB KONOBHIX MOCHUIOK B TPeXMepHOM (a) u neBaTHMepHOM (6)
MpOCTPaHCTBaX

Onucanus MOTyT GHITH MOCTPOEHBI C PA3INYHON CTeneHbIo noapobHocTu. Hampumep, adpdepenTHbIE
[HOTOKM MOXHO OIUCATH [0 IPU3HAKY HAIMYNA GOJIBINOTO WY MAJIOTO KOJINYECTBa BO30Y K AEHHBIX BOJIOKOH
TOTO WIN MHOTO BHAA. DTO ONMCaHHe NaJMM B BUIE TpexMmepHoro BekTopa Kz= (X4 s» Xas, Xc), roe
nepemenHble X MOTYT NPHHMMATh 3HAYEHHE €QUHMIBI, €CJIH COOTBETCTBYIOIIMX BOJIOKOH BO30YXIEHO
MHOTO, M HyJTIo — ecyii HeT. OUeBHIHO, UTO TaKoe OMMCaHMe conepXuT 2> 3mauenmit BexTopa K3: (0, 0,
0); (0, 0, 1); ( 0, 1, 0); (0, 1, 1); (1, 0, 0); (1, 0, 1); (1, 1, 0); (1, 1, 1).

Oka3aJsioch 4TO B 3KCIepUMeHTe o6HapyxeHb! Tosbko K3 = (0, 0, 0) — mpu TemioBoM pa3fpaxeHuH
u K3 = (1, 1, 1) — npu XoJI0NoBOM, TaKTWJILHOM M 60JIeBOM pa3fipaxeHusx (pucyHok a). Kombumnanmu
(0, 0, 1); (0, 1, 0); (0, 1, 1); (1, O, 0); (1, O, 1); (1, 1, 0) mpM eCTeCTBEHHHIX pa3lpaxKeHHAX He Ha-
6monasiuch. IlelicTBUTENBLHO, TPYAHO NPEACTABHTH, YTOOLI B €CTECTBEHHBIX YCJIOBHSX HallejiCd TaKOM
BBICOKUIl Pa3fpaXXHTesb, KOTOPLIA MOr 6Bl 33TOPMO3UTH aKTUBHOCTH OQHOTO THIIA BOJIOKOH I YCIJIUTH
npyroro. OgHaAKO 5TO He O3HAYAET €llle, YTO TAKOe COOTHOIIEHNE He MOXeT OBITh PeaJlu30BaHO B HEKUX
HCKYCCTBEHHBIX YCJIOBHAX.

Bouiee neTaiibHOE onmucanne MOXeT GHITh MOy 4€HO IIPH UCNIOIB30BaHNH 3 IPU3HAKOB — IVIMTEILHOCTH
adbdepeHTHON MMIYJIbCAIMN; HAJUYNEe WIN OTCYTCTBHE BBHICOKOW 4acTOTHI addPepeHTHON MMITYJIbCALNH;
GOJIbIIIOE MIIH MaJIoe KOJMYECTBO BO30OYXKAEHHBIX BOJIOKOH TOrO WJIM HMHOro THna. Takoe omucaHue Mo-
XeT GHITh HOJIyYeHO B BUIE JEBATHMEpHOTo BekTopa Ky = (X A,,X’ 45, Xc), tne X — yxe He umcia,
Kak B K3, a TpexMepHble BEKTOPbI, COOTBETCTBYIOIINE KOMIIOHEHTHl KOTOPHIX PaBHHI 1, ecili NmpH3HAK
BolpaxkeH U 0 — eciu OoH He BhipaxeH (pucyHok 6). Hampumep X 45 = (1, 1, 1), ecnu Bosnoxna Ag
BO30YXIEHEI, IPONO/IXKATEIbHOCTh adpdepeHTHON UMNYJIbCAallUl BeJINKa, addepeHTHas UMIYJILCAIMI —
BBICOKOYACTOTHAS.

Eciam ydecTb, YTO HE MMEET CMBICJIa TOBOPHTH O IJIMTEJIHLHOCTH M O YaCTOTe MMIYJIbCAIUM, eCyId
BOJIOKHA He BO36YX/eHbI, TO UMCJIO BO3MOXHBEIX OMMMCAHUN KONOBBHIX NMOCHUIOK OKa3bIBaeTCi paBHBIM 125.
Ilpu >ToM B 3KCrepUMeHTaX OGHapyXEeHO TOJILKO 44 Tuma KONOBHIX NOCHUIOK — 17 IpHM TakTWJIHLHOM
pasapaxeHuu, 6 — Npu CMeLIEHMHM BOJIOCKOB, 6 — mpu GoneBoM, u 14 — npu Temnosom u 1 — mpn
XOJIONOBOM BO3JEMCTBHM, a B 81 BapnaHTe BO3MOXHBIX KOINOB He HabJIIONAJIN.

O6mas ¢opMysa I BhYACIeHAS KosmdecTBa (N) BO3MOXHBIX KONOB IPH ONHOGHTOBOM ”€CTh’ —
”net”, ”MHOro” — ”MaJio” ommucaHMe IPU3HAKOB MMeeT BUI

N =14 235-1) 4 39%5-1) 4 39(5-1)]

roe S — 4uciio IIPpU3HAKOB, HCIIOJIb3YEMBIX B OITUCaHUMN a.q)(pepeHTHOI‘O IIOTOKaA.
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Hcnonb3oBaHue elre OQHOro (4-ro) NpU3HaKa — CKOPOCTH HapacTaHUsd addepeHTHON aKTMBHOCTH —
naetT 729 KOmoBHIX K6M6nnaunﬁ, M3 KOTOPHIX 3KCIIEPHMEHTAJILHBIM JaHHBIM COOTBETCTBYeT TOJIbKO 180
KonoB, a 549 — He 3anmefCTBOBAaHHI.

TakuM o6pa3oM, MOXHO MOJAraTh, YTO B BEKTODHOM IPOCTPAHCTBE ONMCAHWM MIOMYCTUMBIX KOIOB
CYLIECTBYIOT CBOGONHEIE HE3aNOJHEHHBIE ODOJIaCTH, T.e. HMMEETCA ONpenesieHHas HM36BLITOYHOCTHL U IIpO-
CTPaHCTBa KONOB. OTO MOXET CIYXHUTHb OCHOBaHMEeM (POPMHUPOBAHMS HOBBIX KONOB, HEOOXOOMMBIX IJIA
pelIeHns 3a0a49d CHHTE3a NOMOJIHUTENbHEIX CEHCOPHLIX KaHAJIOB.

Jl;is mpoBepKHu 3TOro o6CTOATENLCTBA NPOBENEHBl IIpeIBapUTENIbHEIE NCUXOMN3NOIOrHYECKHE SKCIIe-
PUMEHTH 110 OIEHKE BJIMSHUS OJHOBPEMEHHOIO MEXaHWYECKOTO M TEPMHUUECKOTO pasapaxenus. Ilpu sTom
0Ka3aJI0Ch, YTO MPH PACTIXKEHUM KOXH M ONHOBPEMEHHOM OXJIAXJIECHMM Y UCIBITYEMBIX BO3HHKAJIA HILTIO-
31 YCHJIEHUS XOJI0[la IO CPABHEHHIO C MOHOMOIAJILHBIM OXJIaXIeHNEM, a TPU OMHOBPEMEHHOM PACTSIXEHAH
U HarpeBe — OUIYIIEHUE TeIlsIa MPONaNalio. OTO MOXeET ObITh OOBICHEHO MomMpUKaIueil KOIOB, YTO U
TOATBEPXIAET UAECIO HEMOJHOrO MCHOJIb30BaHMS NPOCTPAaHCTBa BO3MOXHBIX KOIOB B HOPMAaJIbHOM CHTYa-
AU ¥ HAJIMYUS HEKOTOPOTO pe3epBa [Ii KOAMPOBaHUS CUTHAJIOB B UCKYCCTBEHHOM CEHCOPDHOM KaHaJle.

2 O kKoamYecTBEHHOHM OIEHKEe OIIYLICHNHM B MBIIIEYHOM AHAJIU-
3aTope

BaxHoil XapaKTepHCTHKOM J1I060il CEHCOPHOM CHCTEME! SBJISETCS 3aBHCHMOCTH YPOBHS OLIYINEHHs OT Be-
JIMYUHBI BHELIHEr'O BO3ﬂeﬁCTBHﬂ' OI.uyI.IIeHHe CyThb XapaKT€pUCTHKa HEHU3MEpAEMad. OﬂHaKO, €ro BO3-
MOXHO, XOTd4 U TPYAHO, ONHUCATh KOJMYECTBEHHO, 4YTO OBbIJIO IOKa3aHO B KOHII€ IPOHNIJIOTO BE€Ka B TakK
Ha3bIBa€MbIX IICI«IXOQ)H3M‘I€CKI/IX HCCJIEHOBAHUAX, PE3YJIHTATOM KOTOPBIX CTAJIO OTKPBITHE 3aKOHa BeGepa,—
Pexnepa [10], nocisie MHOrOKpaTHBIX MPOBEPOK COPMYJIMPOBAHHOIO CJIEAYIOIMM 06pa3oM: OTHOCHTENb-
HBle U3MEHEeHUs CTUMYJIa M OIIyIIeHHs NpONOPHMOHAILHE APYT APYTY.

Al AR

—_—=C — (1)

I R

roe R - mATeHCHBHOCTHL pasmpaxuTens, AR - ee uaMenenme, | muTeHCHBHOCTL omymienns, Al - ee
HU3MEHEHHE, - NIOCTOsHHAadA, 3aBHUCALIasl OT MONAJIBHOCTHU (Tnna) OIIIYHIEHUS U OT KOHKPETHOI'O MaleHTa.
B uETerpajbHOM BHUIE 3Ta 3aKOHOMEPHOCTD IIPEICTaBIsAeT CoBOll CTeNeHHYIO 3aBUCHMOCTh | oT R:

I=R° ' (2)

IIpu 5TOM OKa3BIBa€TCs, YTO XOTH IIKAJMPOBAHUE OLIYLIEHUN OCYIIECTBIAETCA CAMUM HUCIBITYEMEIM
MHTYWUTHBHO, €T0 Pe3yJbTaT yAUBATEIbHO cTabuien [11].

Onunako, AeITeILHOCTh CEHCOPHHIX CHCTEM SBJISETCS OCHOBOM He TOJIBKO IS IICHXWYECKUX aKTOB BOC-
OpUATHA | OLLYLIEHHs, HO U VI yIpaBJEeHAs] OPraHaMi ¥ X GYHKIHUAMHA. OTO OTKPHIBAeT HOBBIE BO3MOX-
HOCTH I KOJIMYECTBEHHON XapaK TEPUCTHKY OIYIeHNi, OCHOBaHHbIE Ha KOJIMYECTBEHHOM HCCIIENOBaHUN
apaMeTpPOB HEIPOU3BOJILHON aKTHBHOCTH (u3mosorndeckux cucteM. > Tak Matwioc B 1931 r. mpoen
OHBITH O KOJIMYECTBEHHOMY H3y4EHHUIO peakiuM KOHEYHOCTH JISTYIIKHM Ha Harpyxenue. [apriaiin m
I'psxsm B 1932 roay sKCnepUMEHTAJIBHO MOKA3aJid, YTO 3aBUCHMOCTh 9acTOTH addepeHTHHIX NMITYJILCOB
3PUTEJILHOTO OpraHa MEYEXBOCTa OT MHTEHCHBHOCTH OCBeIlleHUs NOAYMHSETCH 3akoHy BeGepa—®PexHepa.

Haum uccienobanus [14] 66114 NOCBSAIIEHB U3YY€HHUIO BOCHPUATHS TSXKECTH MBIIIEYHBIM aHAJIU3aTO-
pom. IIns 3TOro sKCmepMMeHTAJIBLHO U3yYaJlach 3aBHCHMOCTh MHTEHCHBHOCTH HENPOH3BOJILHBEIX MHMKPO-
NBHXeHUH (TpeMopa) NpeAmviedbs YeJIoBeKa OT MAcCHl ylepXuBaeMoro rpysa. Kpome Toro, mamepsinch
YaCTOTHEIE H CTATUCTHYECKUE XapaKTEPUCTUKH TPeMopa KaK KBa3UIepHOAUYECKOTO KOJIe6aTeIbHOTO Ipo-
necca IJIs pellieHusl BOIPOCA O €ro MPUPOAE - aBTOKOJIe6aTeNIbHON WM CTOXaCTHYECKOM.

2.1 MeTonuka 3KcriepuMeHTa

HccrienoBaJicss TpeMOp Npeamicdbsd B PaBHOBECHOM I'OPH30HTAJILHOM COCTOSHHMM IIPU M3MEHSEMOM CTaTH-
yeckoM HarpyxeHuu. I[s 3Toro K 3amsCcTbIO MOABEIINBAJINCh I'Py3bl Maccoil oT 1 mo 6 kr. Harpyxenue

2[To-BMOKMOMY,, MOXHO CUNTATh, YTO B 061eM BUe 3Ta unes npunaanexut M.M.CeuenoBy, yTBepxnasiiemy, 4To ncu-
XMYecKas NesATeIbHOCTD BCErlla MMeeT MoTopHoe oTpaxeHnue [12]). Ho, BeposTHO, OHa MOXeT 6HTh pacIIMpeHa CiienyoLuM
06pa30M: NCUXUYECKas NeATENbHOCTD BCEr/Ia MMeeT BereTaTHBHOe oTpaxenue. Tak, Hanpumep, B pa6oTe [13] npennaraercs
OLIEHMBATH 3MOLMOHAJILHY IO PEaKIIMIO Ha BHE3AMHHIA 3ByKOBOI CTUMYJI Yepe3 N3MEeHEeHMe YaCTOTH cepanebuenuii. BepoaTHo
TaK)Xe, YTO BHIIIOJIHEHO HeMaJio paboT B 06J1aCTH NEeTEKTHPOBAHNA JIXKM, KOTOPHIE M0 NMOHATHHIM NMPUYMHAM MOryT GHTb
HEU3BECTHHI.
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KOHEYHOCTH, C OLHOW CTOPOHH!, IIO3BOJIMJIO MEHITH IapaMeTPhl KOHEYHOCTH KaK KOJle6aTeIbHOM CUCTEMEI,
a ¢ Opyroil - yIPOCTUTD UCCIENYeMYIO CHCTEMY, T.K. B yIePXaHHH IPy3a y4acTByeT TOJBKO m.biceps
brachi, a m.triceps brachi pacciia6iien, YTo GbIIO MOATBEPXKACHO KOHTPOILHEIME MIOTpaduUecKUMH HC-
C1eNOBaHUAMHE (3JIEKTPHYECKOH aKTUBHOCTH).

HarpyxeHne KOHEYHOCTH IPOX3BOAMIIOCH Yepe3 NMOABECH pa3HO# kecTKocTu. IlonobHEIN sKcepuMeH-
TaJIbHBIA MOAXOM K MCCIENOBAHUIO TPEMOPA KOHEYHOCTH NIPH M3MEHEHUHM CWJIB M XapaKTepa Harpy3KHu Ha
Hee mpuMeHsics B [15].

IIpu omHOM ¥ TOM Xe CTaTHYEeCKOM HarpyKeHHH, TO €CTh IIPH NCIOJIb30BaHIH OLHOTO M TOTO Xe rpy3a,
B CJIy4ae HEPACTSIXUMOIO MOABECAa NMpEAIIeYbe KouieGJieTCs BMECTE C TPY30M, a B Cllydae JOCTaTOYHO
PacTAAKHUMOTO - MPaKTUIECKA HE3ABUCHMO OT Ipy3a (Kak BUAHO n3 ypasHeHuit (3) - (7)).

Tpemop mpenmiedbs PeruCTPHPOBAJIC Mbe3oakcesepoMeTpudeckuM natunmkoM ITAMT [16], sakpen-
JABLIMMCS Ha 3alACThe McnbITyeMoro. O6paboTKa cCHrHaJja NPOU3BOAWIACH NpH momomu OBM: Beram-
CASVICH CIEKTP CHTHAJA, CTpomiIcs $a3oBblil moprperT [17] (3aBECHMOCTH IPOM3BOMHOM CHIHAA OT 3HAYe-
HUS CHTHaJla B KaXObll MOMEHT BPEMEHH), U cedeHHe (HPa30BOro MOPTPETa - PaclpelieJieHHe INIOTHOCTH
TOYeK NepeceveHus: Ha30BLIX TPAEKTOPUH U GHCCEKTPHCH (Ha30BOro MOPTpeTa.

IIns Toro, 4TOGH! BHISICHATD, ABIAETCS JIM TPEMOD NPENIUIEUbs KBa3sHIIEPHONMYECKMMHI aBTOKOJIe6aHN-
AMH WM XaOTHYECKUM IIPOLECCOM, OBLJIM NIPUMEHEHB! ABa METOHA:

— Uccaenosadics ¢pa30Bbiil nopTpeT cUrHadga [17]: ecsin $ha3oBbIil NOPTPET UMEET B IEHTPE HE3aNOJHEH-
HyI0 06J1acTh, T.e. cedeHHe (a30BOro MOPTpeTa MMeeT ABa APKO BHIPAXEHHBIX MAaKCHMyMa, TO IIPOIeECcC
ABJIAeTCS KBa3UIEPHOOUYECKNMU aBTOKoJiebaHmAMM . JIid Toro, 4Tobbl OTHEIMTHL CUTHAI OT BHICOKO-
# HA3KOYaCTOTHEIX IIYMOB, T.e. YTOGH! BHIACHHTBH, He OHHU JIM MCKaXaloT (a30BHIM MOPTPET, M OIpele-
JUTh MPOMCXOXIEHHE COOCTBEHHO CIEKTPAJILHON JIMHNY, CUIHAJ MPOIYCKAJICS Yepe3 MOJIOCOBOM GUILTP
mupuHo# 1 Iy yacTora KOTOPOro CoBnagaeT ¢ YaCTOTON MAaKCHMyMa CHEKTpPa HCCJIeAyeMOTo CUTHAJa.

~HMccnenoBanace GyHKUnA pacnpenesenus orubaomeil aMmnTyasl cursana [18]. Eciu ¢yuknus pac-
npefieJieHNs orubaoniell aMIVIUTYAbl HeHTPUPOBaHa BOJIN3M HEHYJIEBOLO 3HAYEHMS - MPOIIECC MMeEET Xa-
paKTep KBa3HIEPMOOMYECKHMX aBTOKojeGammit. Ecim pacnpenesieHHe MOXOXe Ha P3J1eeBCKOE - IMPOLECC
OIMXKe K XaOTHYECKOMY.

2.2 Pe3synbTaThl 3KCIepUMMeHTa

B xone skcmepumeHTa 6HIIO 06cienoBaHo 10 3MOpOBRIX 4YesioBeK B BospacTe oT 14 mo 23 ner, xaxnawii
obciteoBaJICs OT OBYX JIO NATH pa3. B pe3ysnbTaTe maMepeHuii 6bUIM BRISBJIEHB CJIEAYIOIINE 3aKOHOMED-
HOCTH:

1. CnekTp TpeMopa nMeeT MaKCHMyM Ha yacToTe 2-4 I'll, mpeBHIIaomui 0 aMIVIUTYI€e LIyM Npubiin-
3uTesbHO B 20 pa3. IIpu 5TOM 3aBHCHMOCTD aMIUINTYALI MAKCHMYMa CIIEKTPa TPEMOpa OT BeJIMYHHE
Harpyski MOXeT GbITH allIpOKCHMHPOBaHa CTeNeHHOH (yHKumei ¢ morpemHsoctbio 10% (puc. 2).
Iloxa3aTens cremenu 0.7 - 1.1, ecoin moaBec HepacTsXuUMHBIA; 1.5 - 1.9, eciin monBec pacTsAXUMEIA.

2. Ilpu ucnosbp30BaHUN HEPACTSIXKHUMOrO HOIBECA YaCTOTa MaKCUMYMa CIEKTPa TPEMOpa MPaKTHYECKH
He MeHseTcs. IIpy ucnosb30BaHMM PacTAKUMOrO, KakK 4 B [19] - yBenmunBaercs na 1 - 4 ', (puc.3).

3. ®a3oBbll HOPTPET TpeMopa NpeIiedbs MPEACTaBIsdeT cob60il paBHOMEDHO 3allOJIHEHHYIO 06/1acThb
(puc. 4), mpuueM npu GpUILTpaLNK CHTHAJa He obpasyeTcsd Kakux-jubo He3aloJHEHHBIX obsacTeit
Ha (asoBoM moptpere (puc.5).

4. dyukuus pacnpeneseHns orudaouiei aMIINTYAR TPEMOPa NMeET HEIEHTPHPOBaHHBIN BOIM3M KaKoro-
Jn60 HeHyJseBOro 3HadeHus Bul (puc.6), YTo xapakTepHO VI XaOTHYECKOro mpouecca [18].

2.3 OG6cyxneHue pe3ysbTaTOB

1. Ha ocHoBaHMM aHasu3a (a30BOro MOpTpeTa M (GYHKIUM paclpelesleHUs TPeMopa HpH LieJleHalpa-
BJICHHOM MNOAZEPXAHUM KOHEYHOCTH MOXHO CAEJIATh BHIBOA: AAaHHHIMA IIPOIECC, CKOpee BCero, ABJIs-
€TCA Xa0TUYECKUM.

2. WsMeHeHHe 4acTOTHI MAKCHMYMa CIEKTPa TPeMOpa NpH Harpy>XKeHHN KOHEYHOCTH, MO-BUIAMMOMY,
MOXeT 6bITh OOBICHEHO M3MEHEHHWEM MAcCChl KOJebaTeNbHOM CHCTEMBl M XeCTKOCTH MHmmH. Ilo
pe3yJIbTaTaM SKCIEPMMEHTA MOXHO BHIYMCIUTH U3MeHEHHe XECTKOCTH MBILIIK [IPH HarpyXeHUn
KOHEYHOCTH. KOHEYHOCTH C NOABEIIEHHBIM K Heil rPy30oM Ha ynpyroM (B oblieM ciiydae) momBece
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P u c. 2. 3aBucumocts AMIUVITUTYABI MAKCHMYMa CIIEKTPa TPeMOpa NpeAiviedybss OT MacCcChl Harpy3KHd Ha
KOHEYHOCTH

npelcTaBisgeT oGOl NBa CBI3aHHBIX OCLMIATOpa. VIX ABMXEHHE ONMCHIBAETCS CHCTEMON ypaBHe-
HHHA

.'cu+wf-:c= Ny -(y—2)

Yo +wi -y =Ny-(z—y) ®)
i€ X - yIJIMHEeHNe MBIUIIb, Y -CMeIleHHe TIOABEIIEHHOTO K PyKe IPy3a OT €ro COCTOSHUS PaBHOBECH,
w1 ¥ Wy - NapOMaJjbHble YaCTOTH OCHMLIATOPOB, N1 u Ny - KO3hpUIAEHTH CBI3M OCHM/IATOPOB.

B ciyqae csaboil CBI3aHHOCTH NEPBOTO OCHM/UIATOPA CO BTOPHIM - DU HCNOJbL30BaHUM YNPYTOro
noxBeca, T.e. NpH

p= N <<1
wi - wi|
cucTeMa ypaBHeHH# (3) nmpumer Bun (4):
{:m+wf~a:=0 @
Yt +wi-y=Na-(z-y)

Ilpu sTOM YacToTa KOJIE6AHUI NpEAIIIEYbs

rae C - KOHCTaHTa, ONpeesseMas aHATOMUYECKHUM CTPOEHHEM KOHEYHOCTH MCIIBITyeMoro. B ciryuae
CIJIBHO# CB3aHHOCTH OCHMJIIIATOPOB - TP UCIO/Ib30BAHMA HEPACTSXMMOTO NOfBECa, T.€. IPH p >>
1 cucrema ypaBHenuit (3) npumet Bun (6):

xtt+92~m=0 (6)
YacToTa KosiebGaHUi NpeAnyedbs B TOM CiIydae
k (m)
Q=4/C- B (7)

rae M - Macca KOHEYHOCTH C y4eTOM MacChl OABEIIEHHOTo K Heil rpy3a. CooTHomenus (5) u (7) mo-
3BOJIAIOT 10 SKCHEPUMEHTAJIBHEIM NaHHBIM 3aBUCHMOCTH YaCTOTH KOJIeGaHUI KOHEYHOCTH OT CUJIBI
H XapakKTepa Harpy3ku, IpUBeIeHHEIM Ha DUC.3, HailTH H3MeHeHHe XecTKOoCcTH m.biceps brachi npn
HarpyXeHuH Hpeamieybs. I'paduk 3Toil 3aBUCHMOCTH NoKa3aH Ha puc.7. OHa XOpOIIo anmpoKCHMH-
pyeTcs IpsAMOil JIMHMEM, ¥TO XOPOIIO COTJIACYeTCS C TeM OBIIENPU3HAHHBIM NMPEeICTABJICHHEM, YTO
U yCHJIHe Pa3BHBAaeMOe MBILILEH U ee XeCTKOCTH NPONOPIHOHAJIbHE YNC/IY GeKOBHIX (aKTOMHUO3U-
HOBBIX) CBS3€l, IMEIOIIEMYCS B KaXIblii MOMEHT MBIIIEYHOI'O COKPAIleHHs.
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P u c. 3. 3aBUCHMOCTB YaCTOTH MaKCHMyMa CIIEKTPa TPeMOpa IpeaIuiedbs OT MacChl Harpy3Ku Ha
KOHEYHOCTh

3. g KaxXOoro M3 NCHBITYEMBIX OKa3aJioCh, YTO OTHOCHTEIBHOE NpUpAleHNe aMINIATYAB QUIyKTy-
allii CUJIBI, pa3BHBaeMOW MBIIINEN, MPONOPINOHAJILHO OTHOCHTEILHOMY IPHPAIIEHHIO MacChHl Ha-
rpy3KH Ha KOHEYHOCTH ¢ morpemHocThio 10% (puc. 8), uto coorBeTcTByeT 3akoHOMepHOCTH (1) M
MO3BOJISIET AlNPOKCHMUPOBATh 3aBICHMOCTDb aMIVINTYIAB! (QJIYKTyallMdl CWJIBI, pa3BHBaeMOW MBbIMI-
Heif, OT Macchl Harpy3Ku Ha Npelmviedbe cTemeHHoi ¢ynkumei (puc.9). Takum o6pa3oM, MoxHO
NpeanoJiaraTh, YTO OCHOBOH YNPaBJIEHUS CTATUYECKUM MOJIOXKEHHEM KOHEYHOCTH SBJISETCS COXPa-
HEHHe OTHOCHTEJILHOW NOTPeNTHOCTH PeaKINN KOHEYHOCTH Ha HarpyXKeHHe BO BCEM AUANa30HE pa-
604X Harpysok.

Takoe ynuBuTesIbHOE COBIAJeHNE HMeET olpeiesieHHble Mopdosiorndeckne ocHoBanus. Wssectso, uto
MBIIINA MOXeT GHITh PacCMOTPEHA KaK COBOKYNHOCTb ABHTATEIbHHX €NUHAN (I.e.), T.e. TPYyINI MbI-
IIEYHBIX BOJIOKOH, HHHEPBUPYEMBIX OAHMM MOTOHeipoHoM [20,21]. AKTHBHOCTD A.€. MMeeT UMITYJILCHBIN
xapakTep. B mpomecce momnepxaHds KOHEYHOCTH HaG/I0aeTCd MOOYEPENHOE COKPAIlleHHe A. €.: Mocie
pacciiabJieHusi OMHOM HauMHaeT COKpallaThCA Apyras, KOTopas pa3BHBaeT TOYHO TaKyIo Xe Wiu Oim3-
KyIo K Heil cmity. B oTnesbHBIe MPOMeXYTKM BPEMEHH CHJIa, pa3BUBaeMas MBIIIIEH, MOXET OTJINYATHCH
OT TOH, KOTOpas HeoOXoAMMa IJIS ypaBHOBEIINBaHNUSA Ipy3a, MMEHHO Toria M HabiiomaeTcs OTKJIOHEHHE
KOHEYHOCTH OT €€ CPEHETO PaBHOBECHOTO IOJIOXKEHHS.

N3BecTHO, YTO NpH CTaTUYeCKOM HAarpyXKeHMM MBIINIIHI €e . €. PeKpyTHPYIOTCS B OIpeleileHHOMH
NOCJIENOBATENILHOCTH: 4YeM GoJibllle Harpyska, TeM Oosiee KpyNHBIE K. €. BOBJIEKAIOTCH B NOANEPXaHHe
paBHOBecHs KOHEYHOCTH (CM., HanpuMep, [20]). OHu MoryT 6BITH IPOHYMEPOBAHHI B IOPAAKE UX PEKPYTH-
POBaHMs, T.e. B 3aBUCHMOCTH OT MaKCHMAJILHO BO3MOXHOM Pa3BHBaeMOIl MMM CIWJIBI. 3aBHCHMOCTD CHJILL
F; , pasBuBaeMoil i-TOM AI. €., OT ee HOMepa B NOPAIKE PEKPYyTHPOBaHUA OyieM oNuCHIBaTh PyHnkuueit P (7).
B TakoMm ciydae, npu Majbix QUIyKTyanusax HoMepa i OyayT HabmionaThes M QUIyKTyalu# pa3BHBaeMOi
CWIBI, IPONOPLMOHAJIbHEIE Ipou3BoaHol Gynkmuu P (¢) mo i [14] . AHaiu3 SKCIEPHMEHTAJIBHBIX MOPdO-
JOTMYECKUX AaHHBIX, IPUBEAEHHBIX B [21] aus m.soleus n m.gastrocnemius KOIIKY MOKa3biBaeT, 94To P (i)
MoXeT 6bITh ¢ morpemHocTbio 10% annpokcumupoBana crenenHoit ¢pyHkumeit (puc.10) ¢ mokasaresnsaMu
1.3 1 1.9 coorBercTBenHo. Torma npm coxpaHeHHH GQUIYKTYallUd HOMepa COKPAINAloOINMXCS HBUTraTesb-
HBEIX €[IMHHII BO BCEM [HMANa3OHe HArpy3oK QUIyKTYalus CHJIBl COKPALIeHHS TaKXke MOXeT ONHUCHIBATHCHA
CTeneHHON GYHKIHEN.

Takum o6pa3oM, KaueCTBEHHOE COBIAJEHUE MAHHBIX CHEJIAHHOTO HaMH (PH3NYECKOTrO 3KCHEPHMEHTa, C
nMaHHBIME Ticuxodusnosorudeckoro [10,11] m Mopdosoruyeckoro [21] skcrepuMeHTOB O3BOJIAIOT C JOCTa-
TOYHOW YBEPEHHOCTBIO MCIOJIL30BATH (PU3NUYECKHe M3MEPeHMs IS XapaKTEePUCTHKHN OMYIIEHUA yCHJIUs
MBIIIEYHbIM aHAJIN3aTOPOM M MCIOJIb30BAaTh UX NPU CO3NAHUM 4eJIOBEKO-MAIINHHBIX CHCTEM.
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P u c. 4. ®a3opuiit OPTpPeT TpeMopa (cieBa) u cedeHue (Pa3oBOro NOPTpeTa (CIpasa)

]

P u c. 5. $a3oBulil OpPTPeT PUILTPOBAHHOTO TpeMopa (cieBa) H cedeHne (a3oBoro moprpera (cupa
Hcnons3oBan mosocoBoit ¢pmibTp mupusoit 1 I'm Ha MakcuMyMa clieKTpa TpeMopa
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P u c. 8. OTHOCHTeNBHOE MpHUpAaIlleHNe aMIITYIH QIyKTyalry CWIIbl, pasBuBaeMoit m.biceps brachi,
OTHEeCeHHOe K OTHOCHTEIHLHOMY NPUPAIIEHUIO MaCChl HArpy3Kd Ha KOHEYHOCTh
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P u c. 9. 3aBucuMocTh aMIIIATYAR QIIYKTyalnuu CHIILI, pa3BEBaeMoil m. biceps brachi, oT macce
Harpysku Ha KOHEYHOCTH
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P u c. 10. 3aBHCHMOCTH MaKCHMAaJILHON CHJIEI, Pa3BHBaeMOll ABUTaTEIbHEl eIHHAIAMH
m.gastrocnemius, OT UX HOMepa B NOpsAAKe PeKpyTHPOBaHUA

3akJsiroueHne

B 3akiouyeHNH XOTeNOCH OBl 3aMETHTb, YTO NpOGJieMa CHHTE3a MCKYCCTBEHHHIX CEHCOPHBIX KAaHAJIOB H
IPSMBIX HEHPO-KOMIIbIOTEPHBIX HHTEP(dENCcOB, No-BUANMOMY, 6ojiee CiI0XHa, 4eM 3TO ONNCAHO B JIEKUHN.
OnHako U NpeaioXeHHas NOCTAHOBKa MO3BOJIMIA CHOPMYJIHPOBATD HOBBIE 33Ja4H 110 HCCICIOBAHHIO HEPB-
HOW CHCTeMBI U IOJIyYUTDb HOBHIE De3yJIbTAaTH, fAIOIINe HaJIeX Ay Ha TO, YTO Takne KaHAJIH U HHTepdheHch
MOryT OBITH NOCTPOeHH. ABTOpH Npn3HaTedbHE A.K.Ko030By 3a noMomspb B HOATOTOBKE TEKCTA.
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NOVEL MAN/COMPUTER INTERFACES.

V. A.Antonets, E.P.Kovaleva, A.V.Zeveke, G.1.Malysheva, S.A.Polevaya

This lecture is an attempt to mark and partially formulate key directions in the solution of vital problems associated with
development of a system to provide for man/computer interaction. The problem is to establish a direct bilateral contact
between two electron data systems -an artificial system ( a computer) and a natural biological ( nerve) system. It means we
are to construct sensor-effector channels which are not inherent to a man. As such a contact requires new type of interfaces
which are to be implanted, the problem is to design , first of all, different electron prostheses ( extremity , ocular and vision
prostheses, prostheses for nerve system elements) whose operation cannot be accomplished via a keyboard or by vocal
control. To design new type of interfaces we are in need of new data in the field of neuro- and psychophysiology but not that
inherited from the classical works of the past. The lecture gives two concrete examples of how to solve experimental
problems .It can be considered as an attempt to get new data in this challenging field of science.
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IIpocTpaHCcTBeHHO-BPEMEeHHasl JMHAMUKA
B MOJIEJIbHBIX IKOHOMHUYECKHX CHCTeMAaX.

H.C. bemmocTuH
HUPO®U, 603600, Huxumit Hosropon, yn.bombmas ITegepckas 25, e-mail: bell @helios.nirfi.nnov.su
B.I'. SAxHo
HUII® PAH, 603600, Huxuuit Hoeropog, yi. YibaHoBa 46, e-mail: yakhno@appl.sci-nnov.ru

IIpemioxkeHa MoAelb pacnpeAesieHHOW HEpaBHOBECHOW Cpelpl, KOTOpasi MOXET ObITh MCMONL30BaHa
VI ONMUCAHUG KOJUIEKTMBHOM aKTMBHOCTH CBSI3aHHBIX "IKOHOMHYecKMX" 3iieMeHTOB. PaccMmoTpeHs:
NpUMepbl  3BOJIOLMOHHON JMHAMHKM  XapakKTEepHbIX MpPOCTPAHCTBEHHO-BPEMEHHEIX  CTIPYKTYp
aKTHBHOCTHU B TaKOM CHCTEME.

1.BBenenue.

Jina  HccleaoBaHMA SKOHOMMYECKHMX CHCTEM ¢3 OOIbIIOrOo 9HCla 3NEMEHTOB MOJXHO
ACIIONb30BaTb MOJENb HENMpPEpbIBHOH paclpelelcHHOH cpeipl, NpH 5TOM aHalW3 JAUHAMUKHA
CHOXHOOPIraHU30BaHbIX COLMANBHO- SKOHOMHYESCKUX CHCTEM OYyHeT XapaKTeph30BaTbCAd CTPYKTYPaMK
KOIUIEKTHBHOM aK¥BHOCTH B TaKoi HepaBHOBecHO# cpenie. B pabotax [1-4] o6cyxmamice BO3MOXHOCTH
KOHCTPYMPOBAHMA SKOHOMHYECKHX MOJEIEH TaKoro THNa C HCNONb30BAHMEM abCTPaKTHBIX CXeM
COLMATbHO-3KOHOMUYECKHX OTHOMICHMM, KOTOpbIe MO3BOIMIOT OCYHMIECTBHTL BBIOOp JeHCTBYIOMMX
3EMEHTOB TaKO# Cpelbl M XapaKTepHBIX cBsazedl Mexay HuMM. OIMH W3 mpocTefimmMX BapuUaHTOB
MOJETHPOBAaHHSA SBONMIOLMOHHON AMHAMHUKH MOXHO pealu30BaTh Ha OJHOPOAHBIX HEHPOHONMOMOGHBIX
cpefiax, 3JMeMEHTHI KOTOPhIX MPEeMIoIaraloTcs OAAHAKOBBIMHU IO CBOEH CTIPYKTYpe W OTIMYAIOTCA JHINb
cBOMMH (PYHKIMOHANbHBIMM COCTOAHMAMH. Takye MOAEHHM OTPaXaloT HCXOJHYIO "paBHONPaBHOCTDL"
3lEMEHTOB SKOHOMHYECKOH JIeATENbHOCTH, KOTOPYIO TOCYJapcTBa 49acTo CcTapaloTca obecredMTh
3aKOHOHATEIBHO.

Ilepeble MOMBITKM NMPOrPaMMHON pealy3aliM TAKAX WACH M IMPOBENCHUA BBHIMMCIATEIBHBIX
IKCIIEPUMEHTOB [2-4] moKka3alid, IT0 3BOMIOLMOHHAS JUHAMHMKA MPOCTPAHCTBEHHBIX CIPYKTYP "HeNOBO#"
aKTHBHOCTH OKa3bIBaeTCsA BechbMa pa3sHOOOpasHOM, M UM HMX MOXHO HaiiTm mpooGpasbl B peajbHOM
3KOHOMHYECKOM XH3HH. B TO e BpeMsa HeoGXOMMIMO OTMETHTH, 9TO OMMCAHUE SKOHOMHYECKHX ABJICHHIA
Ha OMHOPOAHBIX HEHAPOHONONOGHBIX CpefaX HOCHT JOCTaTOYHO YNPOIICHHBIA XapaKTep, M C HX
NOMOIIBIO MOXHO paccMaTpHBATh JMIIb XapaKTEpHbIC Ka4eCTBEHHbIE 3aKOHOMEPHOCTH, CBA3aHHBIE C
M3BECTHBIMY OOIIIMM IIPHHIMTIAMH GYHKIMOHMPOBAHNA CUCTEMBI, HO KOTOPBIE allpAOpPH HE OYCBH/IHBI.

Boipmmue cucTeMbI H3 OMHOTHITHBIX 3]IEMEHTOB IOYTH BCEI7Ia XapaKTepHU3YIOTC KOHKYPEH THbIMH
OTHOHICHMSAMHM MEXIY COCEIMM, 3TOT (paKT XOpOmO H3BECTeH ANA XUMWIECKUX, OHOIOTHMYECKHX,
COMANbHBIX CHCTEM. B OHOIOIMYecKMX NPUIOXEHWAX KOHKYPEHLMIO CO CTOPOHBI COCENeH OGBIMHO
Ha3bIBAIOT JATCPalbHBIM TOPMOXCHHEM. KOHKYpEHTHBIE CBA3H OGECIICYMBAIOT HETPHUBHAIBHYIO
HIPOCTPAHCTBEHHO-BPEMEHHYIO AMHAMUKY CIOXKHBIX CHCTeM, obecrieumBaloT UX ycToiauBocTh. B pabore
[S] oTMeuwanmocr IBa THIIAa BO3MOXHOIO IATEPAalbHOIO TOPMOXCHHA MEXAY B3aHMONCHCTBYIOIMMH
JNleMeHTaMH. B mepBOM clydae TOPMOXEHHME ONMCHIBACTCA OTPHLATEILHBIMM K03(dHUImeHTaMH
HPOCTPaH-CTBEHHBIX CBA3eH MEXAY 3JICMEHTaMM, BO BTOPOM - cnajaiomeii ¢yHKuuel akTHBaLWH, T.c.
yMeHbIaromeiics peakipeil Kaxaoro 3JicMeHTa Ha CIMIIKOM GolbIioe YHMCIO aKTHBHBIX cocemeii. Kak
mokazaHo B [5-7] xaxmplii M3 3TUX THUIIOB TOPMOXCHHMS HMEST CBOH OCOOEHHOCTHM 3BOJIOLMH
NPOCTPAHCTBEHHO-BPEMEHHON NMHAMMKHA aKTHMBHOCTH. /(1 3IeMEHTOB 3KOHOMMYECKOH NEATENHHOCTH
oba Tuma peakiiii Ha COCefedl JOCTaTOYHO XapaKTepHBbI, MO3TOMY XENAaTeIbHO paccMaTpvBaTh MX
coBMecTHO. B Hacrosimeii pa6Gore Hcciemyerca Gollee pa3BUTas MOAENb 3KOHOMHYECKOHM CHCTEMEI,
YUMTBIBAIOMAA TaKXe M3MEHEHHE CBA3eil KaXIOro 3EMEHTa C COCEHIMH B 3aBHUCHMOCTH OT BEJMYHMHBI
3aMaceHHBIX PECYPCOB 3TOr'0 3IEMEHTa.

2. Pacnpene.neunaﬂ MoO€Jib CHCTEMbI U3 CBA3AHHBIX JKOHOMHYCCKHX JJIEMEHTOB.

CdopMymmpyeM OCHOBHBIE IFEMIONOXEHUA O CBOHCTBaX NMOBEACHUM 3JIEMEHTOB 3KOHOMMHYECKOM
CHCTeMbI, KOTOpbIE HCIIONb30BAIMCh MPH pa3paboTke ee hopMaIN30BaHHON MaTeMaTW4eCKO# MOMICIH.
CuMraercs, 9T0 KaXIpld 3IEMEHT paccMaTpHBAcMOW JBYMEPHOH CETH MOACIMPYET SKOHOMMYECKYIO
s9eliKy -- NpempUATHE, COCTOSHME KOTOpod Xxapakrepusyerca mnepeMeHHbIMEH U(x,y,t) # g(x,yt).
ITepemennas U(x,y,t) onpenemsieT YpoBeHb [eOBOH aKTMBHOCTH JAHHON 3KOHOMHWYECKOHM SIeiKu
(3HaueHHA BOMM3HM HYIA NOKa3pIBAIOT, YTO MNpPEANIPHATHE BHICTYNAeT B OCHOBHOM KaK NOTpeOHTEND;
3HAYeHUA BOIMM3M €NMHUIBI -- NpeINpUATHE 3aHMMaeTci B OCHOBHOM IPOW3BOJCTBEHHO-TOPIOBOM
meaTenbHOCTHIO). IlepeMeHHas g(X,y,t) XapaKkTepu3yeT KamMTal, T.€. YPOBEHb MAaTepHalbHBIX
BO3MOXHOCTE#l U pecypcoB, KOTOPbIMH o6GlafiaeT JaHHas 3KOHOMHYECKas suciika. Pecypchl aneMeHTOB-
MPEANPUATAN ONpeeTAFOTCA KOMMIECTBOM ACHET M KOMMIECTBOM TOBapa.
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PaccMoTpHuM ciydaii, KOrjaa B3aHMOAEHCTBHAE MEXTY SKOHOMIYCCKIMHY 3JIEMEHTAMH OCYIIECTBIIETCA
Ha JBYMEPHOM ILIOCKOCTH HEKOTOPOro "KOMMYHMKATMBHO - 3KOHOMMYECKOIo" MpOCIpaHCTBa (X,y),
YIMTHIBAIOMErO OCOGEHHOCTH CBA3eH MeXAy npemmpuaTHaMu. HecoMHeHHO, Mepa [IMHBI B TaKOM
OpOCTPAHCTBE MMeeT HEKOTOpPOe OTHONICHME K  OOBIMHOMY PACCTOSHMIO MEXAY OSIEMEHTaMM
XO3AHCTBEHHOM ACATENLHOCTH, HO OHO OTpaXXaeT TaKXe M HEKOTOpbIE OCOOCHHOCTH “IKOHOMMYECKOro”
H "KOMMYHMKALIMOHHOIO" B3aMMOJICHCTBHA, 3aBHCAIICIO OT XapaKTepa TOBApPHOM IIPOYKIMMH,
TPaHCIOPTHBIX M MHAOPMAIMOHHBIX CBA3CH, A3bIKOBBIX 6apbepoB M pafia Apyrux daxropos. Ctporo
roBopsA, IMOCHe ydeTra pa3sHoOOGpa3Hs OCHOBHBIX THIIOB B3aMMOJCHCTBHMIA M ONpENCHCHMA B3aMMHbIX
paccTosHMii Ui Nap SICMEHTOB, Bce TaKue SIEMEHTapHBIE fYCHKM OKa3bIBalOTCAd NOMEIICHHBIMM B
HEKOTOpOE MPOCTPAHCTBO, Pa3MEPHOCTb KOTOPOI'O MOXET GBITH CPABHMMA 9YHCIOM 3]IEMEHTOB CHCTEMBI.
OnmHako ecTh MpaBAOMONOOHAs IWMIIOTE3a Ha OCHOBE SKCIEPHMMEHTANBHBIX MaHHBIX, 9TO pealbHas
Pa3MEpHOCTh TAaKOro "KOMMYHHKAI[MOHHOIO" NpOCTpaHCTBA paBHAa [BYM. OTO JaeT OCHOBaHMA
OrpaHWYMTbCA Ha JAHHOM 3Talle MCCICOBAaHMEM NPOCTPAHCTBEHHO - BPEMEHHOM [MHAMHKM CETH
CBA3aHHBIX 3KOHOMHYECKHX O3IE€MEHTOB B MBYMEpHOM mpocTpaHcTBe. CBfA3b MEXAy 3SNCMEHTaMH

onpenemaM $yHKIMEH npocTpaHcTBeHHOM cBazu O, , B NpeanonoxeHnH oJHO3HAYHON 3aBHCHMOCTH €€

OT PacCTOSHHUA MEXAY MpeMIpHATHAMH-3IEMEHTaMHM B "3KOHOMHMYECKOM" MpocIpaHCcTBe. PaccMoTpuM
3IeCh BEChbMa paclpOCTIPaHCHHBIA XapaKTep BO3MOXHBIX COIMAlbHBIX CBA3cH I OXHOPOMHO
PACIIONOKEHHBIX B IPOCTPAHCTBE 3JIEMEHTOB-IPSINPUATHI: BIMAHNE OIMKaMIIMX cocefiell yauThIBacTCA
¢ IONOXHUTENHHbIM 3HAKOM, a BO3JCHCTBHE YAAaNCHHBIX 3ICMEHTOB BOCHPHUHHMMACTICA HETaTHBHO.
KoHkpernblii Buj, Taxkodl ¢yHKIMH, ONMCBHIBAIOMICH IATEpalbHOE TOPMOXEHME, MPEICTaBHM B
JIByXnapaMeTpudecKoi opuMe, yro6HOM i Ka4eCTBEHHBIX OLICHOK.

®(r)=(1-b(e)r’)e " 0

HPI/IHSITHC pemeHus OCYHIECTBIIETCA KaXIbiM 3JICMCHTOM Ha OCHOBE HCKOTOPOﬁ

"meuxomormuecKod”  omeHKH < Z=| _ T,- y, g+ S, f [(I)n(‘f _ r)](U(g, t))dcf , B KOTOpOW
pe3ynbTaThl  "ompoca" OKpYXKalom|X — A9eeK [ S T [ ® (5 _ r)](U ( é,t)) d é} CPaBHMBAIOTCA C

OlpefeIeHHbIM TTOPOTrOM [T0 +y g], 3aBHCAIMM OT MMEIOIMXCA PecypcoB g(X,y,t) MId JaHHOIro

amemenTa. OGbrIHO H[Z] -- BUJ GyHKIMM NpPHHATHA 5KOHOMMYECKMX PEIICHMH MMeeT ABa Iopora.

B6mazu nepeoro mopora Z='J" (o6eramo [ =0) smadenms H[Z ] PE3KO YBENMUMBAIOTCA, 9TO
CBA3BIBAIOT C PElICHHEM SJIEMEHTA CHCTEMBI TIepeliTH B PEXWM IOBBINECHHOH NENOBOH aKTHBHOCTH. A
nocle MPOXOXKIeHHA BTOporo ropora Z="]", DPOMCXONMT peskoe CHUXeHHe ENOBOM aKTUBHOCTH, 9TO

O3HaYaeT MOTepIo MHTEpeca K TaKoH JACATeNbHOCTH NMPU COOTBETCTBYIOMECH BEIMYMHE OLEHKH NMEIOBOM
aKTHBHOCTH cocefici. B’ mamsoll paboTe 3ammmeM TaKylo HelMHeiiHyIo ¢YHKIMIO CO CrafaiommyM

OTKIIMKOM - H[Z ] uepes pe dyHKkuM Xepucaiiga: F [Z - TI]— F [Z - Tz] B 5TOM cllygae BenwumMHA

pyHKIWH NPURATHA pemieHus OTIMIHA OT HyIi ToIbko B mamasone [ <Z<'[" , Te. mexmy msyms

3ajaHHbIMMA TIOpOr'aM#. banaHchbIe YpaBHCHMA JIAd TaKOh CHCTEMBI BSaPIMOIleﬁC'IByIOIIII/IX AICCK
3arMChIBaIOTCA B BUIEC:

au U o

a7 Ty e 8 [[@E - DU ) @
1 —0

2t @t @) . S0) ®

TAe: T, - XapaKTCpU3yeT BPEMA pearvpoBaHHs P CMCHE PEXUMA JIATEILHOCTH SIEMEHTa; (y -
BeIMYMHA, CBA3aHHAA C BHEMHEH IOANMIKOM 31€MeHTa (YTO-TO BpOAE MOCOOHMA MO GemHOoCTH);
(o, O, & ) - XAPAKTepH3yeT BEIMIUHY HAJOIOB M YPOBCHb NMOTpeOIeHNA Ha MOBCETHEBHYIO XH3Hb;

o:® S, (U ) - BEIMIMHA NpHUGBLIHN, MOXYIACMOi B IPOLECce ICIOBOM aKTHBHOCTH SIEMEHTA.
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3aBucHMMOCTH, ONpeACIMIOIAEC HU3MEHEHVE IPOCTPAHCTBCHHBIX CBA3EH DSIIEMECHTOB opu pocrte

XammTana, BeIGpasl B Bune | (g) =ht-d o v g (g) = a-d 9.

Taxum 06pa3oM MOJENb, ormchiBacMas ypaBHeHMAMH (1)-(3), MMeeT 3aMKHYTbHIA XapaKTep U MOXET
OHTL MCHIONB30BaHA [ KAa4eCTBEHHOrO OINMCAHWA XapaKTepa (YHKUMOHMPDOBAHUA CEeTH M3
‘IipocTelmMX” TOProBO-3aKyIOYHbIX 3I€MEHTOB-TIPEAIPHUA TN,

XapakTepHble pelIieHHs IS TaKoro BAAA YPaBHEHHA MOTYT MMETb BHJ OEryLIMX, HENONBHKHBIX
¢poHTOB MIM MMITYIbCOB [3-8], a Takxke Golee CIOXHBIX CTPYKTYp. PaccMOTpHM HECKONBKO BapUaHTOB
MPOCTPAHCTBEHHO BPEMEHHOH IMHAMUKHA B 5KOHOMMYECKOM IIPOCTPAHCTBE MPH Pa3NMIHBIX 3HAUCHMSAX
NapaMeTpOB MCKYCCTBEHHOH HEHpOHHOH CeTH, OTBEYAIOMMX 34 CTeNeHb KOHKYPCHTHBIX OTHOLNCHMHA
MEXTY S]IEMEHTAMH 3KOHOMHYECKOTO Ipoliecca (CTeNeHb JaTepalbHOro TOPMOXKEHHA) Pa3HBIX THIIOB.

3.ITpoCcTpaHCTBEHHO-BPEMEHHbIE CTPYKTYPbl “II€JIOBOI” AKTHBHOCTH.
Hpn JOCTATOYHO BBICOKOM 3HA4Y€CHMH IIopora [T + }/ . g] (HOBBIEIEHHOC JABIICHHC Ha
0 1

IKOHOMMYECKYIO [IEATENIHOCTb, HAmpHUMeEp, 3a CYeT YpPEe3MEPHO BBICOKMX HAIIOIOB) HPOMCXOAMT
CXIOIbIBaHK€e 06IACTH SKOHOMHYECKOH aKTMBHOCTY NPH MOOBIX APYIUX IIapaMeTpax U B pe3yIbTaTe Bee
3NEMEHTHI NIEPEXOIAT B HYJIEBOE COCTOSIHIE C TeYeHUEM BPEMEHH, T.€. CTAHOBATCA ‘TIOTpeOHTEIs MM NPH
NONMHOM OTCYICTBLH ~JeNOBOM” aKTHBHOCTH. Takoil MpolecC MOXET XapaKTepH30BaTbCi BEChMa
HETPUBHATBHOM NMPOCTPaHCTBEHHO-BPEMEHHOI “aroHuell” SKOHOMHYECKOH aKTUBHOCTH NPH OCTATOYHO
KpyIHOMAcINTaOHBIX HaYalbHBIX YCIOBHAX. B 1aHHoM pa6oTe, omHaKo, paccMOTpeHbl Gomee
pasHOOGpa3Hble, pa3berajomuecs PeXWMbl, COOTBETCTBYIOMME O4YeHb HEOONBLIIMM BEIMYMHAM IOPOra

To (aHAIIOI HU3KMX HAJIOT'OB) M ONMCHIBAIOIIME BOCIIPOM3BOACTBO AKTUBHBIX COCTOSHMIMA.
Ha pucynkax |-4 mokasaHbl cepuM NpOCTPAaHCTBEHHBIX pacIpelcicHU YPOBHEH 3KOHOMIYECKOH

5=

aKTUBHOCTA. TeMHBIE OOGIacTM COOTBETCTIBYIOT JJIEMEHTAM B COCTOSHUM ~JIENOBOH” aKTHBHOCTH.
[IprMepbI 3BONMIOLMY CIPYKTYP, IoKa3aHHbIe Ha Puc.1 u Puc.3b, nomydens! npy CMHHXpOHHOM W3MCHEHVM

napaMeTpoB B ¢yHKIMM cBa3H (1) [b (g) = b)(l-d0 g 5 a (g) = ao(l-dl g) ] TaxuM oGpa3zom,

91O omomefmeb(t% ), onmpefcimioniee  "CTENEHb JNAaTEPalbHOIO TOPMOXKECHHMA", oOCTaercs
a8

nocTosHHbIM. J{1s1 do , dl >0 pasMep cepbl "IKOHOMMYECKHMX HMHTEPECOB" 3IEMEHTOB OyaeT
YVBeIMIMBAcTCd NpPH HAKOIICHMM KamuTama, T.epocta g. Ilpumeppr Ha Puc.2, Puc.3a m Puc4
PACCUMTHIBANCE NPH NapaMeTpax | (g) =h4-d,® u g (g) = @, = const. ITo cooTBeTCTBYET

TOMY, 9TO NPOCIPAHCTBEHHBIA pa3Mep cepbl MHTEPECOB 3IEMEHTOB HE M3MEHSAETCA CO BpEMEHEM, a
"pasboraTeBmme” 3NEMEHTHI (C YBEIMYCHHBIM 3HAYeHUEM ¢) YMEHBIIAIOT CHUIY JAaTepalbHOIO
TOPMOJXEHHA, T.€. CTAHOBATCA 60llce TEPIUMBIMM K COCETIIM - KOHKYPEHTaM.

[Tpumep Ha pHc. | JIEMOHCTPUPYET, KaK JOCTaTOYHO CUIbHOE HaTepalbHOE TOPMOXKEHHE 3a CIET
OTpHIIATENbHBIX NPOCTPAHCTBEHHBIX CBA3€H MNPUBOAUT K  HEYCTOMYMBOCTH  BHemHero ¢poHTa
pacompsromeiics SKOHOMIUYECKOH 30HbI. AKTMBHOCTb BHYTpH 0O6NacIH mocle HpoxoxpeHMa ¢poHTta
SKOHOMMYECKOH [eATeNbHOCTM B 3HAYMTENbHOM CTENeHM onpeAensercd yObmBaromeidl ¢yHKimei
aKTMBAl{, OTPaXXalollel HETaTUBHYIO PEaKIMIO KaXJIOIo 3JIEMEHTa Ha S5KOHOMMYECKM AaKTHBHBIX
cocerieli. B urore BHyTpeHHAd o6IacTb XapaKTepusyeTcd oOpa3oBaHMEM NPUIYAIMBBIX AMHAMIIECKUX
CTPYKTYPp - cHeI(uIecKiX y30poB B 3KOHOMIYecKOM npocTpancTBe. Ha npuBeacHHON cepuy pUCYHKOB
XOpOIIO BMIHO, KaK Npolecc HAKOIUICHHA KalWTalla, YBeIMYMBAIOIMA pa3Mepel oO0acTyl B3aMMHOI'O
BIMSAHUA 5KOHOMHYIECKHX CYOBEKTOB, CIIOCOOCTBYET MHTerpalmy oOpa3oBaBIIMXCA Ha MPOMEXYTOTHOH
CTaMM Pa3BUTHA HECKOIBKMX H30JIMPOBAHHbIX SKOHOMMYECCKH Pa3BHUTBIX oblacTeil B Gollee KpymHOe
o6pazoBaHMe, pacIMpsIomeecs ¢ OTHOCHTENLHO YCTOWIMBBIM BHEMHNUM (poHTOM. OmHAKO BHYTPH 3THX
obmacTeii NMPOMCXOAUT HOCTATOYHO [MHAMHUYHAA IIepecTpoiika ob6lacTel HEeTOBOM aKTHBHOCTH,
XapaKkTepu3ylolascd NEpHOMMIHBIMIA CMEHAMM CTaTyca NpoHM3BoAMTIcNed Ha HoTpeOuTeneld M co
CIIOKHOM, TPYAHO MpelcKa3syeMOd IMPOCTPAHCTBEHHOM AMHAMUKOH. B 3HaYMTeIbHOH CTeNeHHM TaKoe
MOBEJICHAE OIpENeIsicTCd JTaTepalbHbIM TOPMOXXEHMEM BTOPOro poAa (3a cdeT yObIBarolleH oTmadu
3IEMEHTOB), XOTA TOPMOJXKCHHME 3a CYET OTPHLIATENBHBIX CBA3el MOXET BECbMa CYLIECTBEHHO BIMATH Ha
XapakTep NPOCTPAHCTBEHHBIX CIPYKTYP aKTMBHOCTM BHYTpHM “ 30HBI NOBBIHICHHOH 3KOHOMHMYESCKOM
aKTHBHOCTH .

Bropoii npumep (puc.2), peamusylonmpiii ocnableHHe IaTepalbHOIO TOPMOXEHMA C POCTOM
KammTanza npu ¢UKCHpPOBaHHOM pa3Mepe oOXacTd BIMSHUA B 3KOHOMHYECKOM NMPOCTpPaHCTBE (a=const),
xapaKTepHu3yeTcs Oollee yCTOHIMBBIM BHEIMHNM ¢poHTOM. OHAKO B 3TOM CcIydae OKa3alich Golee ApKo
BbIPaXCHHBIMYU OIIacHble MEPHOAMYECCKHE KOICOaHMA 3KOHOMHYECKOH AaKTMBHOCTM BO BHYTPEHHEHR
obnacTu.



102

JlnHaMprdecKye IIpoIecchl, OTPaXXeHHbIC HA PUCYHKAX 3 - 4 COOTBETCIBYIOT CHTyalH, KOIJia Npd
OTCYICTBHH KallTalda JaTepalbHOE TOPMOXEHME MEXITY 3NCMEHTAMM CHCTEMbl HE CIMINKOM BEIMKO

b (% ) = 0,25 [8,9], uT0 obGecneunBaeT AOCTaTOYHYIO NMPOCTPAHCTBEHHYIO YCTOMYMBOCTH BHEIIHETO
ag

¢ponTa pacmmpsromelica o61acT 3KOHOMIIECKO# AesrenbHocTH. [Ipn g~0 ycmoBus pacnpocTpaHeHus
¢GpOHTOB aKTMBHOCTH B 3THMX MPHMEPAX COBNAJaloT, O3TOMY AMHAMMKA BHEIIHEH I'PaHMIBI “ZIeOBOR”
aKTMBHOCTH B pasBHBalomeiicas 30He ofauHakoBa. OfHAKO 3TH NpHMEpPHl CHIBHO pasNMYaloTCa Mo
MMHAMUKE 3KOHOMMYECKOH aKTMBHOCTH BO BHYIPEHHMX OONAacTaX, B KOTOPBIX peammM3yioTca
pa3HOHANpaBICHHbIC CIPaTeIWd W3MeHeHMs (YHKIMM CBA3M C COCENAMM NpH YBEIWYCHMH g, T. €.
HaKOIUICHAM J3JIEMCHTaMM 3Ha4YMTEIbHbIX coOcTBeHHBIX pecypcoB. Ha Puc. 3a m Puc. 36 mokasaHsl
mporecchl GOPMUPOBaHMS CIPYKTYP aKTMBHOCTH, KOIZIa CHIA JATEpalbHOro TOPMOXSHMS Ha coceleh
YMEHBINAcTCA y 3JICMEHTOB ¢ 6olIbIIeld BeIMIMHONR KanpTana. OTO NPHBOAUT K TOMY, 9TO 33 (PPOHTOM
JeTOoBOi aKTMBHOCTH (hopMupyeTcs KBasHXaoTHdecKad AMHAMHKa obOmactell ¢ Temu xe (Puc. 3a) mm
YBEIMIMBAIOMMMHCA XapaKTepHBIMM NMpPOCTPaHCTBEHHbIMM Macmrabamm (Puc. 36). B cimyuae, korma y
3EeMEHTOB C BO3PAcTalOMM KallMTalloM CHIIA IaTepalbHOI'O TOPMOXCHHA Ha COCEcH yBEIMYMBAETCA

do < 0 (paz6oraTeBmme CyObEKThl HAYMHAIOT CIIIbHEES JABUTh COCENIEH - KOHKYPEHTOB) B IIEHTPaIbHOM

soHe (Puc. 4), 3a ¢poHTOM AENOBOM aKTMBHOCTHM, HAYMHAIOT (OPMHPOBATHCA HEMOABMIKHBIE M Golee
PeryasSpHBIE PAMBI SIEMCHTOB, 3aHUMAIOMMXCSA MPON3BOICTBEHHOM AEATENHHOCTEIO.

IIpoBefeHHble pacueThl NOKA3pIBAIOT, 4TO HECMOTIPA Ha JOCTATOYHO MPOCTBIE MCXOMHBIE
OPEIONOXECHHAA, NMHAMMIECKUE MPOLECCHl B MOZICNbHOM 3KOHOMMYECKOH CHCTeMe MOTYT ObITh BechMa
CIIOXHBIMHU H pa3Hoo6pasHpiMH. CroXeTHas JMHMA OMUCAHUA 3THX PEXHMOB MOXET MHOI/A OKa3aThCA
HEe MeHee 3aXBaThIBAIOMICH, 9YeM pealbHO npoucxopammie cobbiTua. ColocTaBleHHE IOMYy9aeMBIX
pemeHyii MOIENBHBIX CUCTEM C MPOoNeccaMit B SKOHOMMYECKOH JKM3HM MOIYT BBI3BATh M NpaKTHYecKui
HHTEpEC.

HccnepoBanus, onmcaHHbie B 3TOHM CTaThe, 9acTHIHO ObLIM NOMZEPXaHBI MeXXyHapOTHBIM
Hayaneim ®onpiom B pamkax I'panta Ne R 8 Z 3 00 u Poccuiickum @ongoM OyHIaMEHTaIbHBIX
HccnenoBanmii B paMkax I'panra 95-02-04936-a.
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Puc. 1 ®opmupoBaHue "MO3aM4HOro" B MPOCTPAHCTBE PacIpeAeIeHHA aKTUBHOCTH
JMEMEHTOB B Pe€3ylIbTaTe Pa3sBUTHUSA HEYCTOMYMBOCTH HAa IUIOCKOM (ppoHTa BO3OYKHEHHS

(B=01; ¢, =0,01; g,=0,1; { =0,01; T,=0,01; T'=0; T,=0,3).
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= D el e

Puc. 2. Ilpumep crpykTyp ¢ "mMuraromuMm" H3MEHEHHEM TONIIUHBI ¢(poHTa
aKTMBHOCTH Npu napametpax: h, =0,1; o =0,01; 4, =0,1; 4 =0; T =0,01; T" =0; 7", =0,3.
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Puc. 3 BapuaHTbl 3BOMIOUMOHHON AMHAMUKH CTPYKTYP aKTUBHOCTH IPU YMEHbIIECHUH
CTENeHH JIaTePaIbHOTO MOJABICHUS COCEAEH C POCTOM KanuTana:

a) cayvail, Korra XxapaKkTepHbId pasMep QyHKUHH MPOCTPAHCTBEHHOM CBA3M HE M3MEHSEeTCH
(h,=0,05; d, = 0,02; T,=0,01; T",=0; T,=0,3; ¢4, =0,2; o =0).

6) xapakTepHbIi pa3Mep (YHKUMHM TPOCTPAHCTBEHHOHM CBS3M YBEIMYHMBAETCS B
COOTBETCTBMM C H3MEHEHUEM CTElCHH IATCPAIbHOTO TOpMOXenus (p, =0,05; d, =0.02;

T,=0,01; T,=0; T,=0,3; ,=0.%; (],=0,02);

» D | O P @©® @

Puc. 4 Ilpumep nepecTpoiiku BUAA CTPYKTYP AaKTUBHOCTH B ClydYae, KoOraa
yBEIMYEHHE YPOBHS OOECHNEYeHHOCTH OJJIEMEHTOB (KamuTalda) NpPUBOAUT K POCTy

XapaKTepHOro pasMepa (QYHKUMM NPOCTPAHCTBEHHOW CBA3M W BO3PACTAHUIO CTEMEHH
narepanbHoro Topmoxenus ( j, = 0,05; o ==-0,02; T =0,01; T.=0; T,=03; q,=02;

d =0).
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TYHHEJIbHBIE D®®EKTHI B TAMMILTOHOBCKON
BBIPO2KJTEHHOUM CUCTEME-

B.4.Oemuxosckuii, II.1.Kamenes

Huxeroponckmit rocynapcrBennbiii yansepcuteT uM. H.M.Jlo6agesckoro, ¢-1 IIPM
603600, Poccus, Huxuuit Hosropon, b.Ilokposckas, 37
E-mail: pfm@nnucnit.nnov.su

Pedepar

B pa6ote paccMoTpeHH 3¢ eKTH TYHHeJMPOBaHMS depe3 AuHaMmdeckme 6apbeprl, KOTOPHE B Kitac-
CITYECKOM TIpejielle COOTBETCTBYIOT CelapaTpmcaM BHIPOXIEHHON IaMWJIbTOHOBCKON cucTeMHl. [lo-
Ka3aHO, 4TO IPOCTPAHCTBO KBaHTOBHIX coctosmmit (['wmm6epToBo mpocTpaHcTBO) pas6mBaeTcs Ha
STYeliK¥, KOTOPhIE COOTBETCTBYIOT sd4eilkaM KJacCm4ecKoro ¢a3oBoro MpoCTPAHCTBA, Pa3ZieNIEHHEIM
ceTkoit cenaparpuc. W3 umcieHHEIX pacdeToB CllelyeT, YTO INPOHWIAEMOCTh AMHAMKWYEeCKUX Gapbe-
POB B BHIDOXIIEHHOH CHCTeMe, KaK M B HEBHIPOXNEHHON [1], skcnoHeHIManbHO Maja. PaccmoTpen
Clly4Jail HETOYHOro pe3oHaHca dw # 0, KOTla B COOTBETCTBYIOMIE KIIACCHIECKOH CHCTEME PEe30HAHC
¥MeeT MECTO TOJbKO B HECKOJILKMX S9efikaXx (a30BOro mMpoCTPAaHCTBA . IWMCIIEHHO [OKa3aHO, YTO IPH
Sw # 0 B KBaHTOBOMEXAHMIECKON CHCTEME Pe30HAHCHaA 06/1acTh TakXKe orpaHmdeHa B I'minbepToBoM
TIPOCTPAHCTBE. '

1 DBBsBenenme

Posbs auraMmuyecknx 6aphepoB B KJIaCCHYECKON MexaHHKe Xxopoino m3BecTHa. Ha ocaoBe Teopemur Komm-
aropoBa - ApHosibaa - Mosepa MBI MOXEM CHeJIaThb BBIBOI, YTO XaOTH4Yeckue objiacTH Kakoi - Jim6o
[MHAMIYECKO#l CHCTEMHI (€ciiM Takue 06JIaCTH CyLIeCTBYIOT) Ha (a30BOil INIOCKOCTH OTPaHAYHBAIOT HH-
BapuaHTHEIE Topsl Wit KAM - Tope. OTH MHBapMaHTHHE TOPH HEHCTBYIOT KaK HENpOHHIaeMhule 6a-
pbephl, MpenaTcTBYyomue Auddy3nH YacTHIH Mo Pa30Boil mIockocTH. Bo3HNKaeT ecTeCTBEHHHI BOIpOC
0 TOM, KaKOBa NpPUpOAa M pOJIb AMHAMHUYECKHX 6apbepoB B KBAaHTOBOMEXaHHYECKHX CHCTeMax. Bompoc
aTOT GBI MOcTaBjeH B pabore [1]. IIns xBamroBOro poraropa B mosie § - OGpasHEIX HMIYJBCOB GHLIO
| HallIeHO, YTO B Clly4ae, eCJIM JBUXKeHHe YacTHUIhLl Ha $a30BOi IIOCKOCTH OrpaHA4YeHO MHBapPHAHTHLIMH
KPHBBIMHM, KOTOPHIM OTBEYAaIOT HEKOTOPHLIE 3HAUEHUSA MOMEHTA —p, ¥ +P., TO H B KBAHTOBOMEXaHNYECKOM
cllydae IIPH COOTBETCTBYIOIIEM BHIGOpe HaYaJIbHBIX YCJIOBHIl aCCHMIOTOTUYECKasA IIOTHOCTH pacmpeziese-
Hus 6yneT 3aKiI04eHa B MHTepBaJje [—pc, +p.]. Takum o6pa3oM, KBAHTOBYIO NMHAMUKY JaCTHIH TaKxke
OrpaHMYMBaIOT 6aphbephbl, KOTOPHIE, OMHAKO, HMEIOT KOHEYHYIO MPO3PadyHOCTh. [JIyOMHAa NMpOHWKHOBEHHS
IVIOTHOCTHU paclpenesieHNs 3a Npeneibl o6s1acTH, OrpaHN4YeHHOH WHBapMaHTHHIMH KPWBBIMHM, B MOIEJIH
KBaHTOBOI'O POTAaTOpa 3aBUCAT OT Ge3pasmepHoil nocTosHHoi [Inanka no 3akoHy A ~ 1066 [1], a BeposT-
HOCTb TYHHEJIHPOBAHUS B KJIaCCHYeCKH HeIOCTYIHYIO o6JaacTh mponopuuonaibha h2°. B kiaccmueckoi
BBIPOX/IEHHOM CHCTeMe poJib QUHaMUYecKuX 6apnepos urpaior He KAM - Topwl, a IT - Topmt [2]. Xapax-
TEPHBIM IPMMEDPOM BHIPOXIEHHO!H CHCTEMH ABJISE€TCH 3apsAKeHHasd YaCTHIIa, ABUralOIasicd B OXHOPOMHOM
MarauTHoM nosie H u mosie MOHOXpOMAaTHY€ECKOi BOJIHBI, pacIpocTpaHsiomelicad nepnenaukyJspao H. 11
- TOPHI B 3TO# CHCTeMe NPEeACTaBIAIOT coboil GeckoHEUHYIO B pa30BOM NPOCTPAHCTBE CETKY CelapaTpuc
B orsinure oT KAM - TopoB, KOTOphle OrPaHMYHMBAIOT ONpPENEIEHHYIO KOHEYHYIO obJiacTh $a3oBoro mpo-
crpaHcTBa. YacTHilbl NBMXYTCA MO 3aMKHYTHIM TPaeKTOPHSM BHYTpH sueek >Toil cetn. [Ipu Hastmuum
B FaMIWJIbTOHHAHE BHIPOXIEHHON CHCTEMH 3aBUCAIUMX OT BPEMEHM HEPE30OHAHCHBHIX WJIEHOB (TO €CTh B
NEPBOM MOPSJKE PE30HAHCHON TEOPHH BO3MYIIEHHIT) CenapaTpUCHad CEeTKa ~ONeBaeTCA  CTOXaCTHYECKHM
CJI0EM 3KCIOHEHIMAJIbLHO MaJIoil TOJIIIMHE, ABUTasCh BHY TPU KOTOPOH YacTHIIa MOXeT HabupaTh 3HEPruio

[2].

2 Pe3oHaHC B KBAHTOBOM BBLIPDOXZAEHHOM CHCTEME

Iocaenyiomee paccMoTpeHne 6yaeT MpOBeAEHO Ha NpUMepe YNOMAHYTOH BHIIE CHCTEMBI, KOTOpas Npel-
CTaBJIgeT COBOM 3apsXKEHHYIO YaCTHIY, ABHXYIIYIOCS B MOCTOSHHOM OXHOPOIXHOM MarHMTHoM mose H n
[oJie MOHOXPOMATUYeCKOH BOJIHH, pacnpocTpaHsiomeiica nepnenaukyiaspao H. T'amunrTonuman mameit
3a71a4yd UMeeT BHUL

5 (b—£A)

T Vo cos(kz — wt), (1)
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rze A = (6,Hz,0) — BeKTOprIM MOTEHINaJ, KOTOPHIH MBI BHIOpaJIN Tak, YTO MarHUTHOE II0Jie HalPaBJIeHO
BIOJIb OCH Z, M — Macca, € — 3apsil YaCTHIbl, P — OGOBLIEHHBIN HMITYJIbC, k — BOJIHOBON BeKTOp, Vo —
aMILIATY/a BO3MYILEHHS, ¢ — CKOPOCTb cBeTa. MHI ImpeanosiaraeM, 4TO BHIIOJHEHO YCJIOBHE PE30HaHCa
W = We, THE We = %—’Z— — WUKJIOTPOHHAA 9acTOTa, h — mocrosHHad Ilnanka. ITockonbky ky — mHTErpan
IBHXKEHNs, TO IJId Hac GyHeT CyIIECTBEHHA 3aBHCHMOCTH BOJIHOBOH GYHKIMH TOJIbKO OT & u . Bynem
ACKaTh pellleHNe HecTaluMoHapHoro ypasHenus Illpenunrepa ¢ rammiasTonnanoM (1) B Buze

P(z,t) = Y Cu(t)¥n(2)ezp(~iEnt/h), )

rze ¥, (z) — BoNHOBasA GYHKIHUS FapMOHMYECKOTO oCImLIATOpa, E,, — 3Heprus Ha yposHae Jlannay. Ilon-
crasuM (2) B ypaBHenue llIpenunrepa u ocTaBUM B NPaBOil YaCTH TOJBKO PE30HAHCHEIE WIEHH!, KOTOPHE
He 3aBHCAT OT BpeMeHH. B pesyisbTaTe noiyuum [3]

2 %
thCy = _22(Vn,n+lcn,n+1 + Vn,n-ICn,n—l)a (3)

rie MaTPUYHBIE JIEMEHTH V), ;, CHMMETDHYHBI IO MHIEKCaM H BhIpaxaloTca depe3 ¢ynknuu Beccens Jy

(3]
Vant1 = ‘/ n: 16—%-]1(\/271—’0, (4)

h — napamerp, pasamii (ka)?, a = (f—,’;‘,—)l/ ? — marmmTHas aimHa. Ha puc.l w3o6paxen rpaduk 3aBHCH-
MOCTH MaTpPHYHHIX 3J1€eMEHTOB V), n41 B Ge3pasMepHBIX eMHMIIAX OT HOMEPa N M3 KOTOPOrO BHIHO, 4TO
rIIb6€pTOBO NPOCTPAHCTBO ¥, Pa3bMBaeTCA Ha AYEHKH, Ha IPAHHUNAX KOTOPHIX MaTPHYHEIE 3JI€eMEHTH
Vi ,n+1 Madsl. OTO 3HAYHT, YTO €CJIN HAYaJIbHOE COCTOSHEE BHIGPAHO B OMHOM U3 s4eeK, TO B MaJjibHeilmeM
nepexofibl, corsacHo [3], 6yayT NPOMCXOMUTH rIaBHHIM 06pa3oM BHYTPH JaHHOM OTHENbHOIM sgeiikn. Ta-
KHM 06pa30oM, YPOBHH, PAacCIOJIOXEHHEIE Ha IPaHdIle MeXY f4efiKaMi OTASIAIOT OOHY TPYIIYy COCTOAHMIA
OT APYIOi B COOTBETCTBYIOT B KJIACCHYECKOM MOJIEIM CeNapaTpHcaM, NOJIOXeHNe KOTOPHIX IO NefCTBHIO
onpenenserca yciosueM Ji(v/21p) = 0, rne Iy — 6Ge3pasmepHoe neiicTeue (cM. Hanp. [4]).

Taxk kak ['amunbTOHNAH (1) NEpHOAMYECKH 3aBHCAT OT BPEMEHH, MBI MOXEM, COTJIacHO TeopeMe diioke,
BBECTH KBa3HIHEPreTHYeCKHe COCTOSHHS, KOTOpHie ABJIAIOTCA pelieHueM ypasHenus Illpenmnrepa c ra-
mwibToHRaHOM (1). Pasyioxum xBasmsHepreTmieckne GpyHKImM 9q(z, t) 10 COGCTBEHHHM QYHKIMAM rap-
MOHHYECKOI0 OCHMILIATOPA (3]

Yq(2,t) = exp(—iBgt/h) Y Althn(x) exp(—iEnt/h), (5)

rae Eq — xBasnsneprus. Kosdppunnents pasnioxenns Al u xBasusneprum £, MOXHO Hail'TH NOACTaBIAS
(5) B ypaBrenne Illpenunrepa. Torma B pe3soHaHCHOM NPHGIMXEHWH MMEEM CHCTEMY aJjre6pamyecKux
ypaBHeHmii [3] )

EqAY = Vo(Vans145 41 + Van-145 ). (6)

OBOIONHMIO Halllell CHCTEMBl MBI MOXEM ONPE/EINTh HENOCPEACTBEHHO pellas CHCTeMY ypaBHeHmi (3)
Jubo ¢ momombio GyHkuuu I'puHa, onpenesius ee CienyOMMM 06Gpa3oM:

Gn,nl(t,to) =‘ZAgAg‘Ie—iE,(t-zo)/n' (7)
q

Toraa 3HadYeHMe aMIVIATYAR pacHpelesieHMs BeposTHocTell Ha ypoBHe n Cp(t) MBI MoXeM BEIpa3sHTh
Yepes aMIUTUTYABI B MOMEHT BpeMeHN t =

Cn(t) =) Gn,ni(t,t0)Cri(to), (8)

Tonoxum tg = 0 u Cp/(0) = 8y 5, Torma u3 (7) u (8) umeem

Calt) =) ALAG e 'Eatlh, (9)

q
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3 IuaaMuyeckue Gapbephbl B KBAHTOBOH BBIPDOXKIXEHHOH CHCTEME

UpciieHHo GblJIa MCCIIENOBAaHAa 3BOJIONUA CHCTEMEI ¢ raMmwibToHMaHoM (1) B pesonaxcHoM npubimxe-
mu. JIng pacyeToB 6GBLIa WMCIONBL30BaHa CHCTeMa ,Bkiodaiomas 100 yposreit Jlannay, koTopuie obpa-
¥oT B ruasbepToBoM npocTpaHcTBe 3 siueriku (puc.l). HavanbHoe cocTosnme 6bUIO BHIGpaHO B BHLe
Ca(0) = 8p.no, TIE Mg PACIIONONEHO B LIEHTPe NepBoil fueiiku. BHuIo ycTaHOBIEHO, 4To 3a Bpema I’ = ZX,
Ie @ — MaKCHMaJIbHOE PAacCTOSHME MeXJy KBa3sMdHEPreTHYeCKHMH ypOBHAMH [3], BOJIHOBO® n1akeT pac-
MbBaeTCA TO HadaJibHO#M sdeiike. Kak mokasano B [3], 4acToTa & cOOTBETCTBYeT 4aCTOTe MAJIBIX KOJle-
farmit B6JIM3M HEHTpPa pe3oHaHCa B Kiaccudyeckoil cucteMe. Hapsaay c 6bicTpoll AIWHAMHUKON B Ipeneiax
fa9aJIbHON AYefiKM MPOMCXONUT 6oJiee MeIIEHHEIN nponece Auddy3uu IIOTHOCTH paclpeleeHHus B Co-
cenane saeiiku. 3a BpeMA Imar = w—i”'—", TO€ Wpin — MHAHUMAJIbLHOE PACCTOSHUE MEKAY KBa3UZHNITETH-
YeCKAMHU YPOBHSMHE, YCTaHaBINBAeTCA CTallMOHapHOe cocTosHne. Ha prc.2 moka3aHO aCCHMOTOTHYECKOE
paCTIpeNiesieHme BepoSTHOCTel, onpenesiseMoe Kak |C,(T)|?, npu T = 4% 10%T,, roe ™, — muksoTpoH TH
mepuon, h = 0.53, Vo = 3. Ilpu BHIOpaHHEIX MapaMeTpaxX XapaKTepHHIE BpeMeHa OKa3aJIUCh MOpPANKa
Tnaz =~ 7507, T o~ 107,.. CorJiacHO HamMM YUCJIEHHHIM PacYeTaM, BEpOSTHOCTEH He M3MEHSETCS (IpH
T=4%10%T,, T = 4% 10*T, u T.1.
W3 nostydeHHsr: 7 2 pHC.2 pe3yibTaTaoB MOXHO CHeNaTh ciefyomue BuBoAn. i)KBanToBhie cocTosE 4
0CTAIOTCA JIOKA/IM3CBAHHBIME B IpelielaX HadaJIbHOM A4efKH, TO eCTh IPAHHAOH A4eeK (KOTOpHIE, HAIO-
, MEEM, B KJIACCHYECKOM CJIy4ae COOTBETCTBYIOT CENapaTPHCaM) NEHCTBYIOT KaK KBAHTOBLIE AMHAMUYECKHE
fapbephl (Ha pHC.2 rpaHHIE sS4YeeK yKa3aHH cTpenkamm). ii)CyiecTByeT ompenesieHHas BEpOATHOCTH
TYHHEJTUPOBaHUSA B COCeHUE AYefKH, TO €CTh B KJIaCCUYECKH HENOCTYNHbie 00JIacTH, IPUYEM IPOHMIIae-
MOCTB HMHAMHYeCKHX 6apbepoB B BripoxkaeHHol cuTeMe (II-TopoB) kak u B HeBhipoxaeHHON (KAM-Topos
[1]) sxcnonennmanbHo Madnia. iii)IlnoTHOCTH pacnpenenenus B cpenseM Ha 1.5-2 nopsaxa shime B6gH3T
KpaeB sideek, YeM B IIEHTPe. ITO SBJIeHHe HAOMUHaeT AU Y30 KITaCCHIECKON YacTHUH IO cenapaTpHc-
HOif ceTKe, KOT[la Pe30HAHCHOM IaMWIbTOHHAaHEe yYMTHIBAIOTCS HePe3OHAaHCHHE WieHH. iv)PesyanraTh,
npeAcTaBJIcHHble Ha PHC.2 XapaKTepHH M JJIA CJIyYaeB, KOrJa HauyaJlbHOe COCTOAHUE BHIGPAHO B 1060
_ mpyro#t sdefike 'minGeproBa npocTpaHcTBa. JTO O3Ha4aeT, 4TO BCe ['minbepToBO MPOCTpPAaHCTBO mMOKe-
IeHO Ha KBaHTOBBIE Pe30OHAHCHBIE A9eifKM TOYHO TaKXKe, KaK M B KJIAacCHYEKOM CiIydae Bce (a3oBoe Hpo-
CTPaHCTBO pa3buBaeTCs Ha Pe30HaHCHHIE AYEHKH, pa3fiesieHHbIe CETKOM cenapaTpuc. Eciim MEI BKITIOYHM B
pacCMOTpeHNe [OMOJIHATEIHLHO HECKOJILKO A4eeK, TO 3TO He HNOBJIMAET Ha paclpelesieHHe BEPOATHOCTENR B
npeURy X sT9efKax U3-3a MaJIoil MPOHUIaeMOCTH 6aphepoB, TakuM 06pa3oM, IpeACTaBJICHHEE Ha pHUC.2
pe3yJIbTAaTHI CIPaBelJINBH U IIA 6ECKOHEYHOrO YNCIIa S9eeK.
B ciy4ae HeTOYHOrO pe30HAHCA, KOTMa w = w¢ +0w, dw # 0, cucTema ypaBHenuii (6) ans onpenenerns
KBa3USHEPreTUYECKMX COCTOSHHUA HPUHEMAET BHA

Vi
(Eq — hndw)Al = —23(V,.,n+1A3,+1 + Van-147_1). (10)

B ciydae, ecim BHIOIHEHO ycyioBue hndw 3> Y2 MBI MMeeM B HyJeBOM IOpSIKE TEOPHH BO3MYIIEHHik
CHCTEMY
(Eq — hndéw)AL = 0. (11)
Pemrenns sToii cHCTEMBI UMEIOT BHL
E, = hqdw, Al =6, (12)

TO eCTh BCe COCTOSHHS C OOJILIIMMHU N JIOKAJIN30BAaHH U CJIENOBATEIBLHO He SBJIAIOTCA pe3oHaHcHbiMH. Ha
puc.3 mpeAcTaBJeHH De3yJbTaThl pacyeTa C TEMH Xe IlapaMeTpaMH, YTO M Ha puc.2, Ho ¢ dw = 0.03.
Kak BuOHO M3 pUCYHKa B CiIydae
dw#0 (13)
Pe30HaHC 3aHMMaeT KOHEYHYIO 06JacTh B rmjib6epTOBOM NPOCTPAHCTBe (Ha PHC.3 BCIO HEPBYIO M 4acThb
BTOPOH si4elKn). 3[ech MEl yXkKe He MMeeM GECKOHEYHO! MOCIIEOBATENLHOCTH PE30HAHCHREIX S49eeK B ONH-
CaHHOM BBHIILIE CMBICJIE, M KaXIHIA ypOBeHb (He TOJIBKO CENapaTpUCH) CTAHOBUTCS AMHAMMYECKAM 6a-
pbepom (KAM-TopoM B kitaccuueckoM citydae). IlomobHyio kapTuHy MBI HabiIONaeM U B KJIACCHYECKOM
cucTeMe, TAe LPH BHIIONHEHNHM ycioBuA (13) pe3oHaHC HMeeT MeCTO TOJIBKO B HECKOJBKHX SYEHKaX C
MaJILIMHK 3HadYeHusMu neiicreus I.
BepHemca K ciay4aro TouHoro pesonasca. Crenyiommii 3¢deT sBiIseTCS CIEACTBUEM IUCKPETHOCTH
I'mnb6epToBa mpocTpaHcTBa. B ciiydae, eciin BBINOJIHEHO yCJIOBHUE

Vno,no+1 ~ J;(\/ 2noh =0 (14)



108

cucTeMa ypaBHennii (3) nin (6) oOphiBaeTCs Ha no-M WieHe U NEePeXOnbl Yepe3 NaHHBIHA y3es He COBepIla-
forca. Ilpu ymeHbieHun (WM yBeJwdeHnH) IapameTpa h yciopue (14) 6ymeT mocsiefoBaTeIbHO BHINOI-
HATHCS Ijis ng + 1-ro, ng + 2-ro u T.1n. ypoBHe#t. TakuM 06pa3oM, BEpOSTHOCTH TYHHEJIMPOBAHHUS Yepe3
IaHHHIA y3es GyneT neproaMyecky oOpallaThcsd B HOJIb, M MBI IMeeM OCHHIIAINY KO3 duuneHTa Ipoxo-
xnenus B 3aBucumocTy oT h. Ha puc.4 npencrabiier rpaduk 3aBECHMOCTH KO3GbGUINEHTA IPOXOXKACHUS
U3 BTOpOIl SIYEHKN B NOCHENYIOMmHe (TPEThIO, YeTBepTyIo0), onpexensemoro kak 3. |Cu(T)|? (no ste-
XUT Ha PaHALe MEXIY BTOPO# M TpeTheil a4eiikamu), ot h yepes T = 40007, npu Vy = 3 (ua rpaduke
BMECTO YKa3aHHBIX BbIIlie HYJIEBHIX 3HaYeHHH K03G(UIUIHTA MPOXOXKAEHNS B3T3 MaJlad BeJIMUnHa). Ile-
pHOI OCHWIIANUHA K03¢hPUIINEHTa NPOXOXACHUS 3aBICAT OT BEJIMYNHBI IPHJIOXKEHHOTO MarHUTHOr'O MO,
coriacuo (14), no 3akoHy % = %0 H ABJISeTCA NepeMeHHol BesimuuHON. OnucaHHbe OCHMWIIAIMA UMEIOT
MECTO TOJIKO B PE30HAHCHOM HPHOJIMAKEHUM KOT[a PACCMAaTPUBAIOTCA TOJIBKO NMEPEXOIbl MEXAY Gimxaii-
muMy ypoBHMY JlaHzay ¥ BBHINOJIHEHO ycCiioBHe W K W.

B 3axji0ueHMN OTMETHM eIlle pa3 HEKOTOpHle MHTEPECHBle OCOGEHHOCTH M3y4yaeMoil cuctembl. [u-
HaMHKa Halllell CHCTeMbl COXPaHSeT OCHOBHEIE YEPTH B AWHAMMKe COOTBETCTBYIOIICH KJIACCHYECKOU CH-
creMbl. HecMoTps Ha TO, 4TO pe3oHaHCHas 06s1acTh B I'niib6epTOBOM IPOCTPAaHCTBE OrPaHUYEHA W AWHA-
MuauecKkue 6apbephl HIMEIOT KOHEUYHYIO NPO3PavyHOCTh, BCe COCTOAHUS ABJIAIOTCS JIOKAJIN30BaHHbIMHE. Jloka-
JIM3aIAs ABJISETCH CIASACTBHEM CHEJIAHHOTO B [3] mpenosoxeHns 0 AUCKPETHOCTH KBa3HIHEPTreTHYECKOrO
cnekTpa. To, ITO CHeKTp ABJIAETCA AUCKPETHHIM He OYEBHIHO MO TOW NpWYMHE, YTO MH mMeeM 6ecko-
HeYHOe YMCJIO YPOBHell B KOHEWHOM WHTepBaJle SHEPr'Hil, MIPWYeM OCHOBHAdA YaCTh YPOBHEN pacHoJIOXeHa
B6im3n Touku crymenas E = 0.

OTa paboTa ObliIa momJAepXaHa rpaiToM ['OCKOMBY3a MO HcClenOBaHUAM B o6i1acTH GyHAAMEHTAb-
HOTO eCTEeCTBO3HaHHS.

JImTepaTypa

1. T.Geisel, G.Radons, and J.Rubner, ”Kolmogorov - Arnold - Moser Barriers in the Quantum Dy-
namics of Chaotic System”,Phys. Rev. Lett., 1986, Vol.57, No 23, pp. 2883 - 2886.

2. T''M.3acnabckuit, P.3.Carnees, II.A.Ycuko, A.A.Yepunkos, Caabuiti Xaoc u Keasupeayagpuvie
Cmpyxmypwu, Mocksa, Hayka, 1990.

3. V.Ya.Demikhovskii, D.I.LKamenev, and G.A.Luna-Acosta, ”Quantum Resonance in an Intrinsically
Degenerated System. Nonlinear Cyclotron Ressonance.” Phys. Rev.E, October 1995.

4. A.Il. JInxren6epr, M.A.JIn6epman, Pezyagpnoe u cmozacmuuecxoe deuacenue Mockpa, Hayka,
1984, 'nasa 2.

TUNNELING PHENOMENA IN AN INTRINSICALLY
DEGENERATED SYSTEM

V. Ya. Demikhovskii, D. I. Kamenev

A role of the dynamical barriers in an evolution of a quantum Intrinsically Degenerated System (IDS)
is explored. The problem of the dynamical barriers in a quantum system was studied by T.Geisel at all
[1] for a model of kicked rotator in seach of interplay between the classical phase space structure and
quantum tunneling. They have shown that the quantum dynamical barriers are counterparts of KAM
- tori in a classical mechanics. The model of the kicked rotator is so-called accidentally degenerated
system (ADS). We have explored the phenomenon of dynamical barriers in the IDS. Qur model is a
charged particle, rotating in a uniform magnetic field and a field of a monochromatic wave, propagating
perpendicularly to the magnetic field direction when the condition of the resonance w = w, (w is the
frequency of the wave, w. is the cyclotron frequency ) is satisfied. By means of quasienergy eigenstates
we have explored an evolution of our system. All the quantum states turned out to be localized in the
Hilbert space in spite on infinity of the resonance zone in the space. For the near-resonance case it was
found that the resonance spans a finite region in the Hilbert space. This result is in correspondence with
the classical case where the resonance covers a finite area in the phace space (with small I, I-action).
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CAMOOPI'AHU3BAIINMOHHLIE IIPOLIECCHI

KPOBOCHAB2KEHNs B BUOJIOTNYECKHUX TKAHAX
B. H. Kinouxos, A. M. Peiiman .

Institute of Applied Physics of the Russian Academy of Sciences
46 Uljanov str., Nizhny Novgorod 603600, RUSSIA
E-mail: klochkov@appl.sci-nnov.ru

IIpegmoxeHrl MaTeMaTH4YeCKHE MOJEIH, ONMUCHIBAIOIIME NPOCTPAHCTBEHHO — BpeMerHyio AHHa UKy B
OTHeTbHOM MHKDPOCOCYfle H B TKaHH C KPOBEHOCHEIMM MHKpococypaMu. IIpu »Tom B ¢TeHKYy MHKpO-
COCYHOB BXOJAT I'IafKOMBIIUIEYHEIE BOIOKHA, 33 CY€T aKTHBHOCTH KOTOPHIX L.  4ACXO[MT H3MCHEHHe
NpoCBeTa M, Kak CIEICTBHE, PEryIALUA KPOBOTOKA. AXTHBAIMA MMeeT He TONLKO DIEKTPHYECKYIO,
HO M MeXaHMYeCKyIO NPHPONY. YYTEHO BIMAHHE CHBUTOBHIX HANPAXEHHH B CTEHKE Ha aKTHBALUIO
BONIOKOH, a TaKXe eHCTBHE I'PaBUTALUHU.

BBenenmne

Pacupepgenenue kpoBoTOKa B TKaHAX XKUBOTO OpraHU3Ma HeoHOpogHo. IIpu aTOM BaXHBIM ABIgEeTCH MO-
ReINpOBaHUe paclpefielleHNsa KpPOBOCHaGXeHNA B cOCyflaX U TKaHAX, a CIEOBATEIbHO U HACHIICHUE TKa~
Hell KUCIOPOJOM, DY MOMOUIYM HEIMHEMHBIX MaTeMaTHIeCKUX Mofelei. Mofenu [OMXHEB! KOIHYeCTBEHHO
U KayeCTBEHHO ONHMCHIBATh AMHAMMKY KPOBOCHabGXeHHS y4acTKa TKaHM, YTO IOJIE3HO [ MOHUMAaHHUSI
HEKOTOPHIX 6uodusndeckux u Pusnonorundeckux sdderros [1 — 4].

Ilpu usy4eHUN pacHpefeleHHRIX TBUXKEHUHA B KPOBEHOCHBIX M JUMQPaTHIeCKMX MUKPOCOCYHAX Cylie-
CTBEHHBIM fABIAETCA MaTeMaTH4eCKOe MOJEeINPOBaHHe aKTHBHBIX NPOLECCOB B [IAJKOMBIIIEYHOR CTEHKe
cocyfia ¥ FTHAPOfMHAMHKa KPOBH BHYTpH cocyna [5 — 13]. MaTepuan cTeHKH COCyla CIMTAETCA BASKOYIPY-
MM, BBOTUTCH aKTHBHOe HalpsXeHHe NIaJKOMBIUIEYHBIX BOJOKOH, 3aBHUciAllee OT fedopMalmy, HaOps-
XEeHHs, CKOPOCTell X M3MeHeHHus. [MapoguHaMuIeckas 4acTb MOJlellell €CTECTBEHHO CBOATCH K BaKOHY
Ilyaseinsa ¢ ydeToM cunbl TsxecTd. HccregoBaHBl cCaMOOPTaHUBAUMOHHBIE IPOIECCH B COCYTUCTOM CH-
cTeMe TKaHH C YJeTOM PasINYHBIX MEXaHM3MOB DeryndaliH KpoBoToka. IlocTpoeHBI gucnepcHOHHBIE
KpPUBBIE, IIOKAa3aHO CYIECTBOBAaHHE [IMHHOBOIHOBOH HEYCTOMYHBOCTH B COCYHAX 3a CIET aKTHBHOCTH
rIa{KOMBIIEYHBIX BOIOKOH. II0KasaHO cyllecTBOBaHHE PasiIMYHOro THIA aBTOBOJIH B cocyfe (moxanum-
BOBaHHBIX, IepeNafHbIX, COKpallleHns, pacuupernd). IlolryyeHs! HCCHIATHBHEIE CTPYKTYDPH MPOCBETA
cocyRa. Y4TeHO BIUfAHWe N3ruba M CHBUIa CTEHKH COCY[a, a TakXe BIugHHMe rpaBuTauuu. Ilomyden s¢-
$exT HeTMHEHHOr 0 TPAaHCHOPTa GHONOrMYecKOR XUAKOoCTH (KpOBH, TuM(BI) B MEKPOCOCYHe (IpH IOMOLIH
Teopun 6udypkanun Xonda), npudeM sp@exT MoxeT GLITH PA3HOI'O BHaKa B 3aBUCHMOCTHU OT BETMYUHBL
akTUBHON HenuHenHocTH). IlomydeHa Mofenb aBTOCTPYKTYP paclpefelleHMs KpOBOTOKa B TkaHH. Ha
OCHOBe DTOW MOJENM IPOBENEHbl aHATUTHYECKHE U YHUCIEHHble pacdeThl. IlOCTPOEHBI M MCCIENOBaHH B
€IMHOM ONUCAHUU HEKOTOpPHIe Pusnudeckre MOJENN aBTOBOIHOBOIO TUIIA OTeIbHBIX 3BeHbEB COCYTUCTOH
CHCTEMBI.

1 CTpykTyphl pacupefeleHui KPDOBOTOKAa B aKTHBHOM COCYJeE

MaTeMaTH4YecKas MOfieNb COCTOMT U3 BYX ypaBHeHHH ([ CTEHKHU U [us kufkocTH). TpeTbe ypaBHeHHE
go6aBiseTca Mg HapaMeTpa aKTHBHOCTH, KOTODHIM ONpeENenseTcd MeXaHUYeCKUMHU M DIEKTPUYeCKHMHU
BelWYdHAMH. OIeKTpUYeckoe BO3OYXKIeHME BafaeTcsd MeHCMeKepaMH, MMEIOUIMMHU XapaKTePHBIH PHTM
NyJNbCAIME U JOKAJIbHO PAaCIOIOXEHHBIMU MO [JJIMHE COCYTHCTOrO pycla.

TugpoguEaMudeckoe ypaBHEeHHE MOIYYEHO OCPETHEHHEM MCXONHBIX YPaBHEHUH IO CEYEHHUIO COCYAa,
ypaBHEHUE [[I1 CTEHKH COCYIa C IIIafKOU MBIUIIEN IOy Y€HO MPHU MOMOIIM OCPEXHEHUS IO CEYEHHIO CTEHK.
Och X pacmonoxeHa BAoib cocyfga. MsydaeTcs mNpocTpaHCTBEHHO — BpeMeHHOe NOBENEHHE COCyfa B
nepemenubIx x u t. Torga umeem

O0R pgR? OR 1 3 40D
ot T 4 (°59)%_16WR%(R 6z) 0 1)
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3pech p — TeKylllee BHYTPHCOCYIHCTOE JaBIEHNE; P = Pe(t) — BagaHHOe JaBleHMe BHe cocyja; R -
TeKylWui BHYTpeHHUH paguyc cocyna; Ro, h — ero HenepopMupOBaHHBIA PafiuyCc U TONINUHA CTEHKH; 4 —
MOJYIIb CABHUIA; {4 — JUHAMHUYECKUH K0o(PPUIMEHT BA3KOCTH MaTepualia CTeHKH; A — XapakTepHOe BpeMd
pelakcalldy MaTepualia CTeHKH IO HalPAXEHHIO; 1) — BABKOCTb XHUAKOCTH; p — INIOTHOCTh XUJKOCTH; g —
ycKopeHHe CBOGONHOTO NMajleHus; 6 — yroil MeX[y HalpaBleHHEM CHILL TAXKECTH U Ochio X (cM. puc.la).

Adp p—pe _

4u(R — Ro)

raet R T R
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@

v

R Hozz T Motaz2

Mapametp axTuBHOCTH ¥ = (¢, R, p, 0') mOABIsAETCSA N3—-3a HAIUYHA B CTEHKE COCY[a [IAKO— MbIlUeY-
HEIX CJI0eB ¥ BONOKOH. CyWeCTBYIOT THIIL COCYHOB, UMeIOLIMe PasIMIHYIO PErynsuio, NpuieM v 6ygeT
BaBHCETh OT COOTBETCTBYIOLIMX ONpPENENAIOIMX BEIUYMH: p, R, KacaTelbHOro HaNpPAXEHHS Ha CTEHKe
o = —(R/2)(0p/dz) u ppyrux. Ha puc.16, 2a nso6paxkeHsl XapakTepHble TNl KBasHCTATHYECKAX KPH-
BBIX, COOTBETCTBYIOIINX COCY[aM C pasiu4HOH perynanueit: S-tuna (y = v(p)) u N-tuna (y = v(R))
B nepeMeHHBIX (p, R), HEMOHOTOHHBIME ¥ MMEIOUMMY NAaJAOUWMH y9acToK, a Takxe o-tuna (y = y(o))
B nepeMeHHHX (R, 0), MOHOTOHHOMI 6e3 majalolero y4acTka. Bropas npousBofHas Mo MPOCTPAHCTBY B

(a)

(b)

YDaBHEHUH IS CTEHKH COCyHa CBA3aHa C y4eTOM CIBHUIOBBIX HedOpMalmid.

Pucysok 1: (a) cxema cocyga, (6) S u N — xapakTepiUCTHKY aKTHBHOTO COCYHA.

R

W

AP

(a)

(b)

Pucysok 2: (a) 0 — XxapakTepHCTHKa akKTHBHOTO COCYHa, (6) aBTOperyasuus KpoBOTOKa.

Knaccuueckas aBroperynsnus (HOCTOSHCTBO) kpoBoToka W IpH HSMeHEHHHM Nepenaja NaBleHUs
BIIOJb COCyfa Ap HNIIOCTPUPYyeTcs Ha puc.26 KpuBOHM 1, XOTOpast Ierxo CiefyeT, HalpUMep, U3 3aKOHa
Ilyaseins gas S—cocyna; npudeM npsAMas 2 XapakTepHa i XKeCTKOM TPYOKH, a KpuBas 3 — A ynpyro.
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1.1 ABTokonebaTelbHbIE IPOLECCHI

Jluneapusyem cucremy ypasaenmit (1) — (2). logcrasuss (p, R) ~ exp(iwt — k) moTy<9nM KOMILIEKCHO®

mucnepcnoHHOe ypaBHenue (B 6espasmepHoM Bupe) w = 10(k) + I(k), rue

G(1 4 4rk? + ¢*k% + rk*) — gmk?(4 — Q + k?)
(1 + 4rk2 + rk%)? + (gk)?

O(k) =k — (4acTora) / 3)

k2 m(4 — Q + k?)(1 + 4rk® + rk*) — rqGk%(4 + k?)

(1 + 4rk2 + rk%)? + (gk)? (urKpemeHT) (4)

I(k) =

BespasMepHble MapaMeTphl HMEIOT CIERYIOLINe BHIPAXEeHU:

naccusuele: 7 = Lh/(16nRo) (Baskuit), m = ph/(16wonRo) (ynpyruit);

akTuBHBIE: Q = vo/p (ocHoBHOM), ¢ = (h/2Ro)(8v/d0) (cpBurossii);

rpaBuTannoHHEI: G = pgRo/(4nwo),
Ifie wo — XapakTepHas 4acTOTa. AHalIM3 JUCIEPCHOHHBIX XapaKTePUCTHK MOKa3hIBaeT, YTO CYNeCTEY T
[MIMHHOBONHOBLIM MHKPEMEHT HEYCTOWYMBOCTH 3a C4eT JOCTATOYHO CHIbHOM aKTHBHOCTH IMIA{KOME! L7 et
HBIX BOJOKOH. LCIM mapaMeTp OCHOBHOM aKTHBHOCTH Q yBEIMYHBaeTCs, TO 06IACTh AIMHHOBOIHOB 3 O
MHKpeMeHTa pacuupsieTci. Ha puc.3 npefcTaBieHsl JUCIep CHOHHbIE KPUBbIE IPH HM3MEHEHHH apaMe't s
Q=:0;4;8(m=1;r=1;9=-2;G=0).

o I
0.4 =8
0.2 Q=0 0.2 &
0.110=4
-0.2
A k -0.4
4 6 8 10 -
-0.1 0.6
-0.8
-0.2 Q=8 -1

(a) (b)

PucyHok 3: gucnepcHoHHBIE KPHBBIE OT OCHOBHOW akTHBHOCTH Q: (a) 4acToTa, (6) HHKpEMEHT.

1.1.1 Cocyasl c peaknuen Ha KPOBOTOK

B sToM c1ygae gaBieHHe BHYTPH COCYAa MOXET OBITH IOCTOSHHBIM. J[aHHBIA THI pEryIalUu XapakTepeH
RIS MBIIIEYHBIX apTepudl guameTrpom 0,1-1,5 MMm. B gaHHOM Mojenn aKTUBHOE HAIpPSXKEHHE BaBUCUT OT
CIBUIOBOTO HaIpSXeHUs Ha cTeHKe cocyga: ¥ = (o). AHalus moxashelBaeT, YTO HaJIW4YWe TAKOIO PORa
peryIsanyuy MOXeT NPUBORUTH K CTaOHIN3ALUN, YCTONIMBOCTH MAlbIX BOBMYIIECHUH.

Ilpn yBenumdennu mapaMeTpa aKTHBHOIO CHBHTLOBOro HampsikeHus ¢ (¢ < 0) BeaM4uHa [IMHHOBOI-
HOBOro MHKpeMeHTa yMeHblIaeTcd. Ha puc.4 npegcTaBieHH [UCIEpCHOHHBIE KPUBHIE DU W3MEHEHUH '
mapaMeTpa ¢ =: —1;-3; -9 (m=1;r=1;,Q = 8;G =0).

1.1.2 BausaMe CHIBI THXECTH

BausHue rpaBuTanuu Ha TedeHHWE KPOBHM B cocyhe HeofHOsHa4yHo. [Ipm onpemeneHHBIX COOTHOLIEHUSAX
Mexpy napaMerpamu rpaputanud (G) u coBuroBoi axTHBHOCTH (g) 061acTh HEYCTOMYMBOCTH MOXET
BOSHHUKHYTH U pacuiuputca. Ha puc.5 npegcraBieHs! gucnep cCMOHHBIE KDUBBIE DX H3MEHEHNH lTapaMeTpa
G =:-8;0;5(m=1;7r=1;Q = 0;¢ = —1). 3gecb 061acTh HEYCTONIMBOCTU B OTIW4Me OT puc.3 u 4 ne
npuMbikaeT K k = 0.

BosHuxaioT nepuogudeckue MyabCalldi ¢ XapakKTEPHBIM [IEPHOTOM EIUHHUIBI CEKYHJ. OTH IYIbCALUU
ABIAIOTCA HEKMM HadalbHLIM mpoduieMm. HccregoBaHue SBONIOLMU DTOrO HA4albHOTO BO3MYIUEHHS IIO
coCygaM ApYTUX IOKOJEHHH MOKa3HIBaeT, YTO JOKAaIbHOE pacliupeHne cocyna OyfeT 9BOIMIONMOHMPOBATH
coriacHo 06061IeHHOroO ypaBHeHus Tuna Bioprepca. Bonblnas HeINHERHOCTD, TPUBOAALLAS K YKPYYEHAIO
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(b)

0.25

-0.25
-0.5
-0.75

-1
-1.25
-1.5 G=5

(a) (b)

Pucynox 5: gucnepcuonnbie Kpuble oT rpasutanuu G: (a) gacrora, (6) HHKpemeHT.

¢ponTa, onpegenseTcs ycKopeHHeM CBOGOJHOTO MafeHus. YKpydeHne $poHTa npoduiis MpONCXOTUT HO-
BOJILHO GEICTPO — 3a MONH CeKYHAH. B pesynpTaTe ms—38a JOCTATOYHO GONBIION CKOPOCTH PaclpoCTpa-
HeHHUs BOSMYIIEHUS MOTY4aloTCd KOPOTKHE BO BPEMEHH IyIpCalii Pafuyca COCyKa ¢ KPyThiM poHTOM
Ha ()oHEe Me[IEHHOrO PacHIMPEHMs COCYyfla 3a CYeT ero HaIONHEeHHUs KPOBBIO P {O3UPOBAHHEIX BOBJEH-
CTBHUSAX.

1.2 ABTOBOJIHOBBIE IIPOLECCHI

Mopens onuchiBaeT aBTOBOIHBLI B MalkIX apTepHaIbHBIX COCYRaX, a Takxke B IMMPaTUIECKHX COCYmax
guameTpoM oT 20 — 100 mxM o 1 — 2 MMm. CyumecTByIoT pabGoThl, Iie ONUCAHBI PKCIEPHMEHTAIBHO
HabmofaeMbie BOTHOBHIE NMpoOIecCH B cocyfax. lIpuBogaTca sHadeHHs ckopocTn V' pacnpocTpaHeHHs
pacuupenus cocyga ot 0,2 — 5 mm/c go 10 cm/c.

Hannuue majalomero yqactka B cocyfax S — u N — Tuna IpH ONpefeleHHBIX YCIOBHAX MOXeT JaTh
HeyCTOMYMBOCTh, NMPHUBORALLYIO K aBTOBONHaM. IIpm 5TOM XapaKTepHHI OPOCTPAHCTBEHHEI pasMep
aBTOBOJIHB MOXET OBIThH CYWECTBEHHO MeHble FIMHBI cocyfa. B cocyge MOryT CyL[eCTBOBaTh BOJHEI
PasIMYHOIO THIIa (NOKalM30BaHHbIE, NEpeNafHble, CKATHA, paclHpernd) (cM. puc.6-7Ta).

7 SN
= ) — T
J

(2) (b)

Pucynox 6: aBTOBONHBI B S—cocyfe: (a) jokaibHOe pacimpenue, (6) IoKalbHOE CXaTHe.

Kpome BhipaXKeHHBIX BOMHOBBIX IIPOLECCOB CYWeCTBYIOT KojlleGaTelbHble — Ba30OMOLUH (CHOHTaHHEIe
coxpamenna) ¢ yacroramu 0,05 — 2 I';. Bo3MOXHB KBaB3MCTOXaCTHYECKHE TBUXKEHUA.
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Paccunransl spdexTs TpancnopTa xugkocTu (KposH, 1uMPb1) B MEKpOCcocynax (IIpH NOMOILY T€OPUH

- 6upypkanun), mpudeM 5PPexT MoxeT GHITH KaK IPOKAYUBAIOUIAM, TaK U BaNUPAIOLMM B 3aBUCHMOCTH

OT BeNUYMHBI aKTUBHOM HelMHeHHOCTH. [N apTepHalbHBIX MEKPOCOCYNOB (S-THII) PacXOf KPOBH Yepes

COCY JIOKQNM30BaH B NpefelaX aBTOBOIHEHL, npudeM sPdekT aBTONpoKadku HeGombiwoh. [lnd cocypos

nmuMdarudeckoro pycia (N-Tun), B KOTOpOM OTCYTCTBYeT LEHTPAIbHBIA Hacoc (B OTAMYHE OT cepiua

‘K1 apTepHalbHOM CHCTEMBI) aBTOBONHA MEPENaJHOIO THIA OCYLIECTBIAET SHAYMTENbHYIO IPOKAadKYy,
- pUYeM HalIX4YMe KIANaHOB ONpeTeNdeT ee HAIpaBleHUe. ’

L IIDCOOGN)
= _

(a) (b)

Pucyi  7: (a) aBroBonna pacumpenus B N—cocype, (6) aBTOCTPYKTYpH B S—cocype.

1.3 Crosf4ne guccunaTUBHLIE CTPYKTYPBHI

CyurecTByIOT aBTOCTPYKTYDHI {HaMeTpa (mpocBeTa) cocyRa, Tak Ha3hIBaeMble CTOSYHE [UCCUTIATUBHEIE
cTpyKTypel. MX OoTHOCHTeNbHEIN XapaKTepHBIN MPOCTPAHCTBEHHHIM pasMep, KakK ClefyeT U3 aHAIU3a
MOfienH, NeXuT B npegenax 0,04-0,7; To ecTh — OT OYeHb YSKUX NEPEXATHHA KO JOCTATOYHO MIMDOKMX.
OpHEM I3 BaXHBIX PEXHMOB SBISETCSA CYUIeCTBOBaHME IIPH ONPENEICHHBIX NapaMeTPaX HENOJBIXKHEIX
CTPYKTYp, OXOXHUX Ha rodpupoBanuyio Tpybky (cm. puc.76).

2 IIpocTpaHcTBEHHBIE CTPYKTYPHl KDPOBOTOKAa B TKaHH

CTpykTypHas 0cO6€HHOCTL GHOTKAHY BAXIOYaETCA B HAIAYMHU CHIBHO PAsBETBICHHOH CETH KPOBEHOC-
HBIX COCY[[OB PasHOro nopsapka {kaauGpa). AXTUBHOCTH TKaHH CBA3aHa C INAKOMBILIEYHBEIMA KIeTKaMH,
BXOJSILIMMH B CTEHKY COCY[[OB, a TaKXe CO CKeJeTHOH MBILILNEH TKaHH, yIPaBIAeMOH HEPBHOM CHCTEMOH.
IpymHOCTH TONy4eHUA afeKBATHLIX ypaBHEHHH [ ONMCAHAS BOIHOBBIX ABHXEHHH CBA3AHbI C OCPETHe-
HHEM II0 NPOCTPAHCTBY C YI€TOM OTMeYeHHBIX CTPYKTYPHHIX ocob6eHHOCTell 6moTkaHM. IlocTpoenHule

D
Do

\%

Pucynox 8: Henuseitnas qadPysus.

MOJeI! NpU3BaHbl ONMMMCHIBATh TUCCUIIATUBHLIE CTPYKTYPHI (nﬁTHa Ha ITIOBEPXHOCTH TKa.HPI) ¥ BOJIHBI KpO-
BoHanmonHeHus. IlonydyeHa HennHeHasA MaTeMaTUdeCKasd MOEIb 6HONOTHYIECKON TKa-HH, COTiepXallell aK-
THBHBEIE KDOBEHOCHbIE MHKPOCOCY[H, HCIIONL3Y S IPUOIMKEHRE xByx(dasHOH cpefbl. Mcnonb30BaHbI ypas-
HEHUSA HepasphIBHOCTH (a3 U UX ypaBHeHHA JABHXKEHNA. IIpegnonaraercsd, 4TO0 WIOTHOCTU Pa3 paBHHI,
cpera (u q)a,:;u) HECKMMaeMbl, cCpefa IMHEHHO — ynpyrad H HEeIUHEeMHO — akTuBHasg. Hcmonn3oBaH 3a-
xoH QpunbTpanuu Japcu. Ilpere6peraeTcs UHEPUMOHHBIMH CIIAra€MBIMU {paccMaTpHBAIOTCA TOCTATOYHO
MeflJeHHbIe POLECCH), aKTUBHOE HAIPAXKeHAE CIMTAeTCH H30TPONHLIM (B cpegHEM MBIUIEYHEBIE BOJOKHA
MHMKDOCOCY[OB NepelieTeHbl TaK, YTO HET BBIZEIECHHOTO HanpaBlieHus). BosMOXHEI pasHble ciydan B
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SaBUCMMOCTH OT XapaKTepa HeluHeWHOM akTuBHOM QyHKuumu . IlycTs v saBucut ot gedopmanuu. To-
Ifia HeMHEWHOE yPaBHEHWE OTHOCUTENBHO IOPUCTOCTH TKaHU (06'bEMHOIO COflepXKAaHUSA KPOBH) ¢ MMeeT

BH[:
o¢ 8 d¢
T (Da_) (5)
D=D(4) = D0(1+U);U:ﬁ§%; o = (A+2u)f’1—¢o)k;ﬁ: /1\:2;5:l "

3mecs Do > 0 BKkmodaeT ynpyrocTh TBepgonl ¢asol (kospduumenTsl Jlame A M p), BABKOCTH KPOBH
(n), sdPexTuBHYIO MpOHHUIAeMOcTh KpoBH B TKaHH (k); U BKmO4aeT aKTHBHOCTb Y(¢), mpudeM ¢ -
¢onoBass mopucrocTh. B BaBucuMocTH oT BHaka M BenuduHbl U koodpduument puddysum D Moxer
6BITH KaK IONOXMTENbHEIM, TaK M OTPHIATelbHBIM. IlocieHuMI ciy4all UMeeT MecTO, eCliH YpOBeHb
aKTHBHOCTH TJaJKOMBIIIEYHBLIX DIEMEHTOB CpPElbl MOCTATOYHO BHICOK M pabovas TOYKa HAXOMUTCA Ha
nagaoueM ydacTke kpuson y(¢) (cM. puc.8).

Eciu B ucxogueix ypasuenusx (1)—-(2) mpene6peds BABKOCTBIO CTE€HKHM M ee U3rHGOM, a TakXke He
YYATHIBATh IPaBUTANAOHHEIE 5PQEKTHI, OCTABUTH UL AKTUBHOCTD, TO NOIYYUM ypaBHeHUe TUPPysH-
OHHOTrO THIa ¢ aKTUBHOCTHIO, O opMe coBnagaouee ¢ (5).
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PucyHOK 9: IMHAMHYecKHe CTPYKTYPhl KpOBOTOKA B TKaHH (5 monymepHomos).

Jlerko BUETH, 4TO B IMHEHHON 3ajlade UMeeTCH HEyCTOMIMBOCTb. MOXHO MOKasaTh MPSAMBIM MHTe-
IPHpOBAHNEM HelHMHeHHOro ypaBHeHHs (5) IO Bcelt ocH X OT -00 O +00, YTO CNPABEAINBEl HHBAPHAHTHI
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_ (MoMeHTHI) 0 BpeMeHUat 1711 QUHUTHBIX 3aBUCUMOCTAX @(z,t) u ¥(4). OTo o3HAYaeT, YTO MIOWATD MON

- puHATHOM KpuUBOM P(T,t) coxpaHsieTcs B M060H MOMEHT BpEMEHH; a TaKXKe COXPAHAETCHA LUEHTP TAKECTH
9TOM KPUBOM, YTO O3HaYaeT HeCMellleHue KpuBoi. MoMeHTHl 60liee BHICOKOTO IOPANKa, Booblie roBopH,
He COXpaHAIOTCH.
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Pucynox 10: guHaMudeckue CTPyKTyphl KpOBOTOKa B TKaHH (11 monynepuopos).

B o6uiem cryyae maTHa MoryT Kak GBI BHIpAacTaTbh W3 HAYaNbHHIX yCIOBHA. YHCIeHHEE peuieHEs
HONyYeHHBIX HEIMHEHMHBIX yPaBHEHHH JalOT IPOLECC UBMEHEHAS PAcCIpeeleHus 06beMHOTO COfepKaHMs
XUJKOCTH B TaKOH cpefie IPU Pa3iIMIHbIX YCIOBHAX (CM., Hanpumep, puc.9, 10).

IpegnoxenHoe MOfeNbHOE ONECAHNE COOTBETCTBYET HAGMIONEHUAM Ha cocyRax. ONucaHHbE ABICHAS
MOrLYT OBITH MCHONBb3OBAaHBI I ONEHKN MeXaHMYeCKMX IIapaMeTpPOB COCyfa M KPOBOTOKa, a TaKXe B
KaJecTBe TECTUPOBAHMA YPOBHA QYHKIUOHUPOBAHHUSA COCYRUCTON nepudepuu.

BnarogapaocTs ‘

llannas paGoTa BhINONHEeHa Npu PuHAHCOBOM MORAepxkKe Poccuiickoro Poupa CIDyH;(ameHTanbﬂmx nccre-
noBaHumii (xop mpoexkta N 94-02-06075).
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SELF-ORGANIZATION CIRCULATION IN TISSUE
B. N. Klochkov, A. M. Reiman '

The objective of proposed research work is to develop physical models for separate links of the
blood circulation system and to analyze the possibility of link matching, to investigate self-organization
processes in vascular system. This processes include autowave motion in single vessel with different
mechanisms of regulation of blood flow and nonuniform distribution blood in tissues. For investigate
this phenomena there are proposed to use continuum description of tissues with vessels network as active
medium and transport system, consisted of active links. This should help make up the idea of the
physical science contribution to a better knowledge of blood circulation. Regulation of blood flow in
active vessel is a result of action of pressure, deformation and velocity of blood flow on excitation vessel’s
soft muscle. Mathematical modeling show that there are existence of waves and vasomotion in vessels
(self-wave processes in blood and lymphatic microvessels, distributed oscillations of radius, fluid transport
effects). Influence of gravitation on dynamic structures of blood flow is investigated. The mechanics of
continuum approach include a two-phase model of tissue blood supply. Mathematical nonlinear model of
inhomogeneous distribution blood flow in tissue is received. This model describe the dissipative structures
(the spots on the surface of tissue) and blood filling waves.
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OINHAMNYECKUN KPUTEPUN KOJIJIATICA
B HEJIMHEMHOM YPABHEHUU MPEOVNHIEPA

I1. M. JIymankxoB

NucTuTyT TeopeTnyeckoi ¢pusnku um.JI.J1.Jlannay PAH,
yii. Kocuiruna, 2, I'CII-1, 117334, Mocksa, Poccus
T. 339 09 86 (m) e-mail: lushniko@landau.ac.ru

Pedepar

B cmiy omeHKH CHUM3y KMHETHYECKOM SHEPTHMU IOJIYdYEHO HOCTATOYHOE YCJIOBUE BOJIHOBOIO KOIWIANCa
B CcBepXKpuTudecKoM HemumeiiHoM ypasHenuu Illpenumrepa (HYII), yro mossonser HaseaTh Kpm-
Tepwil KOJUIAICa OWHAMHMYECKUM. BHIfBNeHa CBA3b QUHAMIYECKOrO KPUTEPHS C CIUIBHBIM DEXAMOM
xosutarica HYIII. YncnieHHsle pacdeTH NOATBEPXKAAIOT HEeTPUBMAIBLHOCTh AMHAMHMYECKOIO YCJIOBMIS
komanca. Vlcrommb3oBaBuIascs pW BHBOJE KPUTEpUs KOJUIAlCa AHAJIOTHUS C NBH)KEHNEM HbLIOTOHOB-
CKOMf 9aCTHIH B [OTEHIMAJIE NAET BO3MOXHOCTH OGOCLIMTH HOCTATOYHBIE YCJIOBUS KOJUIAIKA B palie
APYTUX HEJMHENHHX yPaBHEHMII B YACTHHIX IIPOM3BOXHEIX.

BostHOBHIE KOJUTAIICH MM 0Opa3oBaHME 33 KOHEUHOE BpeMsi OCOGEHHOCTEH B PEIUEHUSAX HEJUHEHHBLIX
YPaBHEHUI B YaCTHHIX IPOM3BOAHBIX MI'DAIOT BaXHYIO POJIb BO MHOTHX (PU3MYECKUX MOMEIAX B3aMMOJEH-
CTBHUSA HeJIMHEHHBIX BOJIH Kak 3b¢eKTHBHEIE MeXaHNU3MEL KOHIleHTpalud >Heprun. Cpenn Takux Monesieit
onHOIl U3 HamboJjlee YHMBEPCAJILHEIX ABJIAeTCA HesnHeliHoe ypaBHeHue Ipennurepa (HYII):

W+ Ay + Y[y =0, >0, (1)

ONHCHIBaloliee CaMONEHCTBHE BOJIHOBHIX IIAKETOB B CPeNaX C HeJIMHEHHOCThIO cTenenu 20 + 1. Haubosree
9acTo BeTpedaeTcs citydail o = 1, Torma HY I cayXuT Mozmesbio pacCHpOCTpaHeHHUs MOLIHOIO JIA3€PHOTO
HMITYJIbCa B Cpelie C HEHTPOM MHBepcHH (1], 5BoJOnUH JIEHTMIOPOBCKUX BOJIH B wiasMe (2] u T.a. HYII
MOXeT 6BHITh 3anncaHO B IaMHJILTOHOBOH opMe:

§H . 1
Wy = 3_17)7’ H = /(|V¢|2 — m|¢,|2cr+2)dnr @)

roe raMwibToHnaH H u yuciio yactun N = f |1[)|2dD T ABJIAIOTCA HHTErpaJlaMi ABHXeHus, a D— pa3mep-
HOCTB IIPOCTPAHCTBA. -
B xBaHTOBOIT Mexanuke (1) numeer 6ykBasnbHBI cMbIca ypaBHeHus lpenuwnrepa msns BostHOBO#M QyHK-

MM KOHZEHCAaTa CJabo HeMAeaJbHOro 6o3e rasa ¢ moTeHuuajoM nputsxenus U = —|¢|?? [3]. Ha aTom
ocHoBaHUMU 6ynem paccmarpuBaTh mid HYIIl kuHeTHueckyio K = Jiv U moTeHnuagbHyio U = —L"—"J'V—l)l

sueprun, rme X = [ |Vi[2dPr, Y = ;5 [|y)P7+2dPr.

Hannune xosanca B HYIII MOXHO yCTaHOBUTH M3 pacCMOTPEHHS SBOJIIOLNHE BO BPEMEHH BEJIMYHHBI
‘A = [r?|¢|2dPr, umeromeit cMBICT HeKOoTOpOIl CpenHeil IMPUHEI HAaYaJbLHOTO pacmpeneienms ||, Mc-
nonb3ys (1), mosydaeM AJIs IepBOM NPOU3BONHON IO BPEMEHH:

A = 2i/xa(a¢*¢— 9% *)dPr, (3)

% Oz,

rie Mo MOBTOPAIOHIMMCS MHIeKcaM naeT cymmupoBaHue. IloBropHoe nuddepeHnupoBanne BeJIMYUHE A,
O BpEMEHM M MocjleAyiolliee MHTErPHPOBaHHE MO YacCTAM NPHUBOAAT K PaBEeHCTBY, YacCTO HA3HLIBAEMOMY
TeopeMoil BUpHAJIA:

40D

Ay = s/ |Vy|2dPr — | /|¢|2°+2dDr =40DH — 4(ocD - 2) / |Vy|2dPr. (4)

B cayvae 0D > 2 u3 nocsieiHero HEpaBeHCTBA CIIEAYET:
Att S 4DocH (5)

u npu H < 0 noJyioXnTesIbHO ONpenesicHHas BesinuuHa A cTaHOBHTCA B cuiy (1) oTpunaTensHOi 3a KOHEY-
HOe BpeMs, YTO O3Ha4YaeT MOABJICHHE CHHTYJIAPHOCTH B pemtennu aanHoro HYII [2, 4]. Tlpuyem ymeHb-
IIeHWe BeJIMYUHBI A BOIM3M TOYKH KOJUIAICA CBUIETENILCTBYET O CaMOMOKYCHPOBKE (CXKATUM) UCXOMHOTO
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BOJTHOBOTO mydka. B ciydae H > 0, 0D > 2 Bo3aMOXeH Kak KOJIUIANC, TakK I PacIVILIBAHME HAYaAJILHOTO
BO3MyIIEeHUs. XOTs B6IA3M TOYKM obpasoBanns cuHrysdsgpHocTH HYIII TepseT cBOIO MPHMMEHHMOCTSH U B
[eficTBUe BCTYNAIOT JUCCANATUBHbBIE WK KaKUe-JIN00 Npyrue OrpaHNYNTENbHbIE MEXAaHU3MEI, 3HAaYNTEIb-
HOe CXaTHe BOJIHOBOrO MakeTa MOXeT 6uTh onncaHo B pamkax HYI. Konnanc Takum o6pasoM okasbi-
BaeTCq 3pPEKTUBHLIM MEXaHM3MOM AMCCHIIALME SHEPrUM. B 3Toil CBA3M OKa3HIBaeTCI BECbMa BaXHBIM
yMeTb NIPeACKa3biBaTh HAJIMYNE WIN OTCYTCTBUE KOJIANCA VIS Pa3jInYHbIX KJIaCCOB HAYaJIbHEIX YCJIOBHIL.
Ilpu 0D < 2 xosutanc HeBo3MOXeH [5]. 3Hadenme oD = 2 ABiieTCS KPUTHIECKHM, a 3aBUCHMOCTb A(t)
TIOJIHOCTBIO ONpeNesiseTcs TeopeMoil Bupuaia {4). Besne Huxe 6yneT paccMaTpMBaThCA Hambosiee Bax-
Hoe B npuwitoxenusx cBepxkpurndeckoe HYIl ¢ D = 3, o = 1. Bce pe3ynbTaThl OMHAKO TPUBHAILHO
obobmaroTca avis Jioboro cepxkpuTHdeckoro (oD > 2) HYI. B paccMaTpuBaeMoM cilyyae NOCTaTOUYHOE
ycioBue Kosutanca H < 0 68110 3HaunTeNbHO yTOouHeHO B [5]. Bruio Haiimeno,uto nmpr X > Xy u3 (4)
cJleflyeT HEPaBEHCTBO:

Ay < 12(H — Hy), (6)

roe XN u Hy - 3Hauenns BesmauH X 1 H Ha OCHOBHOM COJINTOHHOM pellieHHH ypaBHeHHs (1) :
¥o = AR(AE)e*™, -A’R+ AR+ R®*=0, ()

npudem A2 = NTV'-?, No = 1894, Hy = %92-, XN = 1%& OnHOBpeMeHHO 6BUIO NMOKa3aHO, 4TO NpH
H < Hy, X < XN uMeeT MecTo Ied)OKyCHpOBKa (T.e. pacIUIbIBaHHE MCXOTHOTO BOJIHOBOTO NAKeTa).
YuciieHHbIe pacyeTHl MOKa3biBaloT, 4To npu H > Hy BO3MOXHBI KaK KOJIJIAIC, TaK U AepOKYCHPOBKa.
CorJacro (5) kosutanc 3aBenoMo 6yneT uMeTh MecTo npu yciosru ([5]):

Atli=o < —4\/HA|t=0, H > 0. (8)

B macTosmelt paboTe HaiiZieHO IOCTATOYHOE YCJIOBHE KOJLIANCA, OCHOBAHHOE Ha OLEHKe KHHETHYECKOM
sHeprun HYIIl. OTo mosBosifeT Ha3BaTh, C HEKOTOPON CTENEHBIO YCJIOBHOCTH, MOJIYYEHHBIH KpHTEpHit
KoJutanca ” AMHaMUYeCKUM” | B OTJIMYHE OT ” CTATHYECKOro” KpUTepus [5)], rie oneHnBaIach MOTEHIHAID-
Had 5Heprud. JImHaMmJYecKmii KpUTepHil KOJUIAICa eCTeCTBEHHBIM 06pa3oM IONOJHSAET pPe3ysbTaTH [5).
B uvacTHOCTH, Ha OCHOBaHMM HCCIJICNOBAHHS I'ayCCOBHIX HAaYaJbHHIX yCJIOBHil, 6yZeT YOKa3aHO, 4TO NpH
H > Hy »toT XpuTepnit MoXeT NpeICKa3blBaTh KOJUIAIlC M NpH HapymeHun HepaBeHcTBa (8). Kpome
TOro, 6yzIeT BHIABJIECHA CBI3b NUHAMHUYECKOIO KDUTEPHS KOJUIAICA C PEXXUMOM TaK Ha3hIBAEMOI'O CHJILHOTO
koiutanca HYIII ([6]).

Monaras ¢ = Re*® (R = |¢|) u ncnonnsys nanee HepasencTBo Kommn-ByHsakoBckoro, mosmyuaem u3

TeopeMH BEpHaJa (3) :
< 4\// r2l¢|2dDr\/‘/(6¢)2R2dDr. (9)

B Toxe Bpems, X MOXHO IEPENHCATDH CJEAYIOMMM 00pa3oM:

_ 8¢

zo—R2dPr
T o

X= / |Vy|2dPr = / (VR)?dPr + / (Vé)2R2dPr, (10)

a 9ucyIo YacTn N CBA3aTh C BEeJIMYMHOM A :

= 2 -
N=[wpar=-3 [@IRRS -5\/ [ravieaor | [(Gryar. (11)

Hcnonbays (9) — (11) u Bcnomuuas, 4To Mul nojioxmwi D = 3, o = 1, nonygaem m3 (4) ocHoBHoe
nuddepernnaIbHOE HEPaBEHCTBO:

Ay =12H - 4 f [Vy|?d®r < 12H — 9— — 2L, (12)
C nomompio 3aMerbl A = B% 5To HepaBeHCTBO NpHOGPETAET BHUA:

1 45 N2
B¢¢S15HB5 _Tﬁ, (13)
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nonycxalomnﬁ IIPOCTYIO MEXaHUYECKYIO 3aHAJIOI'HIO. YTo6H IOHATH €€ 3aMUIIEM 3TO HEPAaBEHCTBO B BHIE

paBeHCTBa:

45 N?
B, = s — —— — g%t
e = 15HB% 151 g°(t), (14)

rae g2(t) - HeKOTopaﬂ HEHM3BeCTHas HeoTpHUaTesbHad GyHkuusa BpeMeHn. Torma B umeer cmmc.n KO-
OPAMHATHI ”4acTHUbl”, ABHXKYIIEHCS NMOX HEHCTBHEM ABYX CHJI: KOHCepBaTHBHOW cwibl F) = —-—7; C

NIOTEHIIAJIOM:

U(B) = -—2—HB + 2§5N B} (15)

H JIOTIONTHUTENILHOM cHitkl fz = —g%(t), TaHymeR qacTuny K Havyasy koopausaT B = 0. 3a cueT 5Toit cuiibt

3Hepr1m “yacTHOE” 3aBHCHT OT BpemeHH: E(t) = %Z + U(B). Komtancy cooTBETCTBYET HOCTHXKeHHE

”yacTHuell” Hayajla KOODAMHAT 3a KOHeuHoe BpeMsd. IIpnueM ecym ”vyacTHIa” NOCTHIHET HyJs Ge3 ydera
cubl —g2(t), TO OHa MOMABHO NOCTHTHET HYJIS IPH ydYeTe TOM JONOJHHTEILHON OTPHAUATEIHHON CHIIHL.
Ilpu H < 0 wacTuna Bcerna ymajeT B HadaJjio KoopAWHAT. Besnme manee GynmeM paccMaTpHBaTh CIydail

H > 0, torma noreHnuaibHas sHeprus U(B) mmeer Gapbep ¢ MakcuMymoM B Touke B = By, rze

5
2\ 1
B, = (%—1}’{) . 3nauenne sueprun E,, = U(B,,) aBiasdeTca KPUTHYECKHM, TaK KaK YaCTHULA CMOXeET

npeonoseBaTh 6apbep Toibko npu E(0) > E,,.' OTo maeT HOCTAaTOMHBIE YCIOBHS KOJLIAICA!

a) mpu B(t = 0) < By,, E(0) < E,, ”"vyacTuna” He CMOXET NEPeBAJIHTH Gapbep BIPABO U MOITOMY
BCerga ynageT B HyJIb 33 KOHEYHOE BPEMS;

b) npu E(0) > E,,, B:(t =0) < 0 ”vacTuua” rapaHTHPOBAaHHO NEPEBAJIUT 6a.pbep CIpaBa-HaJIeBO B
cayqae B(t = 0) > By, #, COOTBETCTBEHHO, ynaJeT B HyJb 33 KOHEYHOEe BpeMs; TeM GoJiee OHa ymaleT B
Hysib B ciiydae B(t = 0) < By,

PaccMmoTpuM noBeznenne pemenus ypasHenus (14) npu B — 0, B; < 0, cooTBeTCTBYIOIIEe KOJITAIICH-
pylolieMy pellleHH0. B 3TOM ciiy4yae BeJIMYMHEI B%, B# apasioTcs ucuesaiome MabIMH U, npeHeGperas
UM, TIOJIYyYaeM NOCje ABYXKPATHOTO MHTEPUPOBAHUA 3TOTO ypPaBHEHUS:

t“
/ \/215 (to) = [ 2()Budt'dt” < —/2E(e)(t — to),
to

roe B(tg) =0, t < to. Mun BosBpamasch K mepeMeHHOi A :

A= B% < (2E(to))? (to — ) 3. (16)

3ameTumM, uyTo A; obpaiaeTcs B —00 B Touke ¢t = tg, B OTJINYME OT MCIOJIb30BaBIINXCA paHee KpUTepUEB
Kosutanca (2, 5], rae manenue ”yacTuns” B HyJIb IIPONCXOAMIIO C KOHEUHO# ckopocThio A;. Tak, coriacHo
(6), mpu A -0, A; < 0 umeem: .

A(t) < 12(H — Hn)to(t — to) 17)

IosTomy kpurepmii (12) obecneunBaeT GOJBIIYIO CKOPOCTH NMaJeHHsA ”YacTHIB” B HaYaJlo KOODAWHAT,
gyem (6). HaubospIumii METepec MpeNCTaBJIAeT ONHAKO He CKOPOCTH MaJieHHs caMa o cebe, a Bpemsd ma-
neuns B Hydb: A(to) = 0. OrTo Bpems 6yzmeT, Boobiue rosops, pasmudabiM s (17) u (16). O6o3naunm
3TO BpeMsl 4epe3 toq ¥ top Wik (16) u (17) cooTBeTcTBeHHO. A uyepes A g A®) _ coorBercTByOmEe
pewenns ypasHeHuit (6) u (12), re 3Hak# HEpaBEeHCTB 3aMeHeHEI Ha TOYHEIE paBeHCTBa. IlycTh mpm
t = t; HavYaJIbHEIE YCJIOBHA i1 OOOMX pellleHHil COBIANaloT:

AD@) = AO®),  AP) = AP t) <o. (18)

IIpu 3ToM Aleb) (t;) monaraioTcs JOCTATOYHO MaJILIMH, UTOOHI 1pu ¢ < ; OLUIH CHPaBeIIMBH 3aBHCHMOCTH -
(17) u (16). Honcrasass ux B (18), nosyyaeM, uTo top < toa. Takum obpasom, kpuTepnit (12) obecneqn-
BaeT 6oJiee GHICTpOE, NP OMMHAKOBLIX HAYaJbHBIX YCJOBHAX, HOCTHXKeHHe Hys, 4eM (6). [Tomyepkuem,
4TO 3TOT Pe3y/IbTAT MOJy4eH TOJIBKO JUIS aCHMITOTHYeCKoi obiacTu A(t) — 0.

Pexum (16) obpaienns A B HyJIb COOTBETCTBYeT TaK Ha3bIBa€MOMY CHJILHOMY KOJLIAICy ypPaBHEHHS
(1) - KBa3sHKJIACCHYECKOMY CXKATHIO BOJIHOBOTO makeTa [6]. IIpu cuiibHOM pexxnMe koJu1anca B 0COGEHHOCTD
3aXBaTHIBAeTCS KOHEYHas 3HEPrus B NPOTHUBOIOJIOXKHOCTH CIaGoMy Kosutancy [6], mpu KOTOpOM B TOUKY
0COBEHHOCTH MomanaeT GOPMAJILHO TOBOPS HyJeBas SHeprusd. OJTO CBA3aHO C TeM, YTO CIabhlil KoJuTamnc
OIKCHIBAETCS aBTOMOMEIBHBIM PellleHueM

1 r
v= (to — t)%+iaX((to -t)2

), a=0545..., (19)
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CIpaBelJINBLIM JIMIIL B O PAHMYEHHOH OKPECTHOCTY TOYKM CHHTYJISPHOCTH M C yY€TOM 3TOro B KOJIIAIC
3aXBaTHIBAETCS KOHEUYHOE KOJUIMYECTBO SHEPTHH, ONpENe/IieMOe XapaKTEPHbIMUI 3HAYeHUAMH ||, npu Ko-
TOPHIX HapyIIaeTC NPAMEHMMOCTH ypasHeHns (1).

YnciieHHBIE ¥ aHAJNTUYECKME HCCICHOBAaHWS IOKa3bIBAIOT, YTO Ha IPaKTHKe peasiu3yeTcd CJIabuli
KOJIIAIIC, 3 CHJILHBI OKa3biBaeTCs HeyCTOM4uBHIM [6, 7). OnHako nosiydeHHBI BhIllle KpUTEPHI KOJIIANCA
(12) ”mrgero He 3HaeT” 06 yCTOMYMBOCTH MM HEYCTOMIMBOCTH KOHKpeTHBIX pemenuit HY I u ykasuiaer
Ha CyIIeCTBOBaHME pellleHHii, obpallalomuxcs B HyJab 6ojee 6bicTpo, yeM pemenue (19). Hecmorps nHa
TO, YTO HAHHBIA KPUTepHUil ABJISETCH HOCTATOYHHIM, HO He HEOOXONUMBIM, OH JlaeT HMXKHIOIO OIEHKY
3aBucuMocT A(t), COBIAaJAOUIYI0O C OTBETOM, OTBEYAIOIHUM PeXHUMY CWIBHOIO KoJulamca. B JacTHoM
CJIydae KBa3UKJIACCHYECKUX HAYaJIbHBIX YCJIOBHI CIVIBHBIA KOJIAIIC MOXeT HabJIofaThCs B YNCJIEHHOM
cyeTe, I'Jie HEYCTONYMBOCTD HE YCIEBaeT Pa3pyMIATh 3aBUCHMOCTB A ~ (o — t)% [9].

B pabore [5] 6bu1a nokasaHa ocobas posib OCHOBHOTO cosinToHHOro pemeHus (7). Ha sToM pemenun
HepaBeHCTBO (6) mpeBpainaeTcs B TOYHOe PaBEHCTBO M HeGosbmme Bapuanuy (7) MOTYT NPHUBECTH KakK K
KOJLTAIICHPYIONINM, TaK ¥ nedoKycupymuM (pacmibiBalomumcs) pemeHusM. HaiineM Temeph npu kakmx
HavyaJIbHEIX YCJIOBHSIX auddepeHnranbHOe HepaBeHCTBO (12) mpeBpaiaeTcs B TO4HOe paBeHCTBO. s
5TOr0 NOCTATOYHO 3aMETHTh, YTO C KBAHTOBOMEXaHMYECKOR TOUKHM 3peHus HepaBeHcTBa (9) — (11) npen-
CTaBJILIOT COO0il COOTHOLIEHU HeonpeneieHHOCTH ['eiizeHGepra. OTH HepaBeHCTBA CTAHOBATCS TOYHBLIMM
Ha KJjacce (pyHKIIHN:

2 iep2
d)o — pe ar IKkT , (20)
rie p,Kk - NpoU3BoJbHBIE yucia, o > 0. Ilug HavaubHeX ycioBu#t (20) Benuuwunbl Ali—o, Atli=o, H, N
3
BHIUHCISIOTCA sBHO. K mpumepy, npu k = 0, p?/a = 25/2 nonygaem: -Ef—N =15 ~138..., Bl=o=

(1)
B, Btlt=0 = 0, T.e. ”4yacTHna” HaXOOUTCA Ha BepiuuHe Gapbepa ¢ HyJIEBOH HaYaJIbHON CKopocThio. Ecin

Tenepb, OCTABJIAA HEM3MEeHHBIM OTHOIeHNe p? /a, NONOXUTE £ = §2, rie 62 - CKOJIb YTOMHO MaJIoe TOJIOXKH-
TeJIbHOE YUCJIO, TO HadaJjbHas CKOpocThb Bili=o < 0 u kpuTepwmii (12) rapaHTUpyeT HaJluuMe KoJLIamca.
IIpn >ToM HepaBeHCTBO (8) OKa3bIBaeTC HapyIIeHHHIM NPM YKa3aHHBIX 3HaUeHHSX IIapaMeTpOB P, K,
HOCKOJIbKY HadaJjibHas ”CKOpOCTh” Bili=¢o MOXET 6bITH B34Ta CKOJIb YromHO 6iu3koll K Hysio. IlosTomy
KpuTepHii [5] He IpenCKa3BIBaeT KOJIAIC B TOM CJIydYae ¥ AaHHBIA YaCTHHINA BIA HAYaJILHBIX yCJIOBHIl TIO-
Ka3hIBaeT HETPHBUAJIBHOCTH AMHAMIYECKOTO KpUTepHs KoJlanca. B Toxe Bpems, mid (20) cymecTsyer
obnacts mapameTpoB, rie H/Hy > 1, &k > 0, npudem kax kpurepnit (12), Tak u [5] npeackassiBaioT
KoJutanc. AHaJIOTMYHBIE PE3YJIbTATH MOTYT OBITH NOJYYEHH U IJIS TMIIEPrayCCOBBIX HAYAJILHBIX yCJIOBHIA
o = pexp(—ar” — ikr™), n > 1. OgHako yxXe B 3TOM Cilydae obJIacTh 3HAUEHUIl MapaMeTpOB p, K, a,
IIS KOTOPO# TOJIBKO AMHAMUYECKUH KPUTEPHil MPeACKa3blBaeT KOJUIAINC, CHIHHO M3MEHSETCS C POCTOM
BestnunHb 1. [losTOMy 5Ta 06/1aCTh CyLIECTBEHHBIM O6Pa30M 3aBUCHT OT HAaYaJIbHBEIX YCJIOBHH U, B OTJIH-
4pe OT KPUTEpHs KOJLIAICA [5], MO-BUAMMOMY He MOXET ObITH OlpelesieHa B ODILIEM CiIydae B TEPMHHAX
unTerpaiio npuxenus H, N. TaxuM obpasom npu H > Hy KOHCTPYKTHBHBIN IIYTh IJIs1 BHIICHEHHUS BO3-
MOXHOCTH KOJIIAIICa COCTOUT B MCCJ/ICIOBAHUM KaK BHINOJIHEHHUA HepaBeHCTBA (8), Tak M MNHAMHYECKOTO
kputepus (12). B ciyyae H < Hy HcuepnslBalomuii OTBET HaH B [5] M EpMMeHeHHe AMHAMIYECKOTO
KpUTepHd W3JIUIIHE, XOTS ¥ B 3TOil 0OJIaCTH OH MOXET NPeACKa3HBaTh HaJIM4YHe KOJUJIAICA.

YuciieHHBIA 5KCIIEPHMEHT HOKa3aJl, YTO IIPH I'ayCCOBBIX HavaJIbHBIX YCJIOBUSAX 3aBHCHMOCTH A(t), Hail-
[eHHBble KaK NPSMbIM YMCJICHHBIM HHTerpupoBaHueM (1), Tak M MHTerpupoBaHHeM ypaBHeHus (14), rzme
wien —g?(t) mosarasics npeHe6PeUMO MaJIBIM, COBIIAAAIOT C XOPOIUEH TOYHOCTHIO BIVIOTH [0 TOYKH KOJI-
sanca. YucneHHwll pacyeT nposoawica npu D =3, o = 1 nid chepnuecKn-CHMMETPHYHOTO ypPaBHEHUS
(1) co cxemoii THIa NPeNNKTOP-KOPPEKTOP C I'PaHUYHBLIME YCJIOBHSMM, aHAJIOTHYHBLIMHU HCIIOJIb30BAaBILH-
Mucs B [7] 1 HadasIbHBIM yciioBueM (20). Kounnanc peajibHO HacTynaeT npe A > 0, OH ABJISETCH CIa6HIM I
B OKPECTHOCTH TOYKM CHHIYJISPHOCTH CJefyeT aBToMonedbHOMY 3akoHy (19). Tak kak kosutanc ciabniit,
TO B HEro 3aXBaTHIBAETCS TOJLKO KOHEYHas [OJIA MOJIHOTO YMCJa YacTull N, a BKJAad OT KOJUIAICHDY-
follell o6yacTH B A OKa3pIBaeTCs NpeHeGpeXuMo MaJjibiM npu ¢ — o 1 B 3TOM npefeie nuHamuka A(t)
onpeneseTcs MEIVIEHHO SBOJIIOMMOHMPYIOINMA XBOCTaMH pacupezeieHus |P|. OTo obwbiacHseT, nodeMy
kputepuii (12) npaBWIbHO ONUCHIBaeT OMHAMHUKY A(t) BIVIOTH 10 cCaMOif TOYKH KOJLIAICa.

IIpu HekOTOpBIX mapaMeTpax KOJIIAIC BO3MOXEH [axe IPH ycJioBuH Bo3pacTanud A(t). B wactaocTn,
1A TayCCOBBIX HAYaJILHEIX YCJIOBHIL 3T0 OyneT uMeTh Mecroipu £ = 0, a =0, 2.0768... < p < 2.3774...
OTta obnacTh mapaMeTpoB He MOXeT OHITh omucaHa KpuTepueM kosutanca (12). Takum obpasom, mis
FayCCOBLIX HaYaJIbHEIX yCJIOBMH TOYHOCTb KpUTepHs Kosutamnca (12) okasbiBaeTcs GJIM3KOM K TOYHOCTH
JOCTaTOYHOTO yCJIoBHs KoJutanica B kputudeckoM oD = 2 HYIII [4], rne, xak ciaenyer u3 (4), nunamuka
A(t) u3BecTHa TouHO. B 3TOM CiTyyae kosutanc 3aBenoMo npoucxomut npu H < 0, onHako oH Bo3MOXeH
n npu yciosuu BospacTanus A npu H > 0 [8]. Ykasannas aHajiorms Mexny TOYHOCTBIO KpUTEPHEB
kosnanca B 3D m 2D HOCUT ONHAKO OYEHb OTPAaHUUYEHHBIN XapaKTep, MOCKOJBLKY OHA MMEEeT MECTO AJIs
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YacTHOTO KJIacca HavYaJIbHEIX yciioBuil cBepxkpuTudeckoro HYIII. JInd HerayccoBhIX HaYaJILHBIX YCJIOBUI
TOYHOCTH KpHTepHs Kosianca (12) yxynmaeTcs 1 OH B JIydIeM CJIydae MOXeT JaBaTh JIHIIb KaYeCTBEHHO
BepHyIO nuHamMuky A(t).

TTomumo HY I mocraToydsie yCjIoBUA KOJIIAICA MOy YeHH VI PAa3IMIHBIX MONUGUKANNH ypaBHEHUS
Byccunecka [10, 11], TpexmepHoro kybudeckoro ypasaenus Kanomuena-Ilersuamsuiin [12], Henureitnoro
ypaBrenus Kieitna-I'opaona [13]. Anasnormuso (12) Bce n3BecTHBIE Maxopupyomue auddepeHuuaIbHEe
HepaBEHCTBAa, MCIOJIb3yeMble IIDH BEIBOJE HOCTATOYHHIX YCJIOBHMH KOJUIAINCA, MOTYT OBITH NpHUBEOEHHl K
ypaBHeHuio HeloTOHa IU1s ABMXEHHUS YACTHUIEI C KOOPAUHATOR R non neficTBHEM MOTEHIUAILHOM CHTEL B
LOTIOJIHUTEHLHON 3HAKONOCTOSHHOM cuiibl ag(t)?, rae R - HeKOTOpas NMOJOXUTENBLHO ONpe/iesieHHAas BeJTH-
4gHa, a = const. B 3aBUCHMOCTH OT 3HaKa @ BO3MOXHBI JIB€ CATYaIMM:

1) @ < 0 Eciu nosioXuTesIbHO oNpeliesieHHAas BeJIMYMHA R NOCTHrHET HyJIs 3a KOHEYHOe BpeMs Ge3
ydeTa cuiibl ag?(t), TO OHa 3aBElIOMO NOCTHUTHET HYJIS W IIPH ydeTe 3TOH OTPHIATENLHOM CHIEI. DTOMY
CiIydalo COOTBETCTBYIOT KpuTepuu Koswtanca HYIII [5] u (12).

ii) @ > 0 Ecyin xoopaunaTra 9actuus R obpaTuTcs B 6ECKOHEYHOCTH 3a KOHEYHOe BpeMs 6e3 yueTa
IOJIOXATENBHON CHIEl ag?(t), To oHa 3aBeoMO OGPATHTCH B 6ECKOHEYHOCTD NP H0GABJIEHHN STOM CHJIEL.
OTOMy CJIy4alo COOTBETCTBYIOT KPATEPHH KOJUIANCA VIS ypaBHEHNA ByccHHecka M HeJIRREAHOTO ypaBHe-
g Kneitna-Topacaa.

3aMeTHM, 94TO NMOJIyYeHHBIE YCJIOBHS 1),ii) sBiIs0TCA Goslee OGIIMMH, YeM PacCMaTPHUBABIINECS paHee
[6], mockosbKy He HaJslaraloT orpaHMdenmit Ha 3HaK Rili—o. K mpumepy, 3To mosBosseT oTKa3aThCs OT
ycioBus Re|t=o > 0 B pabote [14]. Ycinosnue ii) o6o6maeT Takxe pesyibTaT [15], corsiaceo KoTopoMy npu
a > 0 m1g KoJIanca JOCTATOYHO, YTOOH MOTEHIHAIbHAA CHIIa, ACHCTBYIOIIas Ha YacTHIy ObLla BCernaa
IIOJIOXKHUTEILHON (KOHEYHO 3IECh HOAPA3YMEBAETCH, YTO MOTEHIMAJ CHAaJaeT HOCTATOYHO KPYTO, ITOBHI
IPUBECTH K KOJUIAICY ). '

B 3akimiouenne aprop 6naromaput E.A.KysHenoBa 3a mosesubie obcyxnenus. IlanHas paboTa Bh-
nosiHeHa mpu monzepxke Poccmiickoro ¢onna ¢dynmameRTadbHbIX nccienopanuit (pant 94-01-00898) u
INTAS (T'pant 93-2492) B pamkax nporpammsl Mexaynapoasoro Ilenrpa ®ynnamentansroit Pusnky B
Mockse.
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DYNAMICAL COLLAPSE CRITERION
FOR NONLINEAR SCHRODINGER EQUATION

I1. M. JIymankoB

Wave collapse or the formation of singularities in the wave systems in a finite time plays an important
role in various branches of physics as one of the most effective mechanism for the localization of the wave
energy. From the mathematical point of view, collapse means that the solution of Cauchy problem for
some evolution partial differential equation exists only for finite time until some definite moment ¢y and
can not be continued for ¢ > to. The nonlinear Schrodinger equation (NLSE)

W + A+ |92 =0, o> 0,

which is a generic equation modelling a variety of wave phenomena, plays a central role in the wave
collapse theory. The development of collapse is associated with a spatial contraction of wave packet.
Near to the singularity point NLSE loses its applicability and the growth of amplitude is quenched by
some dissipative or any other effects. So the collapse is very effective mechanism of energy dissipation.
An important physical task is therefore to find some criteria for the existence of collapse for different
classes of initial conditions.

NLSE has integrals of motions such as the Hamiltonian: (2) and the number of particles: N =
J |¥|?dPr. According to the so-called virial theorem [2, 4] for the NLSE we have:

46D

—_ v 24D,
Att—B/lV¢|dT 0+1

/ [¢|?29+2dPr = 46 DH — 4(0D - 2) / |Vy|2dPr,
where A = [ r%|9|2dPr is proportional to the mean-square size of the distribution. Vanishing of A4 in
a finite time imply the formation of singularity in NLSE. According to the virial thorem it takes place
for example if H < 0, 0D > 2. We study the case H > 0, 0 = 1, D = 3 as the most interesting one in
physics. But all results can be directly reproduced for the more general case H > 0, oD > 2.

By using the Cauchy-Schwarz inequalities (9) — (11), one can obtain from the virial theorem the
main majoring inequality (12). The majoring inequality is based on the estimation of the kinetic energy

24D
of NLSE: K = Lﬂ%—d—:. This is the reason why the sufficient collapse condition obtained is called
dynamical criterion. Under the simple substitution (12) reads as (13). This equation allows simple
mechanical analogy. To clear up this analogy it is possible to write inequality (13) as equality (14),
where g2(t) is some unknown non-negative function of time. Then B has the meaning of the ”particle”
coordinate. This ”particle” moves under the influence of two forces. The first one is the potential force
fi= -g—%. Its potential is (15). The second one f; = —g?(t) tends to move the ”particle” to origo. Due

to fa the energy of the particle is time dependent: E(t) = %i + U(B). The collapse of NLSE corresponds
to the ”particle” dropping to origo B = 0. If the ”particle” reaches origo without taking into account
fo then it is certain to reach origo under the influence of f,. It is possible then to write the sufficient
collapse conditions as follows:

a) B(t =0) < By, E(0) < Ep

b) E(0) > En,, ?t(t =0)<0,

where By, = (%NT’ B , Em = U(Bm). The coﬂapse takes place if any of these conditions is satisfied.

On the basis of asymptotic B — 0 it is possible to show that the dynamical collapse criterion is closely
related to the so-called strong wave collapse of NLSE [6].

The comparison of dynamical criterion (12) to [5] is made. It is shown on the example of initial
condition (20) that dynamical criterion can predict collapse in the region H > Hy, where criterion [5]
failes (Hy is the value of Hamiltonian on the ground-state solution (7) of NLSE).

It is pointed out that the above considered mechanical analogy allows us to generalize the sufficient
collapse conditions in the number of other nonlinear partial differential equations.
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JIOKAJIN30BAHHBIE
ITPOCTPAHCTBEHHO-BPEMEHHDLIE

CTPYKTYPBhI B MINPOKOAIIEPTYPHBIX
HEJINMHENHOOIITUYECKUX U JIABEPHBIX CUCTEMAX

H. H. Po3anos

HaygHO-HcceoBaTeNILCKA HECTATYT Jia3epHO#l GU3nKH
Haygnmit HeaTp *Tocynapcrsennrlit onTudeckuii nEcTATyT uM. C.M.Basmnosa”
Cankr-Ilerep6ypr 199034, Bupxepas munus 12, Poccus
E-mail: rosanov@ilph.spb.su

ConocTaBiieHH OCHOBHHE THIH M CBOHCTBa JIOKAJIM30BAHHHIX CTPYKTYP KOT€DEHTHOrO M3Iy4YEeHHS B
OIHCHIBAEMHX EAHHKM OGOGIIEHHHM KBa3HONTHYECKHM ypaBHEHHeM Tpex ciydasx: (1) mpocTpan-
CTBEHHEIX COJMTOHOB B IPO3PavYHOH NaCCHBHOR Cpefle ¢ HaCHINAIOMEHCd HENHHeiHOCTHIO NOKa3a-
TeNs NpeoMieHHS; (2) *1a3epHEIX aBTOCONMTOHOB” — JIOKaJIH30BAHHEIX CTPYKTYP B IIHPOKOANEPTYP-
HEIX JIa3epax C HaCHIIeHUeM TNoriomenus; (3) * 1udppakHHOHHBIX aBTOCOMHTOHOB” — JIOKAIH30BAHHEIX
CTPYXTYP B BO36yXmaeMOM BHELIHMM HM3JIyYEHHEM WIMPOKOANEPTYPHOM HEJIHHEHHOM HHTepdepoMe-
Tpe. PaccMOTpeHHE CBOHCTBa OXMHOYHHIX CTPYKTYP H HX B3aHMONECHCTBHA APYT- C APYTOM.

1 Bsaenenmue

Jloxanu3oBaHHEE CTPYKTYPH CBeTa, B KOTOPHIX OOHIYHOe AA(PAKIMOHHOE (AHCHEPCHOHHOE) PACIIILIBA-
HHWe ypaBHOBEIIHBaeTCs HeIMHeHHOM (HOKYyCHPOBKOM, 06CyXHAIOTCA B HEIMHEHHOH ONTHKE IPAKTHIECKH C
MOMeHTa ee Bo3HMKHOBeHns [1-3].' B cnnommoi HenmHeliHOM cpelie TaKHe CTPYKTYPH OTBEYAOT PeXuMy
CaMOKaHAJIMPOBaHHS ¥ HMEHYIOTCA OGHIYHO NIPOCTPAHCTBEHHHIMA COMIMTOHAMH. B najibHeifimenM, riIasEEIM
06pa3oM B CBSI3M € HCCIENOBAHUSMH ONTHYECKOH GUCTAOHALHOCTH [4], BOSHEK HHTEpEC M K JIOKaJIH30BaH-
HBEIM CTPYKTYpPaM CBeTa B CHCTeMaX ¢ ob6paTHO# cBA3bl0. TepMHHONIOrHA 3leCh He BIOJIHE YCTOSIACh;
no KpaiiHeii Mepe, JOCTATOYHO KPAaTKUM CIYXHT TepMHH ”asToconuaTon” [5] ¢ cooTBeTcTBYyIOmEl ONTH-
geckoit mobaBkoii. IIpm 3TOM HMeeTcsi B BHAY, YTO COOTHOIIEHHE MEXNY COIMTOHOM H aBTOCONHTOHOM
IpHMEPHO TaKoe e, KaK MeXAy BOJIHOI M aBTOBOJIHOH.

OnTrueckme JOKANA30BaHHEIE CTPYKTYPH BIHCHBAIOTCA B OOIIMH KPYT ABJICHHH CaMOOPraHH3aINH
(cumeprernkn) [6-8], mpusHOCS B Hero cBoo cnenuduKy. BaxHrM MOMeHTOM CiIyXHT 3aMeHa nuddysun,
THIOAIHOHR IJIA Gollee TPAAMIHMOHHKIX 3334 CAMOOPraHM3allid B XHMHEH, 6HoNorny u T.X., Ha XapakTep-
HYIO A1 ONTHKH NHGPaKIHIO C NPACYMIEME effl OCHIIVIANAIME noiis. BaanMo, B onTake GHIIO OCO3HAHO
¥ 0coboe 60raTcTBO JIOKAH3OBAHHHX ANCCHOATHBHLIX CTPYKTYP B YCJIOBHAX GHCTaGHIILHOCTH, rAe s
HX (opMHpOBaHMA He TpebyeTcs pPa3BHTHA KaKmX-iubo HeyCTOHYHMBOCTEH. OTH OGCTOSTENHCTBA CTH-
MYJIMPOBaJIi WHTEHCHBHEIE HCCJIENOBAaHUS ONTHYECKHX CTPYKTYP, KakK CIYXAaIHX AOCTATOYHO HPSMBIMH
aHAJIOraMH M3BECTHHIX HEONTHYECKUX, TaK M CYIIECTBEHHO HOBHIX THIOB [9-11].

B nannoi paboTe NpociieXHBaeTCA COOTHOLICHHE MEXAY JIOKAJIH30BAHHLIME CTPYKTYPAMH PAa3THIHELX
THIIOB Ha JOBOJILHO IPOCTO OCHOBE — €AWHOM 0GO6MEHHOM KBa3HONTHIECKOM ypaBHEHHH I orubaomei
mond. XOTA KaXAHil M3 BapHAHTOB IPEACTABJISET CAMOCTOATENLHLI QU3MIecKnii MHTEpeC, 3hech A
Hac Goslee BaXXHO, 9TO TaKOH IOAXOX NO3BOJIfeT B HanGojlee YHCTOM BHJiE BHIABHTH BIMSHHE XapaKTepa
RUCCHIAIAA M CAMMETPMH YPAaBHEHHS Ha CBOMCTBA JIOKAJIM30BAHHEIX CTPYKTYP.

Ilasiee B paszelic 2 BHIMCHBaeTCA HCXONHOE YpaBHEHHE H oOCYyXNaloTcs ero obmue cBoiicTBa. B cie-
nyomeM pasfielie 3 pacCMaTPUBAIOTCA HPOCTPAHCTBEHHEE (nByMepHEIE) COMATOHH B IPO3PAYHOH cpelie
¢ HacHIMaomeiics HeIMHEAHOCTHIO NOKa3aTelId NPEIOMIileHAS (IUCCHIANUA OTCYTCTBYET). 3aTeM B pas-
neste 4 A cXeMH J1a3epa ¢ HachIeHHeM NOrJomenus (MM Xe CIVIOMHON Cpelibl ¢ HEIMHEHHOCTHIO YCH-
JIeHAS ¥ NOTePb) AEMOHCTPHPYETCsS 3HAUMTENBHEI POCT Pa3sHoOOpasds THIOB JIOKAJIHM30BAHHEIX CTPYK-
TYPp (71a3epHHIX aBTOCOIMTOHOB) B yCJIOBHAX 6ucTabmnbuocTh. Haxomen, B pasnene 5 paccMaTpHBalOTCs
JIOKaJIM30BaHHEIE CTPYKTYPH B BO30yXJaeMOM BHEIIHHM H37y4eHHEeM HeIHHeHHOM HMHTepdepoMeTpe —
RudpaKknuOHHBIE AaBTOCOMUTOHBI. OCHOBHHE BLIBOAH COIEPXATCA B 3aKJIIOYCHUH.
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2 O6ob6meHHOEe KBa3HONTNYECKOE YyPaBHEHHE

Jlokann30BaHHEIE CTPYKTYPH B HEJIMHEHHOONITHYECKHX CHCTEMAX, PACCMATPUBAaEMHIX B CJIEAYIOMIUX pa3-
Jenax, ONACHIBAIOTCH OGOOIIEHHEIM KBa3HONTHIECKAM YPaBHEHHEM BHAA

%’f +AJE + f(EPP)E + E; = 0. (1)
3nech mCnoNb3y0TCH Ge3pa3sMepHLIe BEIMYUHBI K IIepeMeHHble: E — MelllleHHO-MeHAI0Masicd KOMIIEKCHAs
aMmIuTyna (orubamomad) 3JeKTPHIECKOll HANPAXEHHOCTH Nois, F; — aMIIATya BHELNIHETO H3iTydeHHH,
Ag — onepatop Jlannaca pasmeproctn d (d = 1,2,3). Komnnekcnas ¢yHkuus f npencrasiser Ge3nl-
HEPIUOHHYIO ONTHYECKYI0 HEJIMHEHHOCTH CPefbl, B Hee Xe BKIIOYAIOTCA ONTHYECKHMe noTepn. B cucreme
6e3 o6paTHOI CBA3M ( MMeeT CMEICH IPOKOILHONR KOOPDAMHATH 2, a B Jlasepe M mHTepdepomeTpe { OTBe-
qaeT BpeMeHH (camo ypaBHenue (1) moirydaeTcs npu 3TOM ycpenHeHHEM KBa3HONTHYECKOrO ypPaBHEHHS 1O
NpoNoJILHOR KoopauHaTe). BoaMmoxHas momepedyHas HEONHOPONHOCTH CHCTEMH H BPEMEHHas MOLYJIAIAS
€e MapaMeTPOB YYATHIBAETCA JAONONHHTENbHOH 3aBHCHMOCTBIO f M E; OT NONEpeYHRIX KOODAMHAT Z,y
u Bpemenn t (Takue ciy4anm GyayT oroBapmMBaThca 0c060). BiaumoneiicTBHe HECKONBKHMX JIOKAJM3OBaH-
HBEIX CTPYKTYP C CHJIbHO Pa3siIMYaloNAMHUCA OCSIMH PacHpOCTPaHEHHS ONHCLIBAETCS CHCTEMOI CBA3AHHEIX
KBa3sHONTHYECKHX ypaBHeHmi Buua (1).

B cuny momepeuHoif B BpeMeHHON ONHOPOXHOCTH PAcCMATPUBAEMEIX CHCTEM KBa3HONTHYECKOE YPaB-
Henue (1) ¥HBADHAHTHO OTHOCHTENILHO CIIEAYIOINX MpeoGpa3oBaHMIA:

E(7,t) — E(F + 67,t + 6t) exp(i6®), E; — E;exp(i6®), 2)
E(F,t) = E(F — t,t) exp(i77/2) exp(—iv?/4),  E; — E;exp(ivF/2)exp(—iv?/4). 3)

3nech ¥ u ¥ — d-MepHEe BeKTOpPH ”ONepeYHBIX” KOOPAWHAT M CKopocTeid, 67, 6t u §& — mpousBoabHEe
CIABHI'M KOODAMHAT, BpeMeHU K (a3l (CABUT CKOPOCTH ¥ TaKxke HPOU3BOJIEH).

CBoilcTBa JIOKAJM30BaHHBIX CTPYKTYP CYIIECTBEHHO ONPENENSIOTCS CIEAYIONIMMH YCJIOBHAMH. Bo-
IEepBHIX, NMPUCYTCTBYET JIM B CHCTeMe 3aJaHHEI BHEIIHMH CHCHAN, TO €CTh OTJIHMYHA JH OT HYJNA aM-
nnatyna E;. Bo-BTOpEIX, MMeeTcs M IpH 3afaHHOH GyHKmuE f 6GM- WJIM MyJILTHCTaGHIABLHOCTL IS
pemennit ypaBHerus (1) B BHe IIOCKHX BONH. BaXHOCTb 3THX OGCTOATENBCTB MOACHAIOT CEAYIOMAE
coobpaxeHus.

Ipu E; = const # 0 mas miockoonmorix pemernit w3 (1) cnenyer f(|E[*)E = —E;, unn, nas
narercusrocteil I = |E|? u I; = |E;|?,

IF(DIPI = L. @)

Caenyomas u3 (4) saBucEMocTb [ (I.) MOXeT GHTb MHOrO3Ha4HOH. BH- Him MyJIBLTHCTaGHIBHOCTD O3HA-
YaeT HaJM4Me ABYX HJIH Goliee KopHel ypaBHeHEs (4), KOTOpHE OTBEYAIOT peXxmMaM, yc'ron‘nmum OTHO-
CHTEJILHO MAJIBIX BO3MYINEHHIA.

Ecnu BHemHmil curHad oTcyTcTByeT, E;=0, TO HHTEHCHBHOCTBH INIOCKOBOJIHOBOIO pexmMa, Boobiie
roBOpS, 3aJaeTC KOPHIMHE MHEUMO# JacTH f:

Sf(I) =0. (5)

Ypasrenue (5) Takxke MOXeT HMeTh HECKOJIbKO H30/MPOBAHHEIX KOPHEH, TaK YTO 3/1eCh BHOBb BO3MOXEH
aHajior 6H- (MyJIbTH)CTaGHABLHOCTH. B cilyuae xe IPO3pauHHIX cpell, KOTAa MOTEPH B CHCTEME OTCYT-
CTBYIOT, COOTHOMERHe (5) BHIONHAETCS TOXAeCTBeHHO 1o 1. Jlanee MBI yBHIAMM, KaK yKa3aHHKIE yCIOBHS
BIHSIOT Ha CBOHCTBA JIOKAJH30BaHHBIX CTPYKTYP.

3 IIonepetmo-,uByMepnme IOPOCTPAHCTBEHHBIC COJIHTOHELI B cpene
C HaCHIIIIEHHAEM HEJIMHEXHOCTH IoKa3aTeyisd nopeJioMJieHn g
PaccmoTpuM cHadasla pacHpocTpaHeHHe HENPEPHIBHOIO H3JIYYeHH B MPO3pauHOil cpefie ¢ GesnIHepmu-

OHHOMl HEJIMHEHHOCTHIO NOKa3aTells NPEJOMIICHNS; NOTePH, BHEIIHUA CHTHAN M OOpaTHas CBA3b OTCYT-
CTBYIOT, cM. ypaBHenue (5). CoxpaHaeTcs MOIIHOCTDb H3JydYeHHs

p= [igpar, ©)
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HMeeTcsi M Pl APYTHUX MHTerpaJioB Apuxexns. HanoMHuM, YTO B 3TOM chyuae, Korka yciaoede {5} Bu-
HOJIHAETCH TOXIECTBEHHO, B Cpefie MOTYT PaclPOCTPAaHATHCHA IIOCKHE BOJIHEI C POU3BOILHON MHTEHCHB-
HocThIo. Ecnm mokasaTens npesoMileHHs CPefB! BO3pacTaeT ¢ HHTEHCHBHOCTSIO, df /dI > 0, To pacupo-
CTpaHeHNe TaKUX BOJH HEYCTOMYMBO OTHOCHTENHHO MEIKOMACIITabHOi caMotOKyCHPOBKH, TO €CTh HMeeT
MecTo duitamenTanus usnydenus [12]. Hpu nanuuun punaMenTanum, no KpaitHeil Mepe npu HeGoONBIIAX
MHTEHCHBHOCTAX, BO3MOXHHM OKa3BIBaETCA PacHpoCTpaHeHHe NMYYKOB M3JIyYeHHS C HEM3MEHHEIM Mome-

PEYHBIM leO(pKJ’IeM aMINIATYABI [IONA

E(7,¢) = F(F) exp(ixS)- (7)

1

IocTosiHHAs PacHpOCTPAHEHHS ¥ CIYXKHUT COGCTBEHHHIM 3HaYeHHEM B HEJIHHEHHOM yYpaBHEHHM A cob-

CTBeRHOR QyHKIuHE F:
AdF +[f(IF[")=)F =0. ®)

Pyuknua F nonxuHa mocTaTouHo 6HCTpo ybhiBaTh Ha mepudepHMH, TaK YTO MOIIHOCTH U3NydeHHs P
xoHeuHa. CHeKTp peIleHHi CIUICIIHON, TO €CTh MMeeTCd CeMefCTBO pelleHHi ¢ HellpePLIBHHIM H3MEHe-
HEEM I1apaMeTpa — NOCTOSHHON pacnpocTpaHeHus vy (MM Xe MAKCHMAJILHOH aMIUIMTYAB! HIIH MOIHOCTH
IydKa).

B onnomepHoii reomerpu (d = 1) u npu kepponckoil HenmreiiHoctn cpentl (f(I) = foI) ypasuenne
(1) momyckaer TouHOe pemienue MeTonoM o6paTHOH 3amadm Teopuu paccesHus [13]. Mcxommmii (mpm
¢ = 0) ny4oK H3J1y4eHHUs HPOM3BOIBLHOTO MPOQUIL U AOCTATOUHON MOIMHOCTH pa3buBaercs (mpu f, > 0 u
Gonbmux () Ha HA6OP CONUTOHOB, YACIIO KOTOPEIX PAacTeT ¢ MOIHOCTEIO. IIpu B3aHMONeCTBHE COIMTOHOB
MeHSIOTCS AUIb uxX dassl. Eciu HenmHeHHOCTH OTKIOHAETCA OT KEPPOBCKOM, YHCIIO CONMTOHOB MOXET
M3MEHSIThCS B Pe3ylbTaTe X B3aMMONEHCTBHS (CIMsHMe HIIH pacllelyieHne COIHTOHOB) (14].

B nByMepHoit reomeTpuu (d = 2) Bozmoxes Holee pa3sHOOGpa3HLIl HaGOP JIOKAMH3OBAHHEIX CTPYKTYP.

B nuMaMHApPHYECKHX KOOPAMHATAX r, ¢ ypapHeHue (1) ZomyckaeT pemIeHns BHA3
EnmA(r,0,¢) = Fom(r) exp(iv¢ + imgp). ®

Panuannnas dynaxmus F pemecrpenna; F ~ r™ npu Mansix r. Henoe 9ncno m (asuMyTanbasii HHIeKC,
'HJIA TONOJIOPMYECKHil 3apAN) XapaKTepu3yeT MOPANOK HHCIOKAIMH BOJIHOBOIO $poHTa (aMILIETYXa nOIK
obpamaercs B ) B IeHTpe AUCIIOKAIUY, a IIpH ee obxole Mo 3aMKHYTOMY KOHTYDPY B HONEPeYHO# MIIOCKOCTH
¢da3a noNA MeHseTcA Ha BeluunHy 27m). PajiuanbHbil HHAEKC N YKa3BIBaeT YKCIIO HyseH pagHalibHOM
¢ysxnuu Ha HHTepBade 0 < r < co. OcuoBHO#, uiu GyHAAMEHTAIBHHN CONATOH HE CONEPXHT HYyJeH
IoJIA Ha KOHEYHOM paccTosHuu (n = m = 0); or ycroiiaus, ecnu dP/dy > 0 [15].

Il xeppOBCKOIi Cpelibl B ABYMepHOIX (i TpexMepHOi) FeOMETPHH YCTORTHBLIX JIOKAH30BAHHBIX CTPYK-
Typ Her. Jlas M3ny4eHHs HOCTATOYHO GOINBINOH MOMHOCTH HeJIMHeHHas (OKYCHPOBKa CPeXhl He ypaB-
HOBEIIMBAeTCA AMPPAKNMOHHLIM (KK AHCHEPCHOHHHM) PacIVILIBAHAEM, YTO HPUBOAMT K GeCKOHEYHHIM
3Ha4eHHAM NHKOBOH HHTEHCHBHOCTH Ha KOHEYHOM paccTOoSHHH { (SBJICHHe KOJJIANCa). Y CTOMYBBEIE JOKa-
NM30BaHHHE CTPYKTYPH (IPOCTPAHCTBEHHEIE CONUTOHH) POPMHEPYIOTCS B Cpelie ¢ HaCHIIaomelcs Helu-
mejftnoctoio f(I) = 1/(1+1) [15). HeycToiunBrima Oka3HBATCH JIOKATA3OBAHHBE CTPYKTYPH € BHCINAME
pammanbabME (n # 0) [16,17) u asumyTansusmu mazexcamu (m # 0) [18]. Manue sosuymenss npuso-
OAT K pacnafly TaKuX CTPYKTYP Ha HECKONLKO dyHAaMeHTalIbHBIX COIMTOHOB, KaK 3TO JEMOHCTPHPYET
puc. 1. .

CooTHomiense (3) cBHOETENLCTBYeT O NPOM3BOJILHOCTH HANPaBiieHHS PacHpOCTPaHEHHS CONATOHA
(opuentamun ero ocu). PesymbTaT B3ammoneiicTBHS ABYX YCTOHIMBEIX ((pYHHAMEHTANBHHIX) CONETO-
HOB ONpeNeNsAeTcs NPOTAXKEHHOCTHIO 00JIaCTH MX NEePeKPHITHA, TO €CTh B NEPBYIO OYepeNb YIiOM MEXAY
nx ocaMH. Eciid 3ToT yronm He clHMmIKOM MaJl, B3aUMOAeliCTBHE COMTOHOB OKa3biBacTCH CIabhiM M ONH-
chiBaeTcs TeopHeil Bo3MymeHuir [18]. B ee nepsoM nmopsliKe OKa3HIBaeTCs, YTO NPH CTOIKHOBEHHH ABYX
CONTHTOHOB MEHAIOTCA MX (pa3kl M HAIPABJICHHUS PacIPOCTpaHeHHd (IOCIeNHee — AJIA HEIOGOBOIO CTOMKHO-
penus). Kpuruueckuii yron Mexny ocsima oTBeqaeT HellMHeHHOMY ¢azoBoMy Habery, HHAYIMPOBaHHOMY
"qyxHM” COIMTOHOM B 06NacTH mepexpwuiTHs, uopanka 1. Ilpa MeHbIINX yriax B3aumoneicTBHe CONH-
TOHOB OK43BIBAETCA CHILHBIM H, B 2aBYCHMOCTH OT NApaMETPOB, MMeeT MECTO NepeKadka MOLIHOCTeR
conuTonoB [19,20], nx cnusuue (puc. 2) u pacmenierre (puc. 3).

JlokanuM30BaHHEE CTPYKTYpsl B TPeXMEpHOI TeOMETPHH TOMYYMIIM Ha3BaHMe " CBETOBRIX myin” [21].
dyHRaMEeHTAIbHbIE CONUTOHH U 3/leCh ycToiunBHI [15]; B3auMonelicTBIe ” CBETOBBIX NyJb” APYT ¢ APYroM

YHCIIEHHO aHAJM3HPOBAJHCH B [22].
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4 ABTOCOJIITOHHI B HIMPOKOANepTYPHOM GmcTabMIbLHOM Jiasepe

HocTpoeRne NpOCTHX Moelieil JIa3epHHIX CHCTEM, MPOTSXKEHHHX XOTHA 61 B OXHOM NPOCTPAaHCTBEHHOM
HanpaBJieHHH, TauT onacHOCTH. IlefCTBUTeNbHO, €CiI B TEOPHH HONYCTUTDH NPOTSXKEHHOCTh GeCKOHEYHO
607BII0i, TO PU3HYECKH B ITOM HaNpaBieHnH GyeT HeOrpaHHIEHHO YCHANBATHCA CIOHTaHHOE H3JIyYeHH e,
a MaTeMaTHYECKH PEXHMH, HalifieHHEle 6e3 y4eTa 3Toro o6CTOoATeNbCTBa, OKaXyTCsd HEYyCTOMINBLIMA HO
OTHOWIEHAIO K Pa3BHTHIO MONOGHLIX BO3MYIIEHHHA. OTO O3HaYaeT, YTo Gollee peallMCTHUYECKas MOEIb
JIOTMXKHA BKIIOYaTh KaKOi-JIM60 MeXaHM3M HOAABJICHHS “NapasHTHOrO” HM3JIydeHHs, HalpuMep 3a cYeT
YIJIOBOM CeJIeKIHH.

B nanHOM pa3szielie pacCMaTPHUBAEeTCA MONENb IIMPOKOANEPTYPHOrO Jjia3epa € INIOCKONApallIelIbHEIM
PE30HATOPOM, B KOTOPOM CDElla COCTOMT M3 aTOMOB ABYX COPTOB: ¢ MHBEPTHPOBARHHOH M HeMHBEPTHPO-
BaHHOI 3aCEIeHHOCTAMH pabounx yposHeit [23,24]. CooTHomenHs MeXxny JMHEHHBIMH NOTEPAMH H YCH-
JIeHHeM, a TaKXe MHTCHCHBHOCTAMM HaCHIINIEHUA YCHIIEHHS W MOrJIOHIEEHs BHIOpaHH TakK, YTO B cilaboM
TIoJIe OTepH BHIe, YeM ycuieHne. IlosToMy ciabbie BosMyIenus (B TOM YHclle CIOHTAHHOE H3JIyYeHHe)
6ynyT 3aTyXaTh, H YCTOMYMBLIM OKAa3LIBA€TCS PeXHM OTCYTCTBHsS reHepanmu. IlojiaraeM, 4To MHTEH-
CHBHOCTb HACHINEHHS HJI YCHIEHHs Goiblle, 4eM Hid moriomeHHs. Torxa reHepamus MoxeT GbITH
BO36yX/leHa XKEeCTKO (OCTATOYHO CHIILHBLIM HaYalIbHRIM BO3MYIIEHHEM), B TOM YHCJIE Ha OrPaHMYeHHOM
y4acTke anepryphl. Takum o6pa3soM BOZHHMKAIOT YCTOHYMBEIE JIOKAJIM30BaHHHE JIa3ePHEIE CTPYKTYPH —
OCTPOBKH IreHepalH Ha ¢oHe Ge3reHepallHOHHOrO peXHMa Ha OCTaJIbHOM YacTH anepTypH, WM Jla3epHEIE
aBTOCONATOHH [24,25].

CuuTaeM, 94TO OCHOBHEIM MEXaHH3MOM IONEPEeYHOR CBA3H B Jlasepe CIYXKHUT Nudpaknus usnydenus (a
He nuddy3us cpennl). B npenene Maibx M3MeHeHNIt NoNepeYHOH CTPYKTYPH HOJIA 32 OXMH NIPOXOX Yepe3
Pe30HaTOp HOMYCTHUMO yCPeNHEHHe 101 B nponoibHoM (oceBoM) Hanpasienuu [26]. Torma npuxonum k
ypasreruo (1), B koTopoM BenmuuHa { = t NpeACTaBiIdeT BpeMd, BHEIIHMI CHI'HAJ OTCYTCTBYyeT, E;=0,
pasmepHOCcTh d = 1 uan 2, a pynkuus f = a+ Xibi/(1+ I/I;) xoMniexcHa. 3xech @ OTBeYaeT IMHEHHHIM
HOTepAM M OTKIIOHEHHMIO ONTHYECKON NJIMHBI NyTH Pe30HATOpa OT CPEIHEro 3HadeHud, b; mpencTaBasgOT
nuHeliHble (HeHACHIIEHHEIE) YCHIIeHHe | MOTJIOMeH e B cpefie JyId aToMOB [-ro copTa, J; — HHTeHCHBHOCTH
ux HacelmeHus. IIpu Haunuuu B cXeMe HEONHOPONHOCTEH BeJIMUMHEI a M b; oka3anuch 6B yxke He MOCTO-
SHHHLIMH. 3aMeTHM, 9TO TO Xe ypaBHEHHe OMHCHBAET H PACIPOCTPaHeHHe JIa3ePHOTO M3IIydeHHd B cpele,
cocToseil U3 Pa3IMYHLIX COPTOB ATOMOB (¢ HHBEPTHPOBAHHOH H HEHHBEPTHPOBAHHOM! 3aCEJIEHHOCTIMH).
Ilna Takoil cpeAnl ¢ YaCTOTHON AHcrepcHeil (B OTCYTCTBHE Pe3OHATOpa, TO €CTh Ge3 o6paTHO CBA3H)
peanmayercs caydait d = 3.

B oTnmyme OT NpeXHAYIIEro pasfieiia, cooTHomenHe (5) AN MIOCKOBOMHOBHIX PEXHMOB He BHIIOJ-
HseTCAd TOXJECTBEHHO, 3 OmpelesiseT HEKOTOpHe PUKCHPOBaHHLIE YPOBHH HHTeHcHBHOCTH. Kak moscHs-
JIOCh BHIIIE, HAC 3[eCh GyneT MHTEpecoBaTh CiIydail GHCTAOHIBHOCTH WM MYJIbLTHCTaOMILHOCTH, KOTLa
ypasHaenue (5) HMeeT HeCKOJIBKO H30JMPOBAHHBIX KOPHEl, OTBEYAIOMIAX YCTOAYMBEIM PeXHMaM (A Hac
CyIIECTBEHHA yCTOMYMBOCTh IJIaBHLIM 06pa3oM GesreHepallMOHHOro pexmma). BucTabuiabHOCTH peanm-
3yeTcs B NMANa3’oHe M3MEHEHHUS YIPABIAIOMIErO NapaMeTpa — HAKa4KH §o: Jmin < 90 < Jmaz. BBHAY
HaJIHYUA YCHJIEHAS U NOTepb MOIIHOCTh reHepanuu P, Boo6mie roBops, He coxpaHseTcs Bo BpeMeHH. Ilns
Hee u3 (1) caenyer

P=-2 / Sf(DIdF, (10)

Ilns na3epHBHIX aBTOCOIMTOHOB MHTerpas B npasoil 9acTH (10) ob6pamaercs B Hyiab. CTanMoHapHEHE Ja-
3epHBIE aBTOCOJINTOHH CYIIeCTBYIOT B 6ollee y3KOM, 9eM B yCJIOBHE GHCTaOHMIILHOCTH, HHTEpBajle HaKavyeK:
91 < go < g2. Iockonbky BO BceM 3TOM HMHTepBaJle YCTOHYHB M GesreHepanmnonuHi pexum I = 0, ja-
3epHHE aBTOCOJIMTOHHI MOTYT GHITh BO30YyXAeHH! TOJBKO XECTKO — JOCTAaTOYHO KPYHNHHM HaYaJbHBIM
aMnynabcoM. OTMeTHM TakXe ciefyomee M3 cooTHomeHus (3) obiuee cBOHCTBO 71a3ePHBIX aBTOCOIH-

ToHOB. IIycTh MMeeTCH JIOKaNM30BaHHAL CTPYKTYPa C HENOABHXKHHIM “IEHTPOM TAKECTH® R =0, rae
R = [FId¥/P. Torna uMeIOTCA U CTPYKTYPH € TeM Xe paclpelelleHHeM HHTeHCHBHOCTH, JBHXYIIMMCS
B IONEPEeYHOM HAIIPaBJIeHHH ¢ IPOU3BOJILHOM (OCTATOYHO MadIoii) CKOopocThIo v. I03ToMYy A4 OXMHOYHEIX
JIa3epHEIX ABTOCOTHTOHOB 6€3 OrpaHHYeHHs OGIIHOCTH MOXHO cunTaTh R = 0.

CTannoHapHEIi 1a3epHBI aBTOCOMMTOH o6afiaeT pacupefesieHueM noas Buaa (7). B cBoo ovepens,
aMmTyAa F' Tenepb KOMIIEKCHA U ONMCHIBaeT NPOCTPAHCTBEHHOE H3MEHEHHE KaK HHTEHCHBHOCTH, Tak B
¢dasnt nong. CylecTBYIOT pasinyHLle THIIE aBTOCOIUTOHOB. ~ PyHIaMeHTANIBHLIA" a3epHHI aBTOCOMU-
TOH, KaK M (pyHAaMEHTAJIbHbI IPOCTPAHCTBEHHHIA CONMTOH B NpeARUIYINeM pasfielie, o6iIafaeT KOJIOKO-
71006pa3HbIM (6€e3y3/I0BBIM) paclpeielieHeM HHTEHCUBHOCTH. Y IOBI€TBOPUTEIBHHM NPUGIMKEHEEM IUJIS
IBHXYWIErocs JIa3ePHONO aBTOCOMMTOHA (B TOM YHCIIe IIPH HAJIMYUM B CXeMe INIaBHBIX HEOXHOPONHOCTEI)

v



CIIyXXHT rayCcCoOBO pacnpeesicHue
E = Ap exp[—(F — 7o)?/w?] exp —i[@o + &1(F — 7o) + ®2(F — 70)?]. (11)

3necw cxanspurle Ay, Po, P2 ¥ BekTOpHEIE T, &, BenMuMHBI — QYHKLNH BpEMEHH. 3aMKHYTYIO cHCTeMY
OBLIKHOBEHHHIX A depeHNNaILHEX YPAaBHEHHH IS 3THX BEJIMINH MOXHO NOJYIHTh, €CIIH NPUOGIMXEHHO
3aMeHNTHb ypaBHeHue (1) ypaBHeHHWAMH HJIS ero mepBHIX MoMeHToB. llas 3Toro cieayer NOACTaBUTH
(11) B ypasuenue (1), momMHOXHUTH ero Ha E*(F — 7o)¥, rae k =0, 1 u 2, u mpoBecTH HHTerpupoBaHHe
0O NMPOCTPaHCTBEHHHIM apryMeHTaM. B pamkax (11) HeTpyZHO onpenenuMTh He TOJBKO CTallMOHapHHIE
PEXHMBI, HO ¥ HCCIIEIOBATh MX YCTOMYHBOCTh OTHOCUTEINBHO Kilacca onnchiBaeMuiX (11) Boamymennit [27].
PoncTBeHHEI MP6GINXKEHHbBI METON MOMEHTOB GhIT NpeasioxeH paHee B (28] 11 onMCaHHA COMMTOHOB B
OIHOMOJIOBOM HEJINHEHHOM CBETOBOJE.

Ha puc. 4 noka3aHO cpaBHEHHe Pe3yJbTAaTOB PacueTa MaKCMMaJbHOH MHTeHCHBHOCTH Iy = A}, cra-
IMOHAPHOTO ONMHOYHOrO (yHIaMeHTAILHOTO ofHoMepHOro (d = 1) Jla3epHOro aBTOCOJNHTOHAa B paMKax
IIPUGTHXEHHOTO METO/[a MOMEHTOB M IIPH HENOCPEICTBEHHOM YHCIICHHOM pellleHHH ypaBHenud (1). Buxno,
YTO pe3yNbTaTH BecbMa 6IM3KH npH HeGonbpmux Hakaukax. C pocTOM Hakadkd Npoduilb aBTOCONATOHA
ACKaXaeTcs, 4YTO M OrPaHMYMBAET NPUMEHHMOCTD NPHGINXEHHOTO METONa MOMEHRTOB. AHAJIOTMYHO CO-
rJacyloTCs pe3yJbTATHl pacyeTa YacTOTHOrO casura v = . JliIg IHMpHHL aBTOCOIMTOHA COTJacHe He
CTOJIb XOpolllee, IIOCKOJIbKY 3/I€ChH €llle BaXXHO BHIODATH YPOBeHb, IO KOTOPOMY ONpEAeisieTCa MMUPHHA.

JleBas rpanuna g; MHTEpBalla CyIIeCTBOBAaHMS JIa3ePHEIX aBTOCOJNTOHOB OTBEYaeT CIHAHMIO yCTOH-
YMBOTO M HEYCTOHWYMBOIO CTAMOHAPHHIX pachpeseienuit mois Tuma (11). Ilpm yBenwdeHMH HaKaduKH
MaKCHMaJIbHasd HHTeHCHBHOCTb [p M IIHpHHA W CTALMOHAPHOIO aBTOCOJIMTOHA PACTYT, a YacTOTHBIA
CHBHT V YMEHbIIaeTCsA. OTO OTHOCHTCA K GyHAAMEHTANLHBIM JIa3ePHBIM aBTOCOTMTOHOM C J1I060H reoMe-
TpHuyecKoil pa3MepHOCcTHIO d (cM. puc. 4). HakoHen, npy Hakauke go = g2 HCKaXeHHs NPOPHUIA COMTHTOHA
OPHUBOLAT K NOTEPE €ro yCToUdnBocTH. IIpH npeBHIllIeHAN KPUTHYECKOTO 3HaI€HUS §2 CTAIIMCHADHEIHA Jia-
3epHEIl aBTOCOIMTOH NMpeBpaliaeTcs B Myibcapylomuii (puc. 5), a npy faibHeiieM yBelHdeANN HAKaIKA
BO3HHMKAIOT Gollee CIOXKHKIE HeCTAlMOHAPHEIE PEXUMEL.

XapakTep B3aMMOAEHCTBHA NONEpeYHO-OMHOMEPHEIX JIa3ePHBIX aBTOCOJIMTOHOB CYIIECTBEHHO Omlpene-
J5€eTCsE OTHOCHTENILHOM CKOPOCTHIO MX Nonepedroro Asmxenus [25). Ipu 60ibIoil OTHOCHTENBHOM CKOPO-
CTH BpeMs B3aNMOJEHCTBHA aBTOCOIMTOHOB MAaJIO, B3aUMOIEHICTBIE OKa3LIBaeTC CIIaOHIM H CONPOBOXIa-
eTCd JUIIb MaJIHIM M3MEHEeHHEeM HX xapakTepncTuk. IIpu MeHbINell OTHOCHTENIBHON CKOPDOCTH PealIA3y-
IOTCS CHIIbHBIE B3auMOJIeicTBUSA (yHIaMEHTAJIbHEIX JIa3epPHBIX aBTOCOIMTOHOB, BKIIOYad CTOAKHOBEHHS C
u3MeHeHMeM ux 4ucia (puc. 6). Ha puc. 7 npencraBieHs! cBA3aHHBIE COCTOSHHUA NONEPEYHO-OMHOMEPHEIX
aBTOCOJIMTOHOB; OTMETHM, YTO MHTEHCHBHOCTH MEXJY MaKCHMyMaMH TOYHO obpamaeTcd B HOJb (9TO
CONPOBOXNAETCS CKAYKOM (a3l Ha 7).

Eme onno BaxxHOe OT/INYHe OT PaCCMOTPEHHHIX B IPEALULYIIEM Dasfielie IPOCTPAHCTBEHHEIX COJIMTO-
HOB COCTOHUT B CYIIeCTBOBaHMH, NIOMEMO HyHAaMEHTAIBHEIX, APYTHX THIOB yCTOHINBHIX JIOKaTH30BaHHBIX
J1a3epHEIX CTPYKTYP Godtee ciioxHoro Buaa. IlosicHAM 3To JJIs nonepeyHo-AByMepHOil reomeTpuH (d = 2),
MCTOJNb3Ys HMIKHAPAYECKHE KOOPARHATH T, . Y CTOHYNBHIME OKa3kIBAIOTCA JIOKAJIN30BaHHEIE CTPYKTYPH
€ OCECHMMETPHUYHEIM paclpelie/leHueM HHTeHCHBHOCTH BHIA:

E = F(r) exp(imyp) exp(—ivt), m=0,%1,42,... (12)

M ¢ aCHMMETPHYHEIM pacmpefie/leHieM HHTEHCHBHOCTH (OTCYTCTBYeT OceBai CHMMETpHs, HO COXpaHAeTes
HeHTpaJIbHas), BPAIalOMMCS B NONEPEYHOM HalpaBJleHAH BOKPYT LEHTPa CHMMETPHH C IOCTOZHHOR

YTJI0BO# cKOpocThio :
E = F(r,p — Qt) exp(—ivt). (13)

OTH CTPYKTYpH NpeACTaBleHH Ha puc. 8 i 9, MONYYeHHEIX YHCIEHHLIM pemenueM ypaBHerus (1) [29].

IIeHTp TAXECTH JIa3epHOTO ABTOCOJIMTOHA C IONEPEYHBIMH KOOPAMHATaMH R B OTCYTCTBHME HEOXHO-
PORHOCTEI NBUXETCS PABHOMEPHO M IPAMOIIMHEHHO

R=o. (14)

B paMkax npubinKeHHOrO METOla MOMEHTOB MOXHO II0Ka3aTh, YTO HaJIMYHE MIIABHBIX HEOMHOPOKHOCTER
NPUBONUT K NOSABJICHHIO B MpaBoil 4acTH (14) MHTerpaibHEIX WIEHOB, CBONAIIMUXCA B Clydae IIaBHBIX
HEOXHOPONHOCTe! K MX FPAfHEHTaM. OTO OBCTOATENbCTBO MO3BOJISET, B YACTHOCTH, OMHCATH SIBICHUE
" IPOCTPaHCTBEHHOro rucTepesuca” (THCTepe3nca MPOCTPAHCTBEHHBIX PACHpENelleHNi B HEIMHEMHBIX CH-
cTeMaX HNOCTATOYHO GobInX pa3MepoB [30]) B yCloBHAX CyIeCTBOBaHMSA J1a3ePHBIX aBTOCOIHTOHOB.
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5 JudpaknmoHHLIE aBTOCOJMTOHBI B HeJIMHeilHOM mHTepdepo-
MeTpe

PaccMOTpHM HIHPOKOANEPTYPHHIA KONbLEBo#l MM AByx3epkaibHblili (Pabpn-Ilepo) marepdepomerp ¢
IUIOCKMMH 3epKaJjlaMy, 3allOJIHEHHBIA acCHBHON cpenoil ¢ 6e3bIHEPIIMOHHOM HEITMHEHHOCTRIO M BO3OyXa-
MBIl BHEIITHUM KOT€pPEHTHHIM N3ydYeHHeM. B npubimxennu MaJjioro n3aMeHeHUs NONEPEYHOl CTPYKTYpPH
noJIst 33 ONUH IPOXOH Yepe3 MHTepdepOMETp ONpaBIaHO yCpPeINHEHHe NONs B NPONOJILHOM HallpaBiIeHHH,
4YTO OTBedaeT ypasHeHH (1) ¢ MpONOPUHOHANBLHOM aMIIMTYle BHEIIHErO CMrHajia BeiqmumHoit E; # 0,
reoMeTpHuecKoit pasmepHocThio d = 1,2 m mpencraBasiomeii Bpems nepemennoin ¢ = t [31]. Hauw-
Yie BHEIIHEro CHIHAJIa MPUBOAUT K (PHKCAIMK YacTOTH U ¢a3bl m3nydeHus. Ml He obCyxnaeM 3gech
6ollee CIOXHEIE CXeMEI, B KOTOPHIX BHYTPM HHTepdepoMeTpa NOMeIleHk AONOJIHUTENbHEIE 3JIEMEHTH —
[POCTPaHCTBEeHHbIE QUALTPHI MIIM 3JIEMEHTHI, IPUBOAAINNE K BPALIeHHIO M APYTHM JIMHENHEIM Ipeobpa-
30BaHHAM moas [9).

Han6osee nuTepeceH ciIydaii 6u- Wi MyJlIbTHCTaOMIBHOCTH, KOTJIa B OTCYTCTBHE NONEPEeYHHIX Heol-
HopopHocTell (6eckoHeyHas alepTypa, BHENIHWH CHIHAJ — INIOCKas BOJIHA) ypaBHeHHe (4) B HEKOTOpOM
wHTepBadie Imin < I; < Iy, MHTEHCMBHOCTEH BHEIIHero cHrHaia I; = IE'.-I2 MMeeT H30JIMPOBaHHEIE
KODHHE, OTBeYaloLIne Mo KpaliHell Mepe IBYM ycToiunBEIM pexuMmaM F = E,, n = 1,2. Torxa umeorcsa
U TONepeYHO-HEONHOPONHBIE PEXUMBI C PAacHpeNeliecHHeM TNONS BUAA

E(Ft) = E(F - #t), E(o0) = En. (15)

Hanbonee TpocTOii MOAENBIO, B PaMKaX KOTOPOH MOXHO IPOAEMOHCTPUPOBATh OCHOBHBIE CBOHCTBA CTPYK-
Typ moas tuna (15), cayxuT uHTEpdEPOMETp ¢ NOPOroBoil HelmHelHOCTHIO [32,33]:

I<I
o-{ 15k

JIndpaximonHEe BOJHH NEPEKIIOYeH s, I KOTOpHX E(—o00) # E(+00), B npocTeiimeM ciydae npen-
CTaBIAIOT IMPOCTPAHCTBEHHHIA Nepexofl MeXNy ABYMs 3aHHMAIOIIHMH NOjlybeckoHeuHble 061acTH amep-
TYPH! TIONEPEYHO-ONHOPOAHEIME cocTosHUAME ¢ ammiuTynamu Ey u E,. Ilpu sToM QpoHT BosiHE mepe-
KJo4eHus!, B6JIM3H KOTOPOro MMEIOTCA 3aMeTHHe NU$PaKNMOHHBE OCHWIIIANNA MO, ABHXETCS B IOmNe-
PEYHOM HANpPaBJEHHH €O CKOPOCTHIO ¥, ONpeNesIseMoii HETEHCUBHOCTHIO I; M HalpaBlieHMEM pacnpocTpa-
HeHUs Hajalomeil Ha HHTepdepOMeTp MIIOCKOil BOMTHH. BONHH NepexmodeHHs TAKOro TANA CyMISCTBYIOT
BO BCeM MiMaNa30He GucTabuabHocTH. B pamkax monenu (16) ykasannsnle cBoiicTBa Nu$PaKkIIUOHHEIX BOJH
NEepeKMOYeHNs BRISBISIOTCA BeCbMa IPOCTO.

B Heckonbko Goniee y3KOM, IO CPaBHEHMIO ¢ HHTEPBAIIOM OMCTaOMIILHOCTH, JHANA30HE CYHMIECTBYIOT
YCTOHYMBEIE JIOKAJIN30BaHHLIE CTPYKTYPH — Nu(paknuHOHHHE aBTOCOIMTOHH!, HpeAcTaBigiomue coboi
” 0CTPOBKH” OINHOIO M3 HONEPeYHO-ONHOPOAHEIX COCTOAHMII Ha ¢oHe Apyroro cocrosHus [34]. Bemay
YCTOMYHBOCTH UONEPEUHO-OLHOPOXHBIX COCTOSHUI BO36yxeHHEe aBTOCOIIMTOHHBIX CTPYKTYP MOXeET GRITh
TONBLKO JXecTKUM. Il OfHHOYHOTO AU(PAKLUHOHHOIO aBTOCOMUTOHa E(—00) = E(+00) ¥ B citydae HOp-
MaJILHOTO NMaNeHHs BHeNIHero curuaia (BHonb ocu uHTepdepomerpa) v = 0. KoHcTpykTuBHON cityxuT
HMHTepHpeTanAs AMPPAKUMOHHEIX aBTOCOJMTOHOR KaK CBA3AHHBIX COCTOSHHH N#(pPaKUUOHHEIX BOJIH Ie-
pekmoyenus [35]. CpoiicTBa onMHOYHOro ANGPaKIHOHHOTO aBTOCOIMTOH2 MILIIOCTPHpPYeT puc. 10, momy-
YeHHEI B Monieniu noporosoit HenuueitHocTH (16). MMeloTcs ”cBeTibe” (yBelMYeHHe HHTEHCHBHOCTH IO
cpaBHeHHIO ¢ HOHOBOI) H ”TeMHBle” (ee yMeHbIeHHe) NHPPAKIMOHHEE aBTOCOMUTOHH. CleKTp IIHpUH
OINMHOYHOI'C aBTOCOIMTOHA NMCKPETEH, IpuYeM ”KBaHTOBHM YNCIOM” YIOGHO CUHTATH YHCJIO OCIMILIS-
nuii MHTEHCUBHOCTH B6/IM3M ero BepmuHEl. HHTepBain cymecTBoBaHHs Gollee ” Bo3GyXaeHHBIX” (¢ 6oib-
IIMM 9HCJIOM OCHMJUIALUEA) ABTOCOIUTOHOB Gojiee y30K. B 3aBHCHMOCTH OT INHPHHH HHUIHMHDYIOLIETO
nyuka/MMIyibca Bo36yKAAIOTCA PasiMYHble THIL AUQPAKIHOHHEIX aBTOCOIHTOHOB.

IIpun HalIMYEM B cXeMe MONEPEYHBIX HEOXHOPONHOCTEH MJIM NPHM HAKJIOHHOM NaZleHUH BHEIUHEro H3-
JIydYeHHs OAMHOYHBLI aBTOCONMTOH JBHXETCS B NONEPEYHOM HaIPaBJIEHHH CO CKOPOCTBIO, ONpPeMielgeMoil
rpafiMeHTaMy HEONEODOIHOCTell, HapuMep, HHTeHCUBHOCTH I; 1 ¢a3el ®; BHeIIHEro H3iydeHus:

R=ay®L+by L. (17)

CMBICT CKaJIApHBIX BeJMYMH a ¥ b moscHsercs B [36]. ”Mexanudeckoe” ypasHenue (17) mosponser, B
YaCTHOCTH, ONMCATH CHeUUUKY NPOCTPAHCTBEHHOrO I'MCTepe3Xca B YCJIOBHAX CYIIeCTBOBaHHS Audpak-
HOHHEIX aBTOCOJINTOHOB.
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IIpu 6onee cioxHOM Bo36yxIeHNN GOPMUPYIOTCH MHOTOYACTHYHBIE CTPYKTYPHI —- CBI3aHHBIE Aucdpak-
IHOHHKIE aBTOCONMTOHBL. MX OCHOBHBIE CBOHCTBa TaKXe MOXHO M3BIeYb M3 aHAJIU33 MONENM HEHTEp-
¢depomeTpa ¢ noporosoit HesimHeHHOCTHIO (16). PaccTosRMA MeXAy COCTABIAIOMIMME aBTOCOIMTOHAMH
0671aK3I0T AUCKPETHHIM CHEKTPOM, ” KBAHTOBHIM YHCIOM” IJIA KOTOPHIX CIYXHT YHCJIO OCHWLISAIMIA WH-
TEHCHBHOCTH Noiis. Ecim conocTaBUTH OAMHOYHOMY AMGPPAKLMOHHOMY aBTOCONUTOHY ”aToM”, KOTOPEIA
MOXeT HaXOANTHCA B ” OCHOBHOM” U B ”B030yXIEHHBIX” COCTOAHHUAX, TO MHOTOYaCTHYHEIE CTPYKTYPH 6y-
AYT aHAJIOTHYHH ”MosleKys1aM” , 06i1afaloluM CBORCTBOM H3oMepuu. IIpHMeprl nomepeYHO-OMHOMEPHBIX
MHOTOYAaCTHYHBIX CTPYKTYP npencrasBieHn Ha puc. 11. IIpm HOpMaJbHOM HalleHMM BHEIIHEIO M3JIyde-
HHS CHMMETPUYHble MHOTOYaCTHYHBIE CTPYKTYpPHI NonepevHo-HenmoABuXHHI (¥ = 0), a acuMMeTpuuHEie
IOBHXYTCS ¢ MOCTOAHHOM cKopocThio (U = const # 0), cM. puc. 12.

Jndpakuuonssie aBTOCOIMTOHE! CYLIECTBYIOT He TOJNBKO B YCJIOBHAX YCTOHIHBOCTH CTAaMUOHAPHBIX
nomepeYHO-ONHOPOAHEIX pexkuMoB. HeTpynHo BHjeTh, HalpEMeD, YTO MOAY/ANHOHHAs HeyCTONYHBOCTH
COCTOSIHH#I BepXHeil BeTBH I'MCTEPE3UCHOM KPHBOH He BIMAET Ha CBOHCTBA aBTOCOJMTOHA B ” OCHOBHOM”
COCTOSIHAH, MOCKOJNBKY B NONEPEYHOM INpoduiie aBTOCOIMTOHA MPOTAKEHHOCTh OONIacTH, OTBeYamlnei
HeyCTOHYMBO#l BeTBHU, HeBesnka [37]. YcroliumBee cTanMOHapHHIE JIOKAIH3OBaHHbIE CTPYKTYPHI MOLYT
¢dopMHpOBaTbCa AaXe B yCIOBHAX HEYCTOMYMBOCTH M BepXHeil, M HMJXKHell BeTBeil, HO IIpHM 3TOM ~(HoH”
OKa3bIBaeTCs HPOCTPAHCTBEHHO NPOMONYIHpoBaHHbIM [37]. Pasnuunble THOB HecTanuoHapHBIX (”myib-
cupyiomux” ) JIOKaTH30BaHHHIX AN(GPAKIHOHHBIX CTPYKTYP HpeACTaBieHH B [38].

6 3akJiodeHue

IIpoBeneHHbIN aHAIM3 NOKA3LIBAET, YTO XapakKTep H CBOHCTBA JOKAJIM30BAaHHHIX CTPYKTYP CBeTa cylie-
CTBEHHO 3aBHCHUT OT XapaKTepa AMCCHIAIMHA M HaJu4ymd cBoiicTBa GucTabmibHocTH. B oTcyTcTBHE muC-
CHNIAIMHA CNEKTP OAMHOYHBIX CTPYKTYP — IPOCTPAHCTBEHHHIX COJMTOHOB — CIIOUIHOM, TO €CTh MAaKCH-
MaJIbHasd HHTEHCHBHOCTh B CTPYKTYpe SBJISETCS HelpephiBHO H3MeHsAeMbIM napaMmeTpoM. IIpn atoMm (mas
IOBYMEDHEIX CTPYKTYP) YCTOMYMBH TOJIBKO QyHiaMeHTalIbHEE IIPOCTPAHCTBEHHBIE COMTOHM, TOTAa KaK
CTPYKTYPH ¢ HECIOKAIMAME BOJIHOBOIO (DPOHTA HEyCTONYMBHI. B3auMoneiicTBAe MPOCTPAHCTBEHHLIX CO-
JIMTOHOB APYT € IPYroM, B 3aBMCHMOCTM OT IPOTSXXEHHOCTH OOJIACTH MX NEepeKpPHIBaHUH, MOXeT GHTb
KaK c1abhIM (C MaJjIbIM M3MEHEHHMEM HaNpaBileHHs PacHpOCTPAaHeHHs), TaK M CHILHHIM, B TOM UHCIE C
H3MeHeHHEM UHCIIa COINTOHOB.

IIpy Hanu4uu AUCCHNIAUMH MaXCHMallbHas MHTEHCHBHOCTH B ONMHOYHOI JIOKAJIN30BAaHHON CTPYKTYpe
YXe He NIPOM3BOJIbHA, a NPUHAMAET P AMCKPETHHIX 3HAYEHMIl, IPH KOTOPHIX HOCTHraeTcs GajlaHc MEXIy
IPHTOKOM M NOTEPAMH H3NydYeHHs (6MCTabHILHOCTH WM MYJILTHCTaGHIBLHOCTB). Ilns cymecTBoBaHHs
JIOKAJIN30BaHHBIX CTPYKTYP He TpebyeTcs Hajdus momepedHOH MOMYJISAIHOHHOH HeycToifumsocTH. Pas-
HOOGpa3ue JIOKaJIM30BaHHHX CTPYKTYP B ONTHYECKHX CHCTEMaX C AACCHIAIMEH CyMIeCTBEHHO BO3PACTAET.
Bo3moxHo xkecTkoe Bo3GyxICHHE CTalHOHAPHEIX ¥ NYJIBCHPYIOIAX, HENONBAXHEIX ¥ ABIXYIIUXCA B IO~
HepevHOM HANpaBJIeHHH JIOKAJIH30BAaHHBIX CTPYKTYp. JINd MIMPOKOANepTYPHOIO jlasepa ¢ JXKECTKHM BO3-
6yXneHueM reHepanny B NBYMEPHOH I€OMETPHH YCTOHYMBHI JIOKaJIA30BaHHBIE CTPYKTYDH — Jia3epHHIE
aBTOCOJIMTOHH — C AHCJIOKAlMAMH BOJIHOBOTO (POHTA PA3IMIHOrO NOPANKA, a TaKXke CTPYKTYDH ¢ He-
OCECHMMETPHYHKIM pacrpelelleHHeM HHTEHCABHOCTH, BPAIAIOMIMMCS C NIOCTOSHHOMR YIJiIoBOM CKOPOCTBIO.
Bo3MOXHO monepevnoe NBUXKEeHHe CTPYKTYP ¢ HPOH3BOJILHOM (HOCTATOYHO Majoit) ckopocThio. Iipm B3a-
HMMOZEACTBHY JIOKAJIH30BAHHEIX CTPYKTYP MOXET MEHATHCS He TONBKO X 9HCIO, HO H THIEI CTPYKTYP.

B Bo36yxmaeMoM BHEIIHNM U37TydeHHeM (ITIOCKO MOHOXPOMATHUECKO! BoHO) HETepdepoMeTpe, 3a-
HOJIHEHHOM HeJIMHeiHol cpenoil, AudppakuHOHHEE OCHUIIAIHY MO CYIIECTBERHO ONMPENEeNISIOT CBOHCTBa
JIOKAJIM30BaHHBIX CTPYKTYP — AUQPAKUHOHHBIX aBTOCOIIATOHOB. B O0TCyTCTBHE MOnepevHOi MOLYISMHUOH-
HOH HeyCTOWYHBOCTH NUPPAKNMOHHBIE ABTOCOIMTOHE! YAOOHO HHTEPHPETHPOBATh KaK CBA3aHHHIE COCTO-
sTHUSA AMPPaKIUOHHKIX BOJIH HepekimodeHns. CnekTp IMPHH OXMHOYHEIX NHGPaKIMOHHEIX aBTOCOJATO-
HOB, PaBHO KaK H PacCTOSHHIA MEXAY HHMH B MHOTOYACTHYHEIX CTPYKTYpaX, JuckpeTeH. CHMMeTpHYHEE
CTPYKTYPH HENOABUXKHBI, 8 aCHMMETPHYHbIE ABUXYTCA B MONEPEYHOM HAIIPABJIEHHH CO CKOPOCTHIO, ONpe-
IensAeMOil MHTEHCHBHOCTBLIO BHELIHero .sjiydeHus. PyHAaMeHTalbHHe AuGPaKIHOHHBIE ABTOCONATOHH
$OpMEDPYIOTCA M B YCIIOBHAX NONEPEYHOM MONYIIAIHOHHOR HeyCTOMYABOCTH.

Ipencrasnennsie pe3ynbTaTH 6bltn nonydennl coMecTHo ¢ H. B. Bricormnoit, JI. A. HectepoBmM, B.
E. CemenoBriM, B. A. Cmupnosum, A. B. ®Penoposrim, C. B. Penoposrim u I'. B. Xonosoit, u aBTOp
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LOCALIZED SPATIO-TEMPORAL PATTERNS
IN WIDE-APERTURE NONLINEAR OPTICAL

AND LASER SYSTEMS
N. N. Rosanov

The main features of localized structures of coherent light described by a generalized parabolic equa-
tion (1) for the field envelope E are compared for three cases: (i) transparent medium with saturation of
self-focusing; (ii) wide-aperture lasers with saturation of absorption; (iii) driven wide-aperture nonlinear
interferometers.

For the case (i) and two-dimensional geometry, only fundamental (without envelope nodes) spatial
solitons are stable while localized structures with nodes decay into a number of fundamental solitons
under influence of weak perturbations, Fig. 1. Spectrum of fundamental solitons is continuous, their
maximum local intensity I = |E|? being arbitrary. Interaction of the spatial solitons is weak if length of
their overlapping is small; then only small changes of parameters of interacting solitons take place. With
small angles between axes of the solitons propagation, their interaction is strong and it changes even a
number of spatial solitons, Fig. 2, Fig. 3.

For systems with losses and sources of radiation (ii) and (iii), variety of localized structures is especially
rich under conditions of bistability. These structures — autosolitons — represent islands of one state
on a background of other state. Their maximum local intensity is not arbitrary, but determined from
condition of energy balance. There is a discrete spectrum of parameters of stationary and pulsing localized
structures of different types. Modulation instability is not necessary for the localized structures existence.
These structures have to be formed by hard excitation only, while small initial perturbations dissolve with
time.

For two-dimensional laser systems (ii), there are motionless, moving and rotating laser autosolitons
with different topological indices, equations (12), (13), Fig. 8 and Fig. 9. The laser autosolitons interaction
can also be weak or strong, depending on duration of their overlapping (or on relative velocity of their
approaching), Fig. 6. Stable and pulsing laser autosolitons with different geometrical dimensionality
d = 1,2,3 exist in the interval of pump more narrow than bistability region, Fig. 4, Fig. 5, as well as
their coupled states, Fig. 7.

For passive driven nonlinear interferometers (iii), diffractive autosolitons with different width exist in
some intervals of intensity of external radiation I;, Fig. 10. Different types of the autosolitons coupled
states are characterized by a discrete spectrum of equilibrium distances between the individual autosoli-
tons, Fig. 11. Symmetric coupled states of diffractive autosolitons are motionless, and asymmetric coupled
states move in the transverse direction with constant velocity, Fig. 12.

Features of the optical localized patterns and possibility of control of their location, velocity, type and
number make them promising for optical information processing.
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z=0

z=50

z=65

Puc. 1: Ilomepeuynbie pacmpenielleHAs METEHCHBHOCTH HPH Pa3IAYHHX 3HaAYeHHAX HPOAOJBLHOH KOOp-
OWHATH 2, NEMOHCTPHPYIOIIHE pachaj] JIOKAIH30BAHHOH CTPYKTYPH ¢ m = 1 M MaJILMH HCXOXHBLIMH
BosMymerusmE (2 = 0) Ha ABa pyHAaMEHTAILHEIX NPOCTPAHCTBEHHEIX coiToHa [18].

z=0.

z=82.

¢

z=161.

}

z=210

}

Puc. 2: llonepeunsie pacnpele/ieHAs HETEHCHBHOCTH JUIA CIIydad CIIHAHHA JIBYX CTaJIKHBAIOIHXCH QyH-
NaMeHTAJIbHBIX IPOCTPAHCTBEHHBLIX COMMTOHOB [18].
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z=0.

z=14. z=50.

Puc. 3: Ilomepeunwe pacnpeniesieHHs HHTEHCHBHOCTH IJIS Cilydasd NpeoGpa3soBaHHs ABYX CTaJKHBAIO-
muaxcs GyHAaMEHTAIbLHEIX POCTPAHCTBEHHKIX COMMTOHOB B TpH [18].

Puc. 4: 3aBHCHMOCTb MaKCHMAJILHOR HHTEHCHBHOCTH Ijs J1a3sepHOIO aBTOCOIMTOHA OT HAKAYKH go. Ilm-
¢pH Y XPHBHIX — reoMeTpHYecKas pasMepHOCTh d, kpuBas 0 — rHCTepe3HCHas 3aBHCHMOCTH HHTEHCHBHOCTH
JUIS ONEPEYHO-OHOPONHKHX pexuMoB. IIITpHXOBHIe JIMHUE OTBEYAIOT HEYCTONYNMBHM pexuMaM. Cmiom-
Hble JIMHAHK NOJIyYeHH B PaMKaX NpUOGIHXKEHHOIO MeTOfa MOMEHTOB, KPECTHKH — PacyeT IO YPaBHEHHIO

(1) [32].
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Puc. 5. Ilonepeunsie pacnpenesieHAs HHTEHCHBHOCTH JUIS PEXHUMa NEPHOAUIECKHX MyIbCaluii (¢ nepHo-
oM T' = 900) onMHOYHOrO NoNepeYHO-ONHOMEPHOTO JIa3ePHOTO aBTOCOMNTOHA. BpeMa ¢ ykasaHo B unciIax

IPOXOJIOB CBeTa dYepe3 pesoHaTOp [39].
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Puc. 7: [Jonepeunwe pacnpenenenns HETeRCHBHOCTH (a — c¢) H ¢a3ul (d — f) B CBA3aHHBIX COCTOSHEAX
HONepeYHO-ONHOMEPHEIX JIa3ePHHX aBTOCO.MHTOHOB [39].
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Puc. 8: Qcecummerpuunne pacnpenenenns mETeHCHBHOCTH (C/leBa) M JHHEH paBHO# dasum (cmpaBa)
JNIA MONepeYHO-ABYMEPHEIX JIa3¢PHBIX aBTOCOIMTOHOB ¢ TOHNOJIOTHYECKHM 3apanoM m [29].
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Puc. 10: 3apucEMOCTh MHEPHEH w cBeTAHX (@ — ¢) & TeMHHX (d — f) QNMHOYHEIX AWGPAKIHOHHEIX
aBTOCOJNMTOHOB OT HETEHCHBHOCTH I; majalomeii Ha HETeppepOMETP NIIOCKOH BOIHH H OT ITHPHHE ¢op-
MEpPYIOIMHAX HX HaYaNbHEIX BHGpOCOB wo. IIyHKTHp OTBeYaeT HeyCTOHYMBEIM pexmMmaM. Jlmamasonmn
AETeHCHBHOCTH Imin < I; < Ing — 3,d; Ing < I; < Imas — ¢,f [32].
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Puc. 11: Tlonepeunnte pacmpeneiieNHs HHTEHCHBHOCTH NIJS CBA3aHHHIX COCTOSHHE NONEpevYHO-
ONHOMEpPHHIX AADPAKIHOHHLIX ABTOCOIHTOHOB; A — AJIMHA BOJIHH cBeTa [35].
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Puc. 12: Pacnpenenenus HHTEHCHBHOCTH AJf HENONBMXHOH CHMMETDHYHO!H (CBepXy) H ABHXY
acHMMeTpHYHO# (BHH3Y) Iap CBA3aHHEIX AH(PAKNMOHHEIX aBTOCOMHTOHOB [35),[41].
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PETYJAPHBIE U XAOTNYECKHUE TEPMO3SJJIEKTPUYECKHUE
KOJJNEBAHUA ITPU N2KOYJIEBOM PA3OT'PEBE TOHKUX
BTCII-IIJIEHOK B KUIITAIIEM A3O0TE

B.H. Ckoxos

Hucruryr renaodpusuku YpO PAH
620219, Exarepunbypr, ['CII-828, [lepBomanckas, 91

[IpencraBnensl pesynbTaThl SKCIEPUMEHTAIBLHOIO HCCNEIOBaHHA AUHAMHUKYN TepMO3NeK-
TpHYeckuXx aBTokonebaHui npu gxoynesom pasorpese ToHkux BTCII-nnenok B xupkxom
asore. HMccnemoBaH OTKINK cucTeMbl Ha BHelllHae rapMmoHudeckoe Bosgenctsue. Onpe-
HeneHbl NMHAMUYECKNEe XapaKTEePUCTHKN Pa3IHYHBIX KonebaTenbHEIX pexumoB. O6uapy-
KeH oPPEKT CHHXPOHHUBAUMM IEPUOIHYECKMX ABTOKONE6aHUH HOPMAIbHOM SOHLL H TellIo-
THAPONHHAMUYECKNX OCUMIIIAINH, BLIBBAHHBIX KUTEHNEM a30Ta Ha NOBEPXHOCTH NIECHOK.

[IpoTekaHne TPaHCHOPTHOrO TOKa Yepes CBEPXNPOBOJHUK MOXET CONPOBOXNATLCH pad-
BUTHEM TEMIOBON HEYCTOMYMBOCTH, IPUBOASILEN K COCTOAHUIO TeIoBol 6ucrabunbuoctu (B
obieM cnydae - MynbTUcTabuibHOCTH) cucTeMsl [1]. Bucrabunbubii ceepxnposoanuk ¢ To-
KOM SIBISeTCS YaCTHBIM C1y4YaeM HelWHEeHHLIX CUCTEeM, B KOTOPBIX HabNIoNaloTCs aBTOBOIHO-
Bble M aBTOKoneb6aTenbHble Mpouecchl.  yCIoXXHeHHIO JUHAMUKY TaKUX HIPOLECCOB MPUBOAAT
HelMHeMHble TeIUIOBble U FMAPOJMHAMUYECKUe ABICHUS B KUIKOM OXNaJHUTeNe, CBA3aHHLIE C
KHIIEHUEM.

B paboTe npuBeenbl pe3ynbTaThl DKCIIEPUMEHTAIbHOTO UCCIEOBaAHUS TUHAMMKH Koleba-
TelbHBIX NPOLECCOB B TOHKKX IIEHKaX BBICOKOTEMIEPaTyPHLIX cBepxnposoauukos (BTCII)
Y Ba;Cu307-4, BKIIOYEHHBIX BO BHEIIHIOW LENb U OXIaXAaE€MbIX XKHIKMM a30TOM.

OKCNepUMEHTHI POBOJAMINCH Ha TOHKOMIEHOYHbIX MocTHKax Y BazCu307—;, nonyyen-
HbIX METOJOM MarHETPOHHOTO PACIBLIEHUs Ha NocTosHHOM Toke [2]. O6pasubl MonkI0YaIUCh
B liellb MCTOYHUKA NIOCTOSHHOTO HaNpPs >KeHUs NOCIeJOBATENbHO C HArPYBOYHBLIM CONPOTHBIE-
HUEeM M HHAYKTMBHOCTHIO. [Is MOy4YeHUs BIUSHUA BHEIIHEro MepUOJUYECKOro BO3LEHCTBUS
B LeMb MapaiielbHO 06pasily U HATPYROYHOMY CONPOTHBICHUIO NONKIIOHANCH ROTONHUTENb-
HBb[H MCTOYHMK FapMOHMYECKMX KodebGaHui. Bo BpeMs ONBITOB Ni€HKU MOrpy:Kajluch Hemno-
CPENCTBEHHO B XKUJKUW aBOT.

[Ipu BkmiO4YeHUN 06pasUOB B UeNb UCTOYHNKA MOCTOSHHOIO HANPAKEHUS ¢ MHAYKTUBHO-
CTBHIO B CHCTEME BO3HHMKAIM NIEPUOJUYECKHE aBTOKONe6aHUs HOpManbHOU Boubl. IIpu no6asie-
HMU K MOCTOSHHOMY HAMPAXKEHUIO FAPMOHMYECKON COCTABISAIOIEH PErNCTPUPYEMEBIN OTKINK
CHCTEeMBI 3aBHCel OT YaCTOTHl M aMIUIUTYAbl BHELIHero BosaencTsus [3].

llns xapakTepUCTHKH HABIIONaeMOro OTKINKa CUCTEMBI 110 DKCIEPHMMEHTANbHLIM pealn-
BalMsM ONpefelsiuch cneKTpalbHas MIoTHOCTh, oTobpaxenne llyaukape, koppensunonnas
pasMepHOCTb M MaKCMMalbHbIM MokasaTenb JlsnyHosa. CrnexTpaibHas MIOTHOCTH HAaXOIM-
nach MeTOoM 6nicTporo npeobpasosanus Pypre. s nocrpoenns orobpaxenus llyankape
peanusali¥ CHUMAJIUCh C BLIGOPKOU 10 BpeMeHH, PABHOW N€PUOJy BHELIHUX CHHYCOUTATbHBIX
xone6auuii. Ha puc.1 npusegens okcnepuMeHTanbHble peanusaliy TpaHcnopTHOro Toka (1),
crnekTpalbHble IIOTHOCTH (2)  oTo6paxenus [lyankape (3) nas pexxuma nepuoguv4eckux as-
Tokone6aHM HOPMaJbHOH 3OHBKI (a) M HEPEryIAPHOro peXnMa IpH BHELIHEM rapMOHUYeCKOM
BOS[ENICTBAU Ha CUCTEMY € 4acCTOTOU fj.
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llns onpenenenus xoppeNAUUOHHON Pa3MEPHOCTH MO BKCMIEPUMEHTATbHBIM PealusalugM
MCMIONB3OBANUCE XOPOLIO UBBECTHAs METOAMKa pacyeTa KOPPeNsUMOHHBIX HHTerpanos [4]. Ha
puc.2 (a) mpuBefeHbl KOppeNAlUHOHHEIE HHTErpPaibl, PACCIMTAHHBIE MO DKCIIEPUMEHTAILHOM
peanusaluy HeperyispHOro pexxuMa (npuBeeHHON Ha puc.l). CXOIMMOCTb KOppens MOHHBIX
MHTErpaloB K MOCTOAHHOMY HaKIOHY Habmiojanach NpH PasMEPHOCTAX BIOXKEHHs m > 3.
Koppensunonsas papMepHOCTb [uis yKaBaHHOTO pexiiMa cocTaBuia v = 2.1 +0.1.

I(A) (a) I(A) (b)

0.2&- 1 0.2
(Mt |

01 H 4 0.1F

(i) 1(i)
Puc.1: skcnepuMenTanbHbie peanusauui (1), cnekTpaibHble IOTHOCTH (2), aTrobpaxkenus
[lyauxape (3) gnsa nepuopudeckoro (a) u xaorudeckoro (b) pexnmos.
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MakcuManbHbIM OKasaTenb JIanyHoBa OUEeHNBAJCS N0 DKCIIEPUMEHTalbHbIM JaHHBIM C HC-
nonbsoBaHueM MeToauku [5]. Kak u npu BoiuucieHny KOppensMOHHBIX HHTErPaJioB, BHAYAIE
KOHCTPYMPOBAJIOCH Ni-MePHOE NMPOCTPAHCTBO BloKeHUs. s KaXKao# J-Oi TOYKH PEeKOHCTPY-
MPOBAHHOrO MPOCTPAHCTBa Olpelensiach Napa GnuxkauwWux cocefeir. Bamxkaimuune cocenu
HAXO[MIHUCh M0 MUHMMYMY PAcCTOSHUS MeXJy TOYKaMH, BPEMEHHOH MHTepBal MEXIY KO-
TOpbLIMU TIpeBLIIAN CpeiHUM nepuoj konebaumii. [lanee, ciegys [5], npexnonaranoch, 4To
9BOIOLMA PACCTOAHMA MEXKAY j-OH MapoH OGIMXKaWIIUX cOoCefedt B M-MEPHOM NPOCTPaHCTBe
onpegenseTcs MaKCUMAJIbLHLIM MokasaTeneM JlanyHoBa. ANropuTM 6bII UCHBEITAH HaMU Ha
MOJIeIbHBIX CHCTEMaX: rapMOHMYECKNX KoneOaHUAX, JBYMEPHOM TOpe€, TOTHCTHYECKOM OTO-
6paxeHun, oTobpaxennn IHo, Moaenu JlopeHua. MogenbHble peanrusaluu, M0 KOTOPHIM
pPacCYNUTHIBANAC BENUYHHA A1 MaKCHMAIbHO COOTBETCTBOBAIH DKCIHEPUMEHTAIbHEIM (ANHHA
peanunBaluK, aMIUIUTY[HOe paspelleHHe, BpeMs sanasabiBanus). [lorpewHocTs onpegene-
HUA nokasaTens JIanyHoBa no MoOfeldbHbIM pealnsaluAM, MAKCUMalbHO NPUOINXKEHHBIM K
BKCIEePUMEHTAIbHEIM, COCTaBIANa MeHee 10%.
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Puc.2: a - xoppensunoHHbIE HHTErPAJbI; b - sBonIOUUA cpenHero norapudpma pPacCTOAHNA,
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Ha puc.2 (b) npuBegena TunuyHas 8aBMCMMOCTD CPeAHEro norapudmMa pacCTOSHUS MEXIY
6MMXKANILINMHU COCETAMU OT BPeMeHH [Isl DKCIePUMEHTANBHON peannsauuu KonebaHui TpaHc-
NOpTHOro TOKa (11 PasMEepPHOCTH NPOCTPAHCTBA BIOKEeHUS m = 8). 3HavyelHne MaKCUMalb-
Horo nokasarens Jlanynosa (Hakinon rpaduka npu t — 0) cocTaBuno A\; = 42.5¢71.

CoBOKYTHOCTD MOy YeHHBIX Pe3yNbTATOB ( BUA CIIEKTPAIbHOH MIOTHOCTH M OTO6paX<eHus
[Iyankape, spo6Has KOppenslHOHHas PaA3MEPHOCTb, MONOKHTENbHbIN NOKasaTenb JIsnyHosa)
MO3BOIAIOT CHENATh BHIBOJ O XaOTUUYECKOH IHHAMHKE CUCTEMBI.

Ha puc.3 npusegensl "¢asoBas” guarpaMma CUCTeMbl B KOOPAMHATaX ~4acCTOTa - aM-
nauTyga” BHEIIHero rapMonmdveckoro Bonpgeitctsus. O6macts (1) Ha puc.3 coorsercrByer
COGCTBEHHBIM NepHoanYecKknM aBTokonebanusM cucrembl. O6nacts (2) - xonebanus, saxsa-
deHHble Ha BbIHYKJatowen qactore. O6nacTs (3) - cnoxkislie iByxyacToTHbIe ABixkeHns. 06-
nacthb (4) COOTBETCTBYEeT XaOTHYECKUM KolleGaHuAM. BHyTpU 5ToM 061acTH KOppensunoHHas
pasMepHOCTb UBMeHsanach oT 2.1 go 2.5.

8_ -

Amplitude (arb.u)
IS o

(\)
T

1

100

50 150 f(Hz)

Puc.3: "pasopas” quarpamMma CHCTEMbI NPU BHEUIHEM FapMOHHYECKOM BO3IEHCTBHH.

Hpusenem{me Bbilll€ Pe3YJIbTAThl OTHOCATCA K HCCIE€TOBAHHIO OTKIHKA CHCTEMbI Ha NI€epUO-
ANYeCKoe BHEIIHEe Boaneiicrsue. Huxe NIPpUBOOATCSA PE3YyIbTaThl HB3YYE€HHUSA OTKINKA CUCTEMbBI
Ha yBelInYeHHe NMOCTOAHHOIO HAalpsiKeHHud UCTOYHUKa B OTCYTCTBHE BHELIHEro rapMoHud4e-
CKOro BO‘JHPI?ICTBPUI. IIPPI OXJIaXKJA€HNN TOHKHX IJIEHOK B BaKyyMe NI pa3pekeHHOM rase
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(B OTCyTCTBHE HENOCPENCTBEHHOrO KOHTAKT4a ¢ a30TOM) C yBelNYeHHEM NOCTOSHHOTO Ha-
npsxeHus UCTOYHUKA, YaCTOTa aBTOKONe6aHUN BO3PACTAIA U MPH HEKOTOPOM KPUTHUYECKONM
BHaYeHUU aBTOKoNebGaHUA BHedanHo npekpamanuch. [Ipekpamienue aBrokonebanuit conpe-
BOXK[aNOCh OLICTPLIM yMeHbLIEHHEM [0 Hyls aMmiuTyabl. B Tom cayvae, xorga o6pasus
HaXOAUIUCh B HENOCPEICTBEHHOM KOHTaKTe C >KMIKHM a30TOM, Ha UX NOBEPXHOCTH BClej
CTBHEC [KOY/eBa TeNOBbIAeNeHHs NPOUCXOANIO Kunenue asoTta. Ecau B snekTpuyeckoi nenwn
OTCYyTCTBOBa/IM HHIYKTHBHOCTH, TO Ha OCLHH/UIOrpaMMaX NaJeHUs HANPSIKEHUs UIM TpaHC-
NOPTHOrO TOKa Habmiogaliuch CTOXaCTHYeCKHe OCLHINIALUMM, CBABAHHLIE C 3aPOXKICHUEM I
OTPbLIBOM NapOBLIX NYyBbIPbKOB. [Ipy BKIlOYeHNN NHIYKTUBHOCTH BOSHUKANM NEepUOJUYECKUe
apTokoneGanus. IIpu oToM KineHue azoTa nepecTaBano 6LITH cTOXacTHYeCKUM. IeHepanus
Ny3bLIPLKOB YMOPAJOYUBAIAaCh U €€ 4YacTOTa CTAHOBMIACh PaBHOH 4YacToTe aBTOKOJIeGaHMit
Ipyrumu cioBaMu, B CCTeMe BO3SHHKAIA CHHXPOHUBAL U COBCTBEHHBIX NIEePUOIAYECKUX KON
6aHN HOPMAaNbHOM BOHEI ¥ TEIIO - THAPOAMHAMUYECKUX OCUUIAALNN, CBABAHHBIX C KUTIEHHE
asota. C yBenuyeHneM HanpszkeHis HCTOYHMKA YAacTOTa BO3pacTalia, Kak U B OTCYTCTE
kunsiero asora. QOgHako, MoTeps yCTOHYMBOCTH MEPHOIUYECKOTO NBMXKEHUS IIDOMUCXONMU.
UHa4Ye U BHeLIHe HaMOMHHalla nepenMexaeMocTh (puc.4).

U 1 v T T T ¥

SV

4)
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)
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0.0 0.2 0.4
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Puc.4: 9KClIepUMEHTAalIbHbI€ pealu3ally MaleHHs HalpPAKEeHNS Ha MOTeHUUHAJNbHbIX KOn
TaKkTaX NpU YBEJIHUYEHUN HANpPAXKEeHUSs UCTOYHUKA.
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Taknm obpasom, B HacTOsIeN PaboTe DKCIIEPUMEHTANbLHO UCCIEOBAaHLI pelakcaloOHHbIe
aBTOKONe6aHus HopMalbHOM BoHLI B ToHkuX BTCII-MocTukax, BKNIOYEHHBLIX BO BHEUIHIOO
uenb ¢ MHAYKTHUBHOCTbIO. O6HapyKeHbl HHPEeKThl CHHXPOHUBALUU pelakCallUOHHBIX KoOle-
6aHUI HOPMAJAbHOH BOHBI C TENJO- MMAPOANHAMUYECKUMU OCHM/UIAUMUAMHN, BLIBBAHHBIMU Ie-
HepalMed U OTPBIBOM MapOBLIX MyBbIPbKOB, € MOCICAYIOWINM NEPEXOJOM K XaOTHYECKOMY
nopegennio. Ilokasana BO3MOXHOCTB CyLIECTBOBaHMUS PEryIAPHBIX M XaOTHYECKUX PEXH-
MoB Kone6aHuM HopMaibHOM BoHbLI B TOoHkMX BTCII-nnenkax, BKIIOYEHHBIX BO BHELIHIOIO
Uenb ¢ MHAYKTUBHOCTHIO U Mepuofnveckoll BbIHYxKAaouwen cunon. Onpenenena ”Pasopas”
IuarpaMMa CUCTEMBI.

Summary

We presented the results of an experimental study of the dynamics of oscillations of a
normal zone in thin HTSC - films connected to an external circuit with an inductance and
cooled by boiling nitrogen. Spectral and dynamical characteristics of the observed oscillative
motions have been determined. We showed with connection of an additional sinusiodal oscil-
lator to the circuit a complicated response of the system under observation, in particular, a
chaotic behavior the mathematical image of which is a strange attractor. The phase diagram
of the system in the driving frequency - amplitude plane has been determined.

We showed that in cooling samples directly with boiling nitrogen there arose a correlation
between nonlinear processes inside of the superconductor and in the volume of the coolant.
This correlation leads to the synchronization of periodic self-oscillations of a normal zone and
thermo- hydrodynamical oscillations caused by boiling.
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HEKOTOPBIE ITPUHIIUIIEI 9 KOHOMUYECKOW
JUMHAMHAKNA

A. B. Cmopro=cknit

HNucTuryT npukiagHoi ¢puszuku Poccuiickoil akaneMHu HayK
Huxunit Hosropon 603600, yi1.YabsuaoBa 46, POCCUA

Pedepat

B pa60Te HEeJIa€TCA NONbITKa cd)opMym{poaaTb obIye 3aKOHB SKOHOMIYECKOM NMHAMMKU.

BBenenue

OKOHOMHKa — BeCchbMa IOYTEHHas MO BO3PAcTy OOLUECTBEHHAs HayKa, M3ydalollas IPOM3BOACTBEHHEIN
6a3uc oblecTBa M 3aKOHBI, MM ynpasisomue. O6beKT UCCIEHOBaHUNA — NPeqNpUATHS, QUPMEL, 6aHKH,
YCJIOBHS UX B3auMOOOMEHa MaTepPHUAJIbHBIMHA U JEHEXHBLIMU IMOTOKaMM, OCOOEHHOCTH NPUHATHSA 3KOHOMH-
YeCKUX pellleHN# I'DYNIaMu JIoJel WU HaXe OTAeIbHBIMH JINYHOCTAMHU — CTOJIE Pa3HOPONEH M CJIOXKEH,
YTO BIVIOTH /10 Hadasia XX BeKa OCHOBHBIE Pe3YJIbTAaTH YAaBaJIOCh NOJYUYUTh JUUIL B OIUCATEILHON hopMe
HEKOTOPHIX KauYeCTBEHHBIX COOTHOIIEHUHN U 3aBucuMocTeil. Tosbko B mocienuue 60-80 jieT B sKxoHOMMKE
CTaJIl MHTEHCHBHO Pa3BUBAThCA KOJIMYECTBEHHBIE MOAXONbI, CO30aBaThLCA ONpeNesIeHHbIE MOIENH, MO3BO-
JISIOLMe He TOJBKO PAacCYNTATh KOHKPETHYIO CUTYAIUIO, HO M OaTh HaAeXHBINA NporHo3. He obxocmurcsa
sfieck u 6e3 nepexJyectoB. Ilopoit B cTaThbe, Hecyllell 3KOHOMUYECKOE Ha3BaHUe, COCPEIOTadYNBAETCS TAKOe
obuinue onpenesieHU, TeopeM, JIEMM, X JOKa3aTeJIbCTB H IPOMEXYTOYHEIX GOPMYJI, YTO CTAHOBUTCS IO-
HATHBIM, 4TO 3[I6Ch PE3BWJICA MaTEeMaTHK, TOXEJIABIIMIA IPUCTPORTD CBOH OIYC B 9KOHOMUYECKUI XY PHAJI.
OTu MaTeMaTU4eCKUe ”3aILILIBE” , HECMOTDSA Ha MX KaXyLIYIocd [VIyOuHY U GyHIaMEHTaIbLHOCTE, PeNKo
aloT 3aMeTHHIIl CIBUT B 5KOHOMHYECKUX 3HaHUAX. HeynuBurenbHo mosToMy, 4TO BO MHOTHX y4ebHUKAX,
a ¥ Hay4YHBIX CTaThAX IO CHX NOp 33a49acTYIO JOMHHHMPYIOT CJIOBECHHIE ONHCAHM IGO0 NPUBOLATCA I'pa-
PUKH pa3INYHBIX 3aBHCHMOCTEH B CHCTeMaX KOODAMHAT, MAacIITabkl Ha OCIX KOTOPHIX He YKa3HBaIOTCA.

BaxHeiiineii TeHaeHIUeN B Pa3sBUTHH 5KOHOMIYECKOH HayKH B MOCJIEHEE BPEMS CTaJIO IPOHEKHOBEHHE
B Hee PM3MYECKMX M MaTeMaTHYECKHX METONOB HCCJIE[IOBaHUM CIIOXHBIX cHcTeM (CM., Hampumep, [1, 2]),
BeAyIIMX CBOe HAYaJO OT M3y4YeHWs HePaBHOBECHBLIX MPOLIECCOB B TepMOAMHAMUKe M B Oosiee IMIMPOKOM
CMBICJIe B JUHAMUKe AUCCANATHBHEIX cucTeM. OmHako (UM3MKa O NPUMEHEHWS >TUX METONOB HPOLLIA
[OBOJIBHO MIOJITMH NMyTh M3ydYeHHUs PaBHOBECHBIX TepMOMMHAMMUYECKHMX IpomeccoB. ! B sroii obmactu
copMyJIIpOBaHbEl OCHOBHBIE 3aKOHBI, BBITEKAlOLIMe M3 TaK HAa3blBaE€MBIX NPHUHIUIOB TE€PMOAWHAMMKH.
BBonsTcs Takue NpMHIMNB (PEHOMEHOJOTHYECKH, Ha OCHOBAHMHU HAHHBIX MHOTOUMCJIEHHBIX SKCIIepHMeH-
ToB. XOTS OHH U He MOT'YT GBITh CTPOro JOKa3aHbl, OHAKO Bepa B X CIPaBeUINBOCTh CTOJb BEJINKA, 4TO
Joboe yTBepklieHNe, IPOTUBOpeYalliee XOTA Obl OMHOMY U3 3THX IPHHIMIIOB, OTOpachiBaeTcs GU3MKaAMMU
npakTudecku 6e3 xojiebaHUH, Kax 3aBeJoMO JIoxHoe. VIMeHHO xopolllee 3HaHHE 3aKOHOB PaBHOBECHOU Tep-
MOOMHAMMKY — HayK¥ KOHIENTYaJIbHO OOOCHOBaHHOM, N03BoJIgeT dusnkaM 6e36093HeHHO yri1ybnsaThcs B
nebpu MUHAMUKU HePaBHOBECHHIX MPOLECCOB, I'Jie MHOTHE CBS3U ¥ COOTHOMICHNUS ellle TOJBKO BHIABJISIOTCS
WIM yraJbIBaloTCA. '

YTo ke KacaeTcs SKOHOMHKH, TO IJI Hee HOPMYJIMPOBKA OCHOBHHIX NPUHIMIOB B 0OJIACTH, KOTOPYIO
10 aHAJIOTMM C TEPMOAMHAMUKOMR MOXHO OBIJIO 6B Ha3BaTh SKOHOMHUYECKON AUHAMMKON MJIN, COKPAIUEHHO,
5KOHOIMHAMMKOH, CTAHOBHTCA HACYIIHOHM 3afiauyeil, MOCKOJIbKY Nepexofi K U3y4eHUI0 CHJIILHO HEpaBHOBEC-
HBIX IPOIECCOB, CTOJIbL MONMYJIAPHEIX ceifyac MpU U3yYeHUH ~SKOHOMHUK MEPEXONHOro nepuona” , 6e3 sHaHUSA
TBEPOO YCTAHOBJIEHHLIX 3aKOHOB PaBHOBECHOH 3KOHOMHMKH MOXET CHJILHO 3aTOPMO3HUTH 3TO IIPOIBUXKEHHE.
IonwbiTKe chopMyIMpoBaTh HEKOTOPBIE TaKHe NPUHIHUNEL B 9KOHOMHKe M ICCBsINeHa AaHHas paboTa.

1 OG6mbeKkThl, H3y4aeMble B 3JKOHOMUKE

B 3aBMCHMOCT¥Y OT CTeNeHH arperupoBasus (06beqUHEHH) MM, KaK CKa3aj Obl QU3NK — yCPeqHEHUsd, B
SKOHOMHKE NPUHATO pa3iindyaTh MUKDPO- U MaKpO- ypOBeHb. MUKPO3KOHOMHKA — 3TO 3aKOHBI QyHKLHOHHU-
POBaHHS OTHEJIBHOTO NPeANpUATHs WK OfHOM GupMbl. MHorna 3Ty 06J1acTh Tak ¥ Ha3bIBAIOT — TEOPUS
¢upmbl. MaKpO3KOHOMMKa — 5TO 3aKOHBI (DYHKIMOHUPOBaHMS 5KOHOMHKH IEJIOH CTPaHbl MJIN OTHENb-
HOT'O KpYIHOrO peruoHa, KOrja B3auMOOOMEH TOBapaMM U JIeHEXXHBIMHM CPEACTBaMM PacCMaTpPHBaeTCd Ha

LC 3T0it TOYKM 3peHNs TepMONNHAMUKY NpaBUiibHee GbIJI0 6 HA3BIBATH T€PMOCTATHKOIA.
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yPOBHe OTpacJiell IPOU3BOACTBA, BHEITHETOPrOBOro 6ajlaHCca CTPaHH! B IIEJIOM M T.II., T.€. KOrja JefcTBus
MHOT'IX MHKPOOGBHEKTOB S5KOHOMHKY OLEHHBAIOTCA B CPEHEM IO CYMMapHOMY pe3yJIbTaTy.

Ilo6aBuM, 4TO ellle OMHHUM BaXXHENIINM OODBEKTOM M3YUYEHHS SKOHOMHKHM SBJIIOTCA PhIHKH. [lo cBoeit
SKOHOMHYECKO# CYyITHOCTH OHM 3aHHMAIOT MPOMEXYTOYHOe MOJIOXKEHNe MeXIy MUKPO- ¥ MaKpo- 5KOHOMH-
KOif, XOTS TeCHee IPUMBIKAIOT BCE XKe K MAKPO3KOHOMUYECKAM O6beKTaM, T.K. SBJIAIOTCH Kak O6bl ” cpeHIM
nosteM” 1LeH, BHIpabaThIBAEMEIX B Pe3yJIbTaTe MHOIOYNCIEHHBIX OOMEHOB TOBapaMH, IeHbI'aMH M Ipoyee
MEXIY OTAeNLHbIMA NPEANPAATHAME, GUPMaMH U JaXe OTOJIbHBIMHU JIonbMu. B To Xe BpeMs paccmo-
TpeHMe YCJIOBHH yHKIIMOHUPOBAHUS OIXHOIO NPEANPHUITHS B MAKPO3KOHOMEKe 06513aTeJIbHO BKJIIOYaeT B
cebs ¥ aHAJIN3 PEIHKOB (pHIHKA (haKTOPOB — CBHIPbS, MaTEPHAJIOB, Paboueil CHIIB! M PHIHKA FOTOBOM IPOIYK-
MK, T.€. PHIHKA TOBApPOB U YCIYT), C KOTOPHIMU IPHXOAWTCS B3alMOAEHCTBOBATh JaHHOMY HPEANPHITHIO
(cm.puc.1). Tlo cBoeit pu3nmdecKoil NPUPOIE PHIHKA MOT'YT GBITH COBEPIIEHHO Pa3jIMYHbI — OT MaJIeHbKOTO
6a3apynKa Ha UEHTPAJIBHON IUIOMa ¥ KaKoro-HubYAbh ropoiika 0 MHPOBOrO PHIHKA. VI Bce Xe y HUX eCThb
HeuTo oblnee, YTO M CJIEAYET, MO-BUAUMOMY, IOJOXUTh B OCHOBY OIpeNeIeHNs MOHATHUS, 0603HaYaeMOro
coBoM " pBEIHOK” . JTO 0blilee — €NUHCTBO HHPOPMAIMOHHOIO NPOCTPAHCTBA,I'le OCHOBHAs MHGOpManus
IpeAcTaB/ieHa UeHaM# Ha TOBAPHI U YCJIYTH, IPOAAaBaeMble M OKYNaeMEule Ha 5ToM peiHKe. OTMeTHM, 9TO
BOIIpOC Mepefaun MHGOPMALKHU ¢ MOMOIIBIO IIeH BeChbMa NOApobHO obcyxaaeTcs B KHure [3].

Nmenno obnananuwe uHGOpManwyeil o IeHaX Ha PHIHKe KaK DPONABIAMHU, TaK M MOKYNATEIAMHA BBHIHY-
XKIOAaeT UX UCKaTh KOMIPOMHCC M BHIPAabAaTHIBATBH TO, YTO HA3HBAETCA ~ CIPAaBEMINBOM” WM DPHLIHOYHOM
LEHOHN CHEJIOK.

2 DByxranrepckuii yueT — ”3KcHepMMEHTAJILHAsA” OCHOBA 3KO-
HOAMHAMUKN

Iis Toro, 9To6b NMETH BO3MOXHOCTh CHOPMYJIMPOBATH OCHOBONOJIAraloNe NPUHIUILI KaKoi-Iu60 oT-
paciid 3HaHUSA, HeOOXOOMMO MMeTh U I'PaMOTHO NPOaHaJIM3UPOBATh OOJIBIIOE YUCJIO PE3YJILTATOB 3KCIe-
PMMEHTOB, BHISBJSAS TO oblliee, YTO U JOKHO COCTABUTDH CONEPXKaHMEe 3aKOHA WM NpuHUMOa. [Ipsambie
SKCIIEPUMEHTHI B 5KOHOMUKe HEBO3MOXKHBI, OXHAKO eXe/HEBHad NPaKTHKa (PYHKIMOHHPOBAHWS MHOTLOYH-
CJIEHHBIX MHKPOSKOHOMHMYECKMX OOBeKTOB — HpennpusTHii, ¢upm, 6upx, GaHKOB U T.N. AaeT 60raThbIil
MaTepHas IJIs aHajm3a. [leso CyIuecTBeHHO yNpomaeTcs elle ¥ B CHIIy TOTO, YTO Ha KaXXIOM IpeArnpH-
ATHUN, B KaXHoit pupMe BeneTcs OyXTaJTepPCKHil y4eT, METON OCYIIECTBJIEHHS KOTOPOro 6bll IpesoXeH
posHO 500 sieT Hazan (B 1494 r.) mTanbsHcKuM MaTeMaTukoM JIykoit ITavosn [4].

OTOT MeToq IpeanoJiaraeT AeTAJIbHEIA yUeT KaXIoi oepalny, IPOU3BOAUMON Ha npeanpusTun. Ilo-
KYIKa CHIpbS H MaTepuaJioB, GOPMUpOBaHNe BHyTpPeHHell LeHbI (ce6eCTOMMOCTH) Ha NPOM3BOAUMEIE TO-
Baphbl WM YCJIYTH, KyIa BKJIIOYAIOTCS BCe OCHOBHLIE 3aTPATH Ha IPOM3BOACTBO, MPONAaXa MPOLYKIHAH IO
6oJiee BEICOKMM ILIeHaM M, KaK CJEACTBHE, MOJydYeHNe NMPUGLIIN — BCe 3TH IPONECCH HAXOAAT OTpaxKeHHe
B OyxrajiTepckux mposofkax. IIpu 3ToM Tak Ha3bIBaeMblil IPHHIHUI IBOMHOM 3alMCH B GyXTaJTepcKOM
ydeTe IpeanoJiaraeT, YTo Kaxaas onepaius o6s53aTeIbHO OTPaXaeTCd ONHOBPEMEHHO Ha JABYX cYeTax —
B nebeTe OMHOrO M B KpelUTe APYrOro CYeTa.

Hpyrumu cioBamu,6yXraiTepcKue IPOBOAKM GUKCHDYIOT MEPEXONbl U B3aMMHEBIE TPaHCHOPMAINN Ma-
TepUaJIbHEIX IIEHHOCTEH, 3aTPaT M JEHEXHBIX CPeCTB, NpUYeM TakK, YTO obIIas UX CyMMa MOXET H3Me-
HUTBCA TOJIBKO 33 CUeT B3aUMONEWCTBHS NPEANPUITUSA C BHEIIHUM MHPOM.

3 3akoH COXpaHE€HNnsA CTOMMOCTH -

Onepanuu, KOTOpBIE HE MEHSIOT BEJIMYMHY CyMMapHOH CTOMMOCTH CPEACTB, HAXONSALIUXCS B PAcHOpsXKe-
HYH NPEANPHATHA, 60 IBJIAIOTCS YHCTO BHY TPEHHIMM ONlepallisiMi — Iepelada MaTepUaJIbHBIX IEHHO-
cTell CO CKJIajJa Ha IPOU3BOACTBO WJIM NePeBOX HeHer C PacYeTHOro CYeTa B KacCy U T.I., JIuGO ABIAIOTCA
ollepallAMH 3KBUBaJIEHTHOTO o6MeHa — OINIaTa MOCTYIUBIINX MaTepPHaJIOB, IPONaXka YaCTH CPEICTB IO
cebecToumocTy 1 T.A. Eciiu onepanuu SBISI0TCS BHY TPEHHUMH, TO NPEANPUSITHE C TOYKHA 3PEHUS DUNKA
MOXHO Ha3BaTh H30JIMPOBaHHBIM. B 5ToM ciydae B GyXrajTepcKux MPOBOOKaX y4acTBYIOT TOJIBKO TakK
Ha3bIBaeMble aKTHBHBbIE CUETA.

B npoTuBONOIOKHOM CiTy4ae, KOra UMeeT MECTO OOMeH ¢ BHEIIHAM MUPOM (3KBHBAJICHTHBIN MJIH HET
— 3TO HEBaXHO) B IPOBOAKAX OOA3aTENLHO YYacCTBYIOT IACCUBHBIE CYeTa, DUKCUPYIONINe IPUTOK HIIH
OTTOK CPeICTB C NPeANPHATHS (BO3HUKHOBEHHE MJIM NOTalleHHe ero AoJroB). O6MeH ¢ BHEIIHUM MHpPOM
OCYIIECTBJISETCS U depe3 MaTepHaJIbHbIE U Yepe3 JeHeXKHble OTOKH (puc.1), cyIecTBeHHBIM Xe SBJISeTCS
TOT akT, 9TO VI KaXKAOrO NPEANPHATHUS B LEJIOM WIH IUI OTAEIBHOM yYEeTHOR KaTerOpHy CPEACTB (B
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TOM 4YHCJIE U neHemexx) HaJtaHC IpuXxoaa, pacxoda U BEJIMYHWHBI OCTaTKa BCErga UMeEET (bopMy 3aKOHa
COXpaHEHNs BEJIUYNHLI CTOMMOCTH:

Qrn = Qn_1 + InF — OutF, (1)

roe (), — 3HaYEHHE YYETHOH BEJIMYMHBEI Ha KOHeI nepuona, (J,_; — ee OCTaTOK Ha KOHell Ipe-
nbUTymero mepmona Bpemenu, InF — nputok, QutF — oTTOK 3Toil BeiwduHH 3a mepuon (Ha si3bixe
Gyxranrepckoro yuyera BesimduHbl “InF” u ”OQutF” nasniBaioTcs obopoTamu no nebeTy WiM 1O KPeOuTy,
a Besim4yuHEL ” Qi” — caJIbJo 1O CYeTy).

TakuM 06pa3oM, MOXHO CHEJIaTh BHIBOI, YTO B YKOHOMHKE CYIIECTBYET 33aKOH COXPaHEHHS CTOMMO-
CTH, BIIOJTHE aHAJIOTMYHEIA 3aKOHY COXPaHEHHs SHEPruM B (HU3MKe, KOTOPHIA yTBEPXAAeT, YTO CTOUMOCTh
KaKUX-JIn60 MaTepHAJIbHEIX WM NEHEXHBIX CPEACTB He MCUe3aeT 6eccieHO U He TOABJIAETCS U3 HHYETrO
axe NP U3MEHEHUN PU3MIECKOM CYIIHOCTH CPEICTB, a U3MEHEHNS €€ BEJIMUMHEL CBSA3aHH C NOGAaBICHHEM
WM BHIYATAHUEM CTOMMOCTH, KOTOPbIE COIVIACHO NMpaBWJIaM GyXraJiTepPCKOro y4eTa OyAyT OTpaXeHH B
ee mepepacipelesIeHHH 110 IPYTUM CYeTaM. 2

4 IIpemenbHas penTabesibHas BO30GHOBIAEMOro (IUKINIECKOTO)
NPOM3BOACTBA

IonHsblil yueT n3MeHEHNS BEJIMYUHEI CTOMMOCTH NPEAIIPAATHS 10 6y XTrajiTEPCKUM pacdeTaM 3aBepIiaeTCs
cocTabjleHreM GajlaHca. BajlaHC B yKPYIHEHHEIX Yy4YETHBIX KaTErOPUSAX IOKa3hIBAET BCE NPOM3BENCHHBIC
3a OTYETHBIH IEPUOM 3aTPATHl B BCe NOJTy4YeHHBIE NOXONbl. Pa3HOCTD 3THX BEJIMYUH COCTABIAET NPUOLLIL
HpeanpusATHs (WIH yOBITOK), 9YTO H OTPaXKaeTcs Ha CHeNHaIbHOM GaJlaHCUDYIOEM CYeTe, JEMOHCTPHDY-
IoIIeM KOHEeUHBIN Pe3yJIbTaT HesTeJbHOCTH NPEANpPUATHS (Co 3HaKoM ”mimoc” wian ”mMunyc”).

O6pamasdce k puc.l, BaxHO eme pa3 NOKYEPKHYTH, 4TO paboTaloliee NPEANPUITHE €CTh Ha pusmde-
CKOM $3bIK€ OTKPHITas CACTeMa, OOMEHMBAIOLIAACS C BHELIHAM MHPOM MAaTEPHAJIbHEIMA H JCHEXHBIME
[HOTOKaMH.

PBIHKH, ¢ KOTODHIMH IePHONMYECKH B3aUMOIEHCTBYET NPEANpPHATHE, IPEACTABISIOT coboil TpaHC-
¢$opMaTOPE MaTepHaJIbHEIX HOTOKOB B ACHEXHbie M HaobopoT. Kaxawiii pHIHOK XapaKTepusyeTcs He-
CKOJILKUMH NapaMeTPaMH — Ipexe BCEro, eCTECTBEHHO, ~ k03hdHIueHTOM TpaHchopManun” , BpeMeHeM
3alepXKH, BO3MOXHBIMH NOTEPSMHE, KOJIMYECTBOM ” Iy3bIPHKOB” , KOTOPHIE OH MOAMEIIUBAET B HAYIIMA OT
HETo Ha HPEeANpUATHE NOTOK (IJI NOTOKa ACHEXHBIX CPEACTB ”NMy3HPbKaMK® MOXHO CUYATAThL BEKCeJid H
OpyTHe MUCEMEeHHbIe 0643aTeNIbCTBA, & IS MAaTEPHAJIBHLIX IOTOKOB, HAIIPAMED, HOTFOBOPA C NPeNoIaToNR
H C OTCPOYKON MOCTABKH).

Haubosee cymecTBeHHBIM ¢ 5KOHOMHYECKOH TOYKHU 3pEHUS ABJIAETCA (GaKT NPOHaXd ToBapa IO IIEHe
6oJiee BEICOKOIl, 4eM ce6eCTOUMOCTD, T.€. TPaHC(HOPMalNK NOTOKa TOBAPOB B IEHEXHKIH NOTOK C K03ddu-
nueHTOM Gosibinie enuHUIE. MIMeHHO 3Ta pasHUNa UeH M JaeT NpUOLUTL NPEANPUSTHIO, T.€. ONPaBILIBAaET
11eJ1eC006pa3HOCTh ero (GPYyHKIMOHMPOBAHUA (C TOYKHM 3peHHMs coGcTBeHHHMKaA). IlmkiamuHOCTHL mpouecca
IPOM3BOACTBA U IOJIyYeHHEe MOJOXHMTEJIHLHOIO 3@deKTa B pe3yJIbTaTE €ro MEPHOAMYECKHX KOHTAKTOB C
PBIHKaMH C Pa3HbIMHU IIeHaMH HaBOAMUT Ha IPSIMYIO aHAJIOTHMIO 3THX IPOLeccoB ¢ nukioM KapHo B pusuke.

BcnomauM kpaTko Kak onmuckiBaetcs nuki KapHo B TepMonuHaMuKe U KaKOBBI OCHOBHBIE BHIBOIEI W3
€ro PacCMOTPEHHS. :

O6paTumcs K puc.2a, rie n306paxeH MUWIKHAPD C Fa30M, YAEPXABAEMEIM TIOPIIHEM, KOTOPHIi epHONA-
9eCKH HaXONMTCHA B TEIVIOBOM KOHTAaKTe TO pe3epByapoM (GosabmuM TesioM) ¢ TemnepaTypoit T3, (”xoso-
IOWIBHUKOM” ), TO C pe3epByapoM ¢ TeMnepaTypoil T3 ("HarpeBatenem”). Toraa, Koraa HMIMHAP KOHTaK-
THpPYET C NePBLIM TeJIOM U TeMIlepaTypa rasa pasHa 11 (71 < T3), noplieHb CXHMAET a3, T.e. COBepIIaeT
paboTy (Touku 1,2 Ha auarpamme, puc.2a). 3aTeM UMIMHAD BHIBOAUTCS U3 CONPUKOCHOBEHHS C NMEPBBHIM
pe3epByapoM, HO ra3 NoA OeACTBHEM NOPLIHS MPONOJIKAET CXKHMATHCA U TEMIEPATYPa €ro MOBLIIIAETCT
(2,3). (Hmmueap cuuTaeTcs B 3TO BpeMs TEIVIOM30JMPOBAHHBIM OT BHEIIHETO MHpa, T.€. Ha (QU3MIECKOM
A3bIKe OCYIeCTBJIfeTC anuabaTnyeckuii nponecc cxkatus). TeMmnepaTypa rasa pacTeT 4 B KaKOi-TO MO-
MEHT AOCTUraeT BeJnuuHbl 15. Iuannnp npuBoauTcs B TEMIIOBOM KOHTAKT CO BTOPHIM PE3€pBYapoM, IpH

2HlnrepecHo OTMETUTD, YTO ony6/IMKOBaHHaA B aHIJIMIICKOM XypHajie "Nature” B 1938 r. craTbs Hemeukoro reodu-
auka P.OMaena, nocssieHnas posin sHepruy U SHTPONUK B TEPMOAMHAMMYECKUX MPOLECCaX U O3arjiabiieHHas " 3aueM Mbl
HMeeM 3MMHee OTOIUIeHWe” Gbljla 3aTeM MOJHOCTBIO BKJIOYEHA B MOHOTrpadMy TaKMX KPYMHERIMX PU3UKOB - TEOPETHKOB
kak A.3ommepdensn, P.Ky6o u HekoToprix apyrux. 3akaHumBaiach 3Ta CTaTbs ciioBamu: "B ruraHTckoit pabpuke ecte-
CTBEHHBIX IIPOLIECCOB... 3aKOH COXPaHEHHs 3HEPruM UrpaeT poiib GyXrajiTepa, KOTOPHIi NMPUBOAUT B paBHOBecHe aebeT u
Kpenut”.
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5TOM OH, COXpaHss CBOIO TeMIlepaTypy Ha ypoBHe T3, yXe caM coBeplllaeT paboTy Hax mopimHeM (3,4).
B HeKOTOpBI MOMEHT KOHTAKT LIIMHIAPA C Pe3ePByapoM NPEPHLIBAETCH, I'a3, MPONOJIKas PACIIAPATHLCS
U coBepIIaTh paboTy, oxyaxaaercs no TemunepaTyps 17 (4,1). Huinuap BHOBL NPMBOAMTCS B TENJIOBOI
KOHTAKT C Pe3epByapoM ¢ TeMnepaTypoM 1 ¥ Mpouecc NOBTOPSETCH.

TTonesnas paboTa, coBepLIeHHAs ra3oM (T.e. PasHUIA MeXAY IOJHON paboToil rasa Haj HOPIIHEM 3
paboToll MOPIIHS MO CXATHIO Ia3a) ONpeNesIseTcs INIOAAbIO MEXAY KPUBHIMA — ABYMs H30TepaMaMu
u OByMs anuabaramu (puc.2a), a npenebHbI KodhduuueHT nosestoro neiicrsus (KIII) Tensooit Ma-
IIMHEl — OTHOUIEHHEM 3Toi paboTHI K TeIuly, NepefaHHOMY OT GoJsiee Harperoro (Broporo) Testa. KILII
unkia Kapuo, kak usBectHo [5], paBen

n=1-T\/Ts, ()

3aBHCHT TOJIBKO OT Pa3HOCTH TeMIlepaTyp “HarpeBaTess M ”XOJONWIbHUKA” M He 3aBHCHT OT NpH-
ponsi ” pabouero Tena” (rasa).

Ob6paTumcs Teneps K NPEANPUATHIO, 3aKyNAIOMEMy , T.€. 3aTPauYMBAIOLIEMY MMEIONINECS Y HEro [e-
HeXHble CPEICTBa, Ha PHIHKE C IeHaMu P) CBIpbe M MaTepHaJHl, a 3aTeM, GyAy4n ”HM30JMPOBaHHBIM OT
BHEIIHEro MHUpa” , IePeBOAANIEMY 5TO CHIpbe H MaTepHaJbl B TOTOBYIO NPOOYKIHUIO C IeHO#H P, (puc.2B).
IIponasas >Ty npomyxumio, T.e. MOJy4as NeHeXHbLIE CPEICTBa OT GoJiee ”ropsidero” puIHKa, MPEeNNPUITHE
nojry4aeT DoJibllle JEHEeXHBIX CPEACTB, YeM OHO 3aTpaTuiio. Ilosydennsie ” M3nIKkn” OHO 3a9McisgeT cebe
B NpUGBUIL, T.€. BHIBOMMT UX U3 060pOTa, TPATA Ha UTO-TO MOJIe3HOe IUIi cebd, a ¢ ePBOHAYAILHOM CyM-
MOIi CPeCTB BHOBb BXONMT B KOHTaKT C ”XOJIOHHBLIM” DBHIHKOM CEIpbs ¢ meHamu Pj. Iluka moBTopsercs,
4 3((eKTUBHOCTL paboTHl NPEANPUATHA MOXeT GBITh paccuMTaHa (IO aHajorum ¢ BhuncieHnem KITIT
nukia KapHo) Kak OTHOLIEHHe IOJIyYeHHON NPUOLIIN K BajOBOMY JIOXOLY >

(Py — P

7‘=\—2—P-2n—1)=1—P1/P2, (3)
re n — KOJWYEeCTBO Chipbi M MaT€PHAJIOB WM TOTOBOH NMPONYKIWH, BHIDAXEHHOE B (PH3MUYECKHX
enuHANAX. BesmumAy 7 MOXHO Ha3BaTh NpeNEBHON PEHTABEILHOCTHIO IOPOU3BOACTBA MO OTHOILEHUIO K
DoXonly, OCKOJIBKY GoJiee BEICOKON PeHTabesIbHOCTH B BO30GHOBJISEMOM LMKJIAYECKOM MPOM3BOACTBE MIO-
CTHYb HeBO3MOXHO. IIpu BriBome opMysibl (3) yYTeHB TO/NLKO NMPUHIMINAJILHO HEOBXOMUMEBIE IS npo-
Llecca MPOM3BOACTBA 3aTPATHI Ha MOKYNKY ChIPbS M MaTEPHAJIOB, BCE Xe OCTaJbHblE 3aTPaTHI (3apIiiaTa
NepCcoHasla, HaJOTH U T.O.) CYNTAIOTCH NMpeHeGPEeXHMO MajbiMH, TONOGHO TOMy, KakK He YUUTHIBaeTCS

TpeHue u noTepu Temia npn pacdere KIIJ unkia Kapro.

Takum 06pa3oM, B 3KOHOMHKe MOXeT GBITb ChOPMYJIMPOBAH MIPHHIMI O HEBO3MOXHOCTH NIOJIyYeHHus B
BO30GHOBJIA€MOM POM3BOACTBEHHOM MHKJIE PeHTabeJbHOCTH (ONpeesIeHHOM 10 OTHOMIEHMIO K BaJIOBOMY
IOXOly) CBEILIE CTa NPOLEHTOB. IIpn 3TOM ycTaHaBIMBaeTCs Takxke, YTO npeiesibHas PeHTabeIbHOCTD
He 3aBHCHT OT KOHKPETHOTO BHJa IPOM3BOACTBEHHOTO MPOIECCa (3TO MOXeT GHITh 06paboTKa 1 cbopka,
pacdacoBka u mIaBKa, 3TO MOXeET GHITH OKa3aHMe KaKUX-TO YCJIyT, HApUMeEp, TPOCTO nepeBO3Ka TOBapa
C O[IHOTO MeCTa Ha JPYroe, 3TO MOXET OBITb aKKyMYJISUHS NEeHET y BKJIAJIMKOB M BbLAAYA UX B KpeauT
3a€MIMKaM ¥ T.I.), a ONpelesIfeTCsS TOJIBKO PAa3HOCTDIO IIeH Ha PHIHKE ($haKkTOpOB M pHIHKE TOBapOB.

B saxsmiouenne 3ameTuM, 94TO posib 6yXraiTepCKOro y4eTa B 5KOHOMHKe aHAJOrHYHA POJIN KMHETHKH B
¢usnke. 3Hast Bce AETAIM MHOTOYMCIIEHHBIX B3aMMONEHCTBHIl, MOXHO PaCCYHTATE HOCTATOYHO TOYHO JIo-
6yio BesmumHy. OnHaxo IS aHajn3a OGLIMX TeHOEHUMH OBEIYHO yZnobHee MOJIb30BATHCA HEKAMH YCpel-
HEHHBIMH (B ONPeNeJICHHOM CMBIC/IE MaKpOCKOMMYeCKHMH) TNOKa3aTeJIIMH, KOTOPHE MOTyT GHITH MOJY-
UeHBI C IIOMOIUBIO CTATHCTUKH WM BBeJeHb! SMnupudecku. HecoMuenHo, 4To B sxoHOMEKe BaxHYyIO PO
AOJDKHEI MrPaTh TaKue NOHATHS KaK SHTPOMHSA, SHTAJIBINL i T.II., ECTECTBEHHO, COOTBETCTBYIOMIMM 06pa-
30M onpenesienHble. OnHako B du3nKe OHM GoJlee TECHO CBA3AHE MMEHHO CO CTATHCTHYECKIMI IOHS THIMH
H TOAXONaMHU, KOTOPBIX HaM 3/leCh MPaKTHYeCKH YAAJIoCh u36exaTsh. B cuity aToro xoppekTHOe BBemeHme
UX 1 (OpMYIMPOBKA COOTBETCTBYIOIKX NPHHIMAIOB B 5KOHOMUKE TpebyioT, O-BUANMOMY, CHIEHUAILHOTO
PacCMOTPpEHHS.

3B 3KOHOMHKe CyIIECTBYET HECKOTBKO MOHATHIA penTabeabHocty [6]. Hanbonee 6nm3koit o cMbIcy K BBeICHHO! Besu-
4YMHEe ABJAETCA " PeHTa6eIbHOCTh NPORYKUMHM”, PaBHAA OTHOIIEHMIO NPUGHITIH K U3ZIepXKaM Ha UX NPOU3BOACTBO, T.e. B
IXaHHOM cily4ae r — —1;1—1;1—. O6 onpenenennsx, Kak U3BECTHO, He CHOPAT, ONHakKo dopMmyna (3) xaxercs Ham B maHHOM
ciydae MpeaAnoYTUTE bHEN, IOCKOJIbKY ONpeesieHHas 0 Heil penTabenbHOCTh (Mo anajioruu ¢ noustuem KIII s ¢usuke)
HMKOI'ZXa He MOXeT npesBumaTh 100%.
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SOME PRINCIPLES OF ECONOMICAL DYNAMICS
A. V. Smorgonskii

In this paper we attempt to formulate the most common laws of economical dynamics like it was
done in physics when the thermodynamical principles were formulated. Analysis of basic principles of
book-keeping shows that there exists in economics the law of value conservation similar to the law of
eniergy conservation in physics. Investigation of the conditions of simple reproduction for an enterprise
which interacts with the factor market of goods and services indicates that there exists a law that restricts
the maximum profitability of cyclical production process.
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