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PREFACE

The International School in Nonlinear Science was organized for active researchers
and students from Russia and other countries and was held in Nizhny Novgorod
from September 5, 1995 through September 16, 1995. This school followed in the
long tradition of the schools organized by the Institute of Applied Physics RAS in
Gorky (Nizhny Novgorod) from 1972 to 1989. These schools were called “Schools
on Nonlinear Physics”. This is by no means accidental. Even at our first schools
held in 1972 and 1973, general problems and methods in the theory of nonlinear
oscillations and waves were discussed including various nonlinear phenomena in
plasma and solid state physics, as well as in astrophysics, chemical kinetics, biology
and other branches of natural science. In such a way these schools were “Schools of
Nonlinear Sciences”. Indeed, during the last seven or ten years the term nonlinear
science has become rather popular in the English-speaking countries. Under this
“slogan” a number of international meetings have been held, many collected papers
have been published, and some new journals have appeared. In general, nonlinear
phenomena in various areas of fundamental science and applications are of great
interest and draw more and more attention.

We are now experiencing a new stage in the development of the branch of science
that is traditionally called nonlinear theory of oscillations and waves or nonlinear
dynamics. As is well known, the classical theory of nonlinear oscillations can be
traced back to the works of H. Poincaré, B. van der Pol, L. Mandelshtam, and
A. Andronov. This theory was completed in the early sixties. A unified nonlinear
language was formulated and an interdisciplinary system of models, images and
notions was created. In short, a new way of thinking, called “nonlinear thinking”
according to Mandelshtam, was formed. In addition, effective methods of analysis
of nonlinear dynamics for various systems and media were elaborated. However,
the description of the whole variety of phenomena was reduced to the analysis
" of dynamical systems in two-dimensional phase space. The effects of the third
dimension, even if they were considered, were in the shadow of “small parameters”,
thus preventing the appearance of qualitatively new, surprising features.

To the end of this “classical period” many scientists thought that nearly all
fundamental problems were solved, and the majority of specialists in nonlinear
physics were only going to enlarge its scope, trying to find some new terra incognita.
Such researches were certainly very important, because they brought many practical
results, but they did not change anything in the classifications of the possible types
of behaviour of nonlinear systems which had been formed by this time. The situation
changed drastically in the middle of the nineteen sixties due to the discovery of
chaotic behaviour of dynamical systems and of stable structures of nonlinear fields
(solitons) localized in space.

The birth of solitons and the discovery of strange attractors (i.e., the creation of
chaotic dynamics) marked the beginning of a new stage in the history of the theory
of nonlinear oscillations and waves — that is the study of essentially nonlinear phe-
nomena evolving in space and time and qualitatively different from the phenomena
of quasi-linear physics. The advances in this area followed one after another, and
by the beginning of the eighties a sufficiently high level in understanding and de-
scription of chaotic dynamics of nonlinear systems and media, behaviour of solitons
and their ensembles, etc. was achieved. Of course, there is a lot to be done yet
in this domain, but now the “center of gravity” in studies on nonlinear dynamics
began to shift to new directions, i.e., to research on complicated nonlinear systems
with variable structures, systems with memory and self-learning systems, as well as
neurobiology.



The study of nonlinear dynamics and construction of models for such compli-
cated processes and systems as turbulent flows and the cortex of the human brain
demand new methods of diagnostics. In particular, such methods as reconstruc-
tion of a dynamical model based on the analysis of dimensionality of its realization
proved to be very promising and were discussed at our school (H. Abarbanel, “The
analysis of observed chaotic data: Making physics with chaos”).

Apart from the theory of pattern formation and dynamics of complex nonlinear
systems and media, the traditional nonlinear problems arising in ocean dynam-
ics, plasma physics, atmospheric dynamics were discussed at the school. On the
teaching level, the following lectures were given: “Spatio-temporal patterns in biol-
ogy” by M. Rabinovich, “Pattern formation in fluids: Methods of calculation” by
W. Pesch, “Nonlinear waves, chaos and patterns in microwave electronic devices”
by D. Trubetskov, “Low-frequency dynamics of lasers” by Ya. Khanin, “Anti-phase
dynamics in lasers” by P. Mandel, “Nonlinear properties of biological neurons” by
A. Selverston, “Nonlinear oscillating structures in earthquake and seaquake dynam-
ics” by B. Levin, “Nonlinear waves and patterns in blood coagulation” by G. Guria,
“Nonlinear graviphysics” by A. Fridman, and others (41 invited lectures total). Be-
sides the pedagogical lectures, research oriented lectures and communications were
presented in the frame of seven minisymposia:

e Nonlinear Dynamics and Neurophysiology
e New Trends in Nonlinear Optics

o Mathematical Problems of Nonlinear Dynamics

Quantum Nonlinear Physics
e Nonlinear Physics of Microwaves

Nonlinear Waves in Condensed Media

[ ]

Nonlinear Dynamics, Turbulence and Noise

Part of the invited lectures will be published in the focus issue “Synchronization
and Patterns in Nonequilibrium Media” in the International Journal CHAOS.

These Proceedings, that consist of two volumes, include some invited lectures
and materials presented at the minisymposia.

In conclusion we express our gratitude to all the participants of the school who
have submitted their papers to these proceedings and to the members of the Orga-
nizing Committee who took active part in their preparation. We hope for further
fruitful cooperation.

M.I. Rabinovich
M.M. Sushchik
V.D. Shalfeev
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Abstract
The chaotic behaviour of the electron beam with virtual cathode in the plane Pierce diode and
bounded drift tube are considered. The processes of the structure formation are observed. The
analysis of the eigenmodes and its time behaviour take the understanding of the nonlinear behaviour
of the beam from the point of view of structure interaction. Simple model for interacting structures
is suggested and considered briefly.

Introduction

In this work we are interested in the investigation of the chaotic behaviour of the simple microwave
devices with bounded electron beam and analyzing the inner structures of the beam.

We will consider two models of the bounded electron devices, called Pierce diodes [1]. The first model
is the plane Pierce diode (Fig.1a). In this model infinite electron beam propagates between two grounded
planes. Space charge density po and velocity vy of the beam are kept constant on the entrance of the
system. Nonperturbated space charge is compensated by the immobile ions. Distance between grids is
L. This model has one dimensionless parameter

[0 =pr/vo, (1)

where the w, is the plasma frequency, corresponded to the charge density on the entrance of the beam.
The threshold of the linear instability is the & = #. When « is more than «, one or more linear modes
increase and lead to the formation of the region with potential almost equal to cathode potential. This
region is called the virtual cathode (VC).

The second model includes bounded drift tube (Fig.1b). The wall potential is equal to the potential
of the entrance and exit grids.' All other suggestions, mentioned above are kept in this case. When the
tube is filled by the beam two independent dimensionless parameters of the system are @ and R' = R/L,
where R is the radius of the tube. In the tube type diode if threshold of instability is exceeded the
increasing of the perturbation leads to the formation of the virtual cathode also.

These diodes are not exact, but useful models for different types of the nonlinear behaviour, which are
connected with nonlinear regimes of the Pierce type instability. They are electronic turbulence, different
types of the VC oscillations and others [2]. New attention for these models was attracted some years ago
as a result of the discovery of dynamical chaos in this system [3]. The Pierce type models can describe
one mechanism of microwave generation in the vircators [4].

neutralizing fon background
&‘:Z: electron beam
PloEe . PR)=0
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Figure 1: Two different cases of Pierce diode: a) the plane case; b) the tube-typ;e case.



1 Structures

There are different dynamical states of the VC oscillations in the plane model [5]. In this case strong
chaos regimes are excited as well as weak chaos. For large values of o &~ 27 near to regular oscillations
are appeared. '

In the case of tube-type Pierce diode nonlinear dynamics of the electron beam with virtual cathode
is slightly different. The windows of chaotic behaviour on the parameter plane are larger in this case. As
compared with plane case attractors are more uniform and regular.

Dimensions of the chaotic attractors was estimated with the help of Grassberger—Procaccia algorithm
[6]. The saturation of dimensions with increasing of the embedding dimensions was obtained. We can
conclude, that chaotic behaviour of VC is defined by the exciting of the small number of the degree of
the freedom.

The average mutual correlation function was calculated for the consequence sections of the beam in
the chaotic case. This correlation function has one sharp peak that coincide with the place of the VC
arising. This behaviour of correlation justify the existence of localized electron coherent structure in this
region.
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Figure 2: Space-temporal diagram for the chaotic oscillations.

Physical processes were analyzed with the help of the space-temporal diagram (Fig.2). Each curve on
this diagram represents the trajectory of one charged sheet. Black areas are corresponded to bounches
in the electron beam. As evident from the Fig.2 two different bunches are organized on each period of
the oscillations. First bunch is the VC and it is organized as a result of the electrostatic instability, and
the second one as a result of the kinematic instability. It is organized in the following way: when VC
is disappearing, the incoming beam is moving in the increasing field. There is klystron bunching in this
case, leading to the formation of the second pattern.

The patterns are connected by the common field of the space charge and the moving beam. In the
regular regimes and regimes of the weak chaos connecting through beam is uni-directional because the
formation of the second structure is defined by the beam transmitted through the VC.

If the space charge density in the second pattern is large enough then the part of the beam can be
reflected from this pattern. Marked curves on the Fig.2 are corresponded to such reflected particles. Re-
flection from second pattern leads to the strong coupling of the patterns through beam because reflecting
part of the beam defines the initial conditions for new formation of the VC.
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Figure 3: The energies of the first (W;) and the second (W) eigenmodes for the different values of a.



2 Eigenmodes

Now we recognize the inner structures of the beam with the help of the Karhunen—Loeve decomposition
[7]. The most energy of the beam is contained in the four highest eigenmodes. First and second modes
demonstrate strong nonuniform space distributions with one peak. These distributions are almost coincide
with space charge density distribution in the moment of the formation of VC and the second pattern.

Appearance of reflection from second structure and increasing of the coupling between structures is
accompanied by increasing of energy of the second eigenmode. The energy of the second eigenmode
may be used for measurement of the coupling. On the Fig.3 energies of the first (W1) and second (W>)
eigenmodes are shown. The energy of the first mode increase from the threshold of the instability to the
a = 27 and this increasing is almost linear. As for energy of the second mode, their dynamics is not so
simple. In the regimes of the strong chaos W5 is larger and in weak ones it is less.
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Figure 4: The time history of the mode amplitudes for the regular (a) and chaotic (b) regimes of VC
oscillations.

It is necessary to concern the time behaviour of eigenmodes because VC oscillations is strong non—
stationary process. Differences between two regimes (chaotic and regular) are presented in the time
history of the eigenmodes also. On Fig.4 results of decomposition of the spatio-temporal data to the
four highest modes are shown for two periods of oscillations in the chaotic (Fig.4a) and regular (Fig.4b)
regimes. There are two easy seen stages of oscillation: the first — sleeping of the modes and second -
exciting of the modes. The sleeping stages are almost equal in these cases but the exiting stages are
different. In the chaotic case amplitudes of first and second modes are almost equal. The high value
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Figure 5: The piece-wise maps reconstructed from time series of charge density in the virtual cathode
(X) and in the second pattern (Y).

of the second mode corresponds to the reflection of the beam from second pattern. In the regular case
different modes are excited one from another and the amplitude of first mode is larger than any other.

Decomposition of spatio-temporal data in the tube type Pierce diode also leads to the four most
energetic modes but energy is distributed for these modes more smoothly. Two highest modes present
space charge distribution with one sharp peak as well as in the plane case. The maximums of this
distribution coincide with points of the VC and second pattern formations.

The mechanism of the chaotic oscillations is the same as in the planar case. The reflections from
second pattern appear in these regimes. In the time history of the mode amplitudes this reflection also
is connection with almost equal amplitudes of the first and second modes.

3 Model

Understanding of processes of pattern formation in the beam leads to the simplest model of the beam
with VC in the form of the two coupled one-dimensional maps (Fig.5).

First map shows the dynamics of VC. Piece I; is corresponded to increasing of the instability in the
beam and the second one presents the reflection from VC. Second map shows the dynamics of the second
pattern. Piece I is corresponded to increasing of the kinematic instability, piece Dr, presents the output
of the bunch from second pattern region without reflection and piece D, presents the reflection from
second pattern.

The interaction between structures is included in the model in the following way: the initial conditions
for the formation of the second pattern are defined by transmitted beam Y, = Firqns(Xn) where Fipans
is the transmission function and X,, is the charge density in the VC before the reflection. The initial
condition of the new formation of VC is Xy, + Frefiect(Yn), Where Fregiect is the reflection function and
Y, is the charge density in the second structur€ after reflection. The bifurcation parameter of the system
and the measure of interaction is Z;. This is threshold of the reflection from second pattern and the
larger the Z; the smaller the interaction. ’

This model describe only nonlinearity of system and interaction between patterns through beam. The
result in the form of bifurcation diagram on the plane (X,, Z;) are shown on the Fig.6.

In this model we obtain more (marked A) or less (marked B) homogeneous chaotic regimes and regular
regimes (C) in the plane case (Fig.6a). It is evidence that decreasing of structure interaction leads from
strong chaos to regular regimes. In the tube Pierce diode linear instability is decreasing. In the model
the slope of I; decreased. In this case as a result behaviour is more regular and chaotic attractors is more
homogeneous (Fig.6b) as well as in the PIC-experiments.
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Figure 6: The bifurcation diagram for the model of interacting structures in the plane (a) and tube-type
(b) cases.

4 Conclusion

In the electron beam with virtual cathode two coherent structures with different nature are organized.

For planar case nonlinear dynamics of electron beam with virtual cathode is determined by the
dynamics of the second pattern and by interaction of the patterns. The increasing of the coupling
between patterns leads to the strong chaotic behaviour. For tube-type Pierce diode decreasing of the
linear instability leads to the increasing of the structure coupling. As a result the chaotic attractors are
more homogeneous in the case.

The simple model of two coupled one-dimensional maps for electron structures was considered. Taking
into account only nonlinearity of the system and structure interaction we can explain the main features
of the beam dynamics.
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XAOTUYECKUE KOJIEBAHUSA I BBAUMOIENCTBUE

CTPYKTYP B QJIEKTPOHHOM ITIOTOKE
C BUPTYAJIBHBIM KATOIOM

B.I". AadpusOorenToB

B paboTe paccMOTpeHO XaOTHUYECKOe HOBelieHNe MPOCTHIX 3JIeKTPOHHBIX YCTPOHCTB C OrPaHNYEHHBIM
3JIEKTPOHHBIM IOTOKOM IIpH 06pa3oBaHMH BUPTYyadbHoro karona (BK) u npoaHammsmpoBaHEI BO3HHKaIO-
1iue B IOTOKE CTPYKTYPHI.

AHasu3 pa3MepHOCTell aTTPakTOpOB XaoTH4ecknx kojebanmii BK B moToke mokasasi, 4To npu 3ToM
B036yxHaeTcq He6osbIIOe YNCIIO COGCTBEHHHBIX cTeneHelt cBoGOARI cucTeMbl. B noToke Ha Kax oM nepuone
Kosie6anumit popmupyiorcs ase cTrpykTypo — BK u crycrok, obpasyomuiics npu ero pacname.

XaoTtunueckuM koneGanuaM BK cooTBeTcTByeT ycmieHme CBS3M MeXAY CTPYKTYpaMu B pe3yibTaTe
OTpaXKeHHUs YacCTH IOTOKAa OT BTOPOIO CIyCTKa.

ITpu nmomomn pasnoxenus Kapynena-JIosBa 6blu onpeniesieHB! COGCTBEHHBIE MOIB KOJleGaHMil IIIOT-
HOCTH 3apsia B MEXIYCeTOYHOM HpocTpaHcTBe. JIBe BEICIIHMEe MOOBI COOTBETCTBYIOT OBYM CTDPYKTY-
paMm, GopMUPYIOIMMCS B IOTOKe, IPU 3TOM OCHOBHAs 3Heprus koyie6anuit BK cocpenoTouena B yeThIpex
BHICIINX MOIaX M B PeXHMe XaOTHYeCKMX Kose6aHmMil 3Heprus BTOpOil Mombl Bo3pacTaeT. Ilpm ananmse
BpEMEHHOI AMHAMHKHU aMILIMTYH OTHEJIbHBIX MOA OOHapyXeHO, 4TO B XaOTHYECKOM pPEXHMME BCe MOABI
BO36YXIAI0TCSI OMHOBPEMEHHO W MX aMIUINTYObI 6im3ku. B peryisdpHoM pexunme NHHaMHKa IIOTOKA TOJ-
HOCTBIO OIPENeNIAeTCA NOBENEHNEM NePBOil MOJHI.

B paboTe mocTpoeHa npocTeiimas MoIesb B3aUMOAEHCTBYIONINX CTPYKTYP, BKJIIOYaloniasd ABa CBI3aH-
HEIX OTOGpaXeHHs, KaX/0e U3 KOTOPHIX OMUCHIBAET MMHAMHUKY W30JMPOBAHHONM CTPYKTYpHL. Ilpu mccie-
JIOBaHMHA MOJEJN MOJIy4YeHHl pellleHHs, COOTBEeTCTBYIOIINe HabJIONAaBIINMCA B YHCJIEHHOM SKCIEPUMEHTe
NP MCNOJIb30BaHHU MeTOMa KPYNHBIX YacTHIl.
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MULTISTABILITY IN A SYSTEM OF TWO COUPLED
NONAUTONOMOUS NONISOCHRONOUS OSCILLATORS
B. P. Bezruchko, M. D. Prokhorov, E. P. Seleznev

Saratov Branch of the Institute of RadioEngineering and Electronics
of Russian Academy of Sciences
38 Zelyonaya str., Saratov 410019, RUSSIA
E-mail: bezr@ire.saratov.su

Abstract

For a system of two coupled nonautonomous oscillators a model is proposed. The model is constructed
from the experimental time series and has a form of coupled 1-D multiparameter multimodal maps.
The arrangement of the system parameter space is numerically investigated. Universal configurations
of bifurcation lines are revealed. The phenomenon of multistability in the coupled system is examined
in detail. The results of simulation are compared with these of physical experiment for a real
oscillating system.

Introduction

A periodically driven dissipative oscillator demonstrates a set of various periodic motions, bifurcations
and chaos [1]. Chains and lattices formed from oscillators with the help of coupling elements demonstrate
more wide set of nonlinear phenomena [2-3]. For orientation in them we need planes of dynamical regimes
in a parameter space. In present work we examine bifurcation set typical configurations in the parameter
space for a system of two symmetrically coupled oscillators. The oscillators are driven in—-phase and have
the “soft-spring” behavior [4].

To avoid difficulties of differential equations numerical investigation we use a simple empiric model
of nonisochronous oscillations. The model has a form of coupled 1-D multiparameter multimodal
maps. Universal configurations of bifurcation sets are depicted and numerically investigated in the
parameter space of excitation, dissipation and coupling. The main attention is paid to the phenomenon
of multistability, which means the coexistence of two or more attractors with their basins of attraction in
the parameter space at fixed parameter values. The universality of regularities discovered under discrete
model investigation and their existence in objects with continuos time is demonstrated experimentally
for a real oscillating system, that is a dissipatively coupled LR-diode circuits.

1 Model

Nonlinear oscillator nonisochronism consists in conventional period dependence on deviation from a stable
state. For instance, in oscillators with “soft-spring” behavior the oscillation period decreases tending to
To while oscillations are damped out [4], Fig. 1a.

Let the oscillator to be driven by periodic pulse force with a period T in such a way that x(t) gets an
addition A and oscillation phases are equal after each kick. As a result the driven oscillations will have
a form of a sequence of regions with varying conventional period [5], Fig. 1b. We simplify this situation
considering the period dependence only on initial amplitude in these regions:

z(t) = zoe % cos (To—(l—iw_ﬂ-z'—ojt) , (1)

where zo — is an initial deviation, Ty — is oscillation period as g — 0, § — is a damping, and 3 - is a
coefficient of nonlinearity.
The initial amplitudes just after the pulses can be related by a 1-D multimodal map:

- 27
Tpp1 = Tpe d/N (0s <—1v—(—1—-|-—ﬁ-z—n)) + A, (2)

where A — is a driving amplitude, d = 6Ty — is a linear damping, N = T,/T - is a normalized driving
frequency. This map has the form, presented in Fig. 2. As one can see from the figure there can
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exist several solutions under fixed parameter values. Depending on initial conditions we can have one or
another attractor.

The map (2) models well the existence of oscillator various subharmonic resonances and subharmonic
regimes based on these resonances. At small driving amplitudes these regimes have the period of the
driving 1T and differ by relationship between T and Tp, that is the number of oscillations during the
driving period is different. Let denote the regimes based on 1/k, k = 2,3, ... subharmonic resonances as
I'1/k. The regime based on the main resonance we’ll define as I‘;

With driving amplitude increasing these basic cycles of period-1 undergo period—-doubling bifurcations.
Besides, regions of bistability and hysteresis bounded by lines of saddle-node bifurcations appear in the
parameter space, Fig. 3a. On the Fig. 3b the inner structure of the regions from Fig. 3a is shown
schematically. Such configuration known as “crossroad area” [6] is typical in the parameter space.

For modeling the system of two driven in—phase oscillators we bind together two maps of the form
(2) and receive the system:

Zny1 = f(zn) + k[f(yn) — f(2n)]
Ynt+1 = f(yn) + k[f(2n) — f(3n)], (3)

where the functions have the following form:

- 27
f(:c,,) =€ a/N Ccos (N_(II_,B—(C:)_) + A

and k — is a coupling coefficient. This type of coupling is widely used for CML-models construction and
is classified as dissipative [7].

2 Results

On the Fig. 4a the section of the parameter space (N, d, A) is cited. The region of hysteresis is narrow for
this case and bistability only for period—1 cycles takes place. On the plane coupling—driving amplitude,
Fig. 6a, the arrangement of various regimes is presented. The regimes subscripts indicate the type
of resonance in subsystems X and Y. The regimes with equal subscripts, divided into in-phase and
out—of-phase, have the known principle of arrangement, the same as for the system of coupled logistic
maps.

In the region corresponding to the hysteresis interval we have a new interesting situation: for some
initial conditions we have out—of-phase regimes of period-1, that is in both subsystems X and Y exist
period—1 cycles, but their amplitude is different. The number of regimes is indicated in the circles. For
better perception on the Fig. 7 different regimes are presented schematically on separate sheets. So
one can see that four period-1 regimes can coexist. With coupling increasing the out—of-phase regimes
become unstable and only in—phase regimes remain.

On the Fig. 5 there are basins of attracton of the considered period—1 regimes. At large coupling we
have only two in—phase regimes.

In case of more wide hysteresis, varying initial conditions we can obtain regimes with different period.
For example, for the case cited in Fig. 4b, at fixed parameter values we can obtain period-1 or period—
2 cycle. Such situation is more complicated. The number of multistable states is larger than in the
previous case, Fig. 6b. We can also observe now the period—doubling bifurcations of regimes with
different subscripts. On the Fig. 8 another two projections for the considered case are presented. At k
equal to 0 regimes with different subscripts occupy the whole hysteresis interval. With coupling increasing
their areas become smaller and only in—phase regimes remain at last.

3 Comparison with experiment

To test our model the physical experiment was conducted for a system of nonlinear electrical pendulums,
that is a dissipatively coupled LR~diode circuits. The scheme of the experimental set is represented on

the Fig. 9. Two resonators consist of inductors L and semiconductor capacitancies which are varactor '
diodes. R, — is a coupling element. The oscillators are driven in-phase by periodic pulses from the
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common source. The temporal current depeﬁdencies are most close to the dependencies considered in
section 1 (Fig. 1) when the oscillators are excited by current pulses having the forward polarity for the
diodes.

On the Fig. 10 the experimental plane is shown. The comparison of the experimental results with these
of simulation (Fig. 6a) demonstrate their good coincidence. In the real experiment we cannot achieve
the absolute identity of the elements. So, special numerical investigations accounting the nonidentity of
the elements were conducted. These results demonstrate that the identity of the oscillating elements in
the experiment was sufficiently good. The coefficient of identity was close to unity.

Conclusion

The considered configurations are sufficiently universal. We obtained good qualitative coincidence of
physical experimental and discrete modeling results. The obtained results can be used as a priori for
experimental analysis of coupled oscillating system or for more precise numerical investigation of coupled
oscillators differential equations. In particular, the obtained results describe the dynamics of in—phase
(homogenous) and out-of-phase modes for closed in ring chain of oscillating elements of the considered
class. In distinction from the known chain for which coupled logistic maps model transition to chaos via a
sequence of period—doubling bifurcations, our model also demonstrates the existence of various resonance
cycles, hysteresis and multistability. The advantage of our approach is also the presense of the procedure
for experimental estimation of the model parameters. ‘
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MYJIBTUCTABUJIBHOCTSB B CUCTEME
JIBYX CBA3AHHBIX HEABTOHOMHBIX
HEN30XPOHHBIX OCIJ,I/IJ'IJ'IﬂTOPOB'

B.II. Bespyuko, M.[I. IIpoxopos, E.Il. Cenesnen

JyuccunaruBHBIA OCIU/IATOD, IEPHOANYECKH BO30yXNaeMblil BHelHel CHIoN, [IEMOHCTPHPYET MHO-
XE€CTBO Pa3J/IMYHBIX MEPHONMYECKUX IBMKeHUH, 6udypkanui, pasHosumnoctell xaoca [1]. Eme 6ostee
IIMPOK CIIEKTD HeJIMHeHHBIX ABJIeHNIt B IleTIOYKaX U pelleTKaX, ob6pa3s0BaHHBIX U3 OCIUJIJIATOPOB C OMO-
H[pIo 3J1eMeHTOB cBa3d (2, 3]. Ilyia Toro, 4T06bl B HUX OPUEHTHPOBATHCA HEOOXONVMBI KAPTHl PEXUMOB
B OPOCTPAHCTBe IIapaMeTpoB. B HacTodAuell paboTe MBI BhIAE/IAeM TUNUYHblEe KOHUTypauun 6udypka-
[IMOHHBIX MHOXECTB B IIPOCTPAaHCTBE NTapaMeTPOB CUCTEMBI IBYX CHMMETPUYHO CBA3aHHBIX U CHHA3HO
BO30YXIaEMBIX OCHUMJIIATOPOB C HeJIMHEWHOCTDBIO, XapaKTepHOH /)i aCHMMETPUYHON ”MATKOH HpyXu-
Hel” [4].

Yr1ob6b1 r36ekKaTh TPyAHOCTEH YHC/IEHHOTO HCC/IeIOBaHUA CUCTEMBI HeJTMHENHBIX AU pepeHImaIbHBIX
ypaBHeHMH, MBI HCHOJIb3YEM MPOCTYIO 3MIMPHUYECKYIO MOIEJIb HEM3OXPOHHBIX KosebGaHMil B BuIe CBd-
3aHHBIX ONHOMEPHBIX MHOrONapaMeTPUYeCKMX MYyJ/IbTHMOIAJIbHBIX oTobpaxennit (3). Ilpu mocrpoenun
oToGpaxeHuit IpennosaraeTca Iepuogudeckoe Bo3OyXIeHNe OCHU/IIATOPOB UMIYJICAMM, BHIIEIAIOT-
CA 3Tallbl BHIHYXIEHHOTO ¥ COOGCTBEHHOTO OBIKEHHN, 8 HEM30XPOHHOCTH MOAEJUPYETCHA 3aBUCHMOCTBIO
YCJIOBHOTO IIepHOJIa 3aTyXaloWMX coBCTBEHHBIX KoJiebanuil TOJIbKO 0T Hada IbHON aMmynTynsl [5].

Tunu4HOCTH 3aKOHOMEPHOCTell, 0OHapYXKEeHHBIX IIPH UCCJIENOBaHUN HUCKPETHON MOMEJH, N UX HaJIA-
4yne B 00beKTaX ¢ HeMpepHIBHBIM BPeMEHEeM JEeMOHCTPHPYETCA 3KCHEePUMEHTAIbHO Ha DeajIbHOU ocumJI-
JIATOPHOMN CHCTEMe — HeJIMHERHBIX JIEKTPUYECKUX MAATHUKAX (PE3NCTHBHO CBA3AHHBIX KOJIeBaTeIBbHBIX
KOHTYpaX C BapaKTOPHBIMH IUOIAMH).

OcHoBHOe BHMMaHHNe B paboTe yAeJsdeTcd fABJIEHUIO ‘MyJabTHCTabMIbHOCTH. MyJbTHCTAOMIBHOCTD
O3HaYaeT COCylLlecTBOBaHUE B (a30BOM MPOCTPAHCTBE NPU GUKCHPOBAHHOM 3HAYEHUM IAPAaMETPOB ABYX
(6ucrabunbHOCTD) MK Goslee AaTTPAKTOPOB CO CBOMMM OaccellHaMM NPUTXEHUA. DKCIEPUMEHTAILHO I
9UCJIEHHO NOKa3aHo, 9TO Jiaxe IpocTeiiline HeJuHeltHble Koslebanna nepuona 1 (mepuoma BosnelicTus)
peasu3yIoTCs B CBA3AHHON CHCTeMe HeCKOJIbKUMM crocobamu. YHC/I0 BOSMOXHBIX MYJIbTHCTAOUIBLHEIX
KoJie6aTe/IbHEX PEXAMOB pacTeT ¢ Kaxmuol 6udypkanneit yasoenus nepuona. Ilposemena kJaccudn-
Kanus BHIOB KoJiebaHUil ¢ y4eTOM CyleCTBOBAaHHA B OTOOpaXX€HUAX M B >KCIEPUMEHTAJIbHOU cucTeMe
IpH NepHOAMYHOCTH BO3NeHCTBUA AMCKPETHONR CHMMETpPHUHM 0 OTHOINEHMIO K BpeMEHHOMY CABUTY (Ha Be-
JIMYMHY, KPATHYIO IIary WTepalyn WJu Iepuony BosfelicTus). IlocTpoeHB! THIOBbIE KapThl PEXHUMOB
B MPOCTPAHCTBE I1apaMeTPOB BO30OYXKIeHNA, QUCCUIAIMN U CBA3M IPH 4acTOTaX BHEWIHEro BO3IeHCTBUSA
HIKe JIRHeRHOH pesoHaHcHOM (puc. 6, 8). Belmesiens! yHuBepcasbHble 3/1eMEeHTH KOHbUTypanuu 6udyp-
KalMOHHBIX MHOXecTB. MccilenoBan nmpuHIMN OpobJsieHus ¢$Ha30BOro IPOCTPAHCTBA CBA3AHHON CHCTEMBI
Ha GaccelfHbl IPUTIKEHNA COCYLIECTBYIOLIMX aTTPaKTOPOB. ’

IIpenmaraeMele pe3yJsIbTaTHl MOTYT OBITH HCHOJIB30BaHBI KaK alpHOPHBIE JaHHBIE NPH dKCIEPUMeEH-
TaJIbHOM aHaJIM3€e CBA3aHHBIX KOoJlebaTesIbHBIX CHCTEM MJIM IpH GoJlee TOYHBIX YACJIEHHBIX HCCJICIOBAHM-
Ax aud epeHIMaIbHbIX ypaBHEHN CBA3aHHBIX OCHMJIIATOPOB. B yacTHOCTH, HOJ/TyYeHHBIE PE3YIbTATH
oTpaxaloT AMHAMMKY cHH(a3Hoil (omHOpomHOR) 1 npoTHBOoda3HOU MOJ, 3aMKHYTOH B KOJIBLIO IENOYKH
U3 KoJiebaTe/IbHBIX 3JIEMEHTOB PacCMaTPUBAaEMOro KJacca. B oTyimume oT M3BecTHOH IENOYKH, B KOTO-
poit B3anMOZEeCTBYIOT JIOTHCTHYeCKHe oTobpaxeHnns (3], Momenmpyouye peHoMeH Tepexoga K Xaocy
4epes HoCJIENOBaTeNIbHOCTD OudypKanuit yaBoeHHA NepUOAa, NOCTPOSHHAA HAMI MOIEJb OTPaxaeT elle
U CYWECTBOBaHUE B peaJsIbHBIX KoJeOaTe/bHbIX 3JIeMEHTaX MHOXECTBa PE30HAHCHBIX LMKJIOB, FHCTepe-
3uCa M MYJIbTHCTabMJIbHOCTH. [lOCTOMHCTBOM Halllero IOIXOfAa ABJIAETCHA TaKkKe HaJM4YMe MpOoLedyphl
9KCIEPUMEHTAJIBHOTO ONIpelleIeHNs IapaMeTPOB MOIEJIH.



10
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Abstract

The results are given of an experimental study of the action of acoustical radiation on the ground at
the small height of loudspeaker. Apart nonlinear effects, observed in the experiment, the active action
of acoustical radiation on the ground it was discovered. The nonlinearity of the ground influences
the amplitude modulation and spectra of auto-oscillations in system with positive feedback.

Introduction

It is known that the auto-oscillations in air are excites in system: microphone-amplifier-loudspeaker-air.
This auto-oscillations are continuous. The air has not nonlinearity and dispersion in wide rang of the
pressures. We known that the ground is porous medium with big nonlinearity. This property of the
ground was studied by a member of investigators [1-3]. How nonlinearity of the ground influences on
the auto-oscillations on the ground surface? In particular it is very informative to investigate the phase
relation between a seismic signal in the ground and signal of source.

1. A Phase Nonstability

We are studying now experimentally some peculiarities of this nonlinearity of the ground surface. A
scheme of experiment is shown in a Fig. 1. The signal from generator is radiating by vibrator which we
set on the ground surface (or loudspeaker which is situated on the ground surface overhang). The seis-
mic signals are received by accelerometers setting in ground on the different depths. A phase difference
between radiating signal and propagating signal is measured by phasometer. We observed that the phase
difference was not constant if the one harmonic was radiated. It is changing in a time (Fig. 2). The
acoustics waves of high amplitude change an elastic properties of the ground. However, if the radiation
is absent, the elastic properties are returning to an initial value. This phenomenon was verified by the
next experiment. If we will increase or decrease a radiated power, we will observe phase changes. The
Fig. 3 shows how the phase difference behaviour when we increase the radiated power. Initially radiated
power was small (sound pressure on the ground surface was 120 dB), then radiated power was larger
(sound pressure was 128 dB). The phase difference decreases but it returns back with decreasing of the
sound pressure. This result is observed for 3 polarization’s of seismic signal. However, this phenomenon
is observed in range about 5 sm. near the ground surface. The phase difference remains constant between
seismic signals from different points in the ground.

2. The Feedback on the Ground Surface

On a base of this phenomenon we could observe one interest effect. Fig.4 shows a system with positive
feedback. In this chain a vicinity ground is included. An emitter of oscillations may be either vibrator
or loudspeaker. An amplifier coefficient in this system is about 60 dB. According to Nyquist criterion
[4], this system is unstable if the phase different due to a chain is 27n ,n = 0, 1,... The auto-oscillations
are generating in such system are defined by an amplitude-frequency characteristic of the vibrator on the
ground surface. This one have a resonance and a frequency oscillation is defined by formula [5]:

EVS
kM ° 1)

W=

where E - is for Young module, is defined by elastic properties of the ground; S - is for area of a
contact of vibrator and ground; M - is for a mass of vibrator; « - is for coefficient of a form. In
the vicinity of resonance frequency a phase characteristic has a jump one 7. Thus, in the vicinity of
resonance frequency there is a such frequency, which compensates the phase difference in an other part
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of system. After a beginning of generation of auto-oscillation with frequency w; an influence of nonlinear
effect in the ground'is beginning. The elastic properties of ground surface are changing, and resonance
frequency is changing, phase is changing, and as a result auto-oscillation is fading. Some time after elastic
properties returning back and auto-oscillations excites again. Thus, in this system the auto-oscillations
with amplitude modulation are excited. The Fig. 5a shows an oscillogramm of this process. A period of
modulation is about 2 s. .

If we place two accelerometer on some another distance, it is possible to generate of auto-oscillation
with frequency w, defined by delay along a ‘way of propagation. We observed a sequence of auto-
oscillations with two frequencies: w; and w;. But initially the amplitude of a second frequency w, is
smaller. Under the action of radiation the elastic properties of the ground surface are changed and the
amplitude of a first frequency is decreasing. But the amplitude of the second frequency is increasing.
Next, the elastic properties of the ground surface are changing more and phase changing more, and the
auto-oscillations with second frequency are fading too. The radiation is absent. Elastic properties of the
ground surface are returning to the initial value and some time after all the auto-oscillation repeats again
(Fig. 5b).

Thus, the nonlinearity of the ground influences the amplitude modulation and spectra of auto-
oscillations.
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O HEKOTOPBIX OCOBEHHOCTYX ABTOKO.TIEBAHPII?I
IIOBEPXHOCTUA I'PYHTA
B. B. YepHos, B. B. I'ymun

B craTbe mpuBenieHbl pe3yJIbTaThl 9KCIEPHMEHTAJILHOTO UCCIIENOBAHNS BINAHNA HEJIMHEAHOCTH TPYHTA
Ha XapaKTep aBTOKoneQaHufa, BO30yXJAIOMUXCA B CHCTEME C MNOJIOXHUTEIbHOH OBPaTHOW CBA3bIO, B 3a-
MKHYTOMl Iell KOTOpOil BKJioYeHa 06JIacTh MOBEPXHOCTH I'pyHTa (puc.4). Hanwune HenmueitnocTH npu-
BOAUT K FreHepalliyl aMILIATYAHO-MOAY/IMPOBaHHEIX aBTOKOJIe6aHMil, a B HEKOTOPHIX CiIy4Yasx HabmomaeTcs
TaKXe H3MEHEHNEe MX CIEKTPAJIbHOro cocTaBa (puc.5). O6HapyXeHHBIE 5 eKThl OGBACHIIOTCS aK TUBHBIM
BO3/IEHCTBHEM aKyCTUYECKOTO M3J1y4YeHNs Ha NOBEPXHOCTh I'PYHTa, OOpaTHMO H3MEHSIOIMM €r0 YIpyTHe
CBOMCTBA.
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The evolution of 1 — D intense short wave trains in dispersive medium
in the higher approximations of the nonlinear dispersion theory is consid-
ered. At first the general properties of the higher approximation eqs. on
examples of stationary localized nonlinear waves (solitons) and nonsta-
tionary wave packet dynamics are analyzed. The new phase-modulated
soliton solutions this eqs. are obtained. For nonstationary wave packets
the new effects absent in the parabolic approximation, in particular, de-
pendence of the packet energy center velocity both on its intensity (non-
linear dispersion) and its length (linear aberration) are discussed. The
examples of short intense both gravity waves on deep water and electro-
magnetic as well as Langmuir waves in isotropic plasma are analyzed.
For gravity wave trains the experimental and simulation results of its dy-
namics in the higher approximations are given. The good description of
the experimentally observed effects of the form and velocity evolution is
obtained already in the third approximation. For electromagnetic wave
in isotropic plasma the plane wave modulation instability is considered.
The disappear of modulation instability for the amplitude greater critical
value is shown.

1. Introduction.
Usually the high-frequency (HF) wave packets propagation
¢ = ¢(z,t) exp (iwot — ikoz)

in nonlinear dispersive media is analyzing in the quasi-optic approximation
of nonlinear dispersion theory [1]. This approximation corresponds to the
» parabolic” representation of the dispersion law w = w (k, |1,b|2) near the point

wo = w(ko, 0) and adding the local nonlinear term of the first order inten-
sity. The envelope ¥(z, t) in this approximation is described by the well-known



24

nonlinear Schrodinger eq. (NSE)

w 02
%_wkk%+2al¢i2¢=o’ (11)

where £ =z — Vg"t, V_qL = (Ow/0k) |k=to, |y|=0 is the linear wave group velocity,

2i

wep = O%w/Ok? |kzpo, jyl=0 » & = (6w/6 |1/)|2) lk=ko, |w|=0_is the nonlinear
parameter. Eq. (1.1) has been well analyzed (see, for example, [2]). There is
the possibility of the reconstruction eq. (1.1) from expansion of the nonlinear

dispersion law w = w (k, |1/)|2) into the series in the vicinity of the point wy =
w (ko, 0) up to the second order terms of parameters Ak =k — ko and ||

’ 1 "
w —wo = wy (k— ko) + Wk (k= ko)* + o [9]?, (1.2)
without applying the initial field eqs. by the operational transforms
6 8
W —wo <> — a k — ko <> l%

This reconstruction possibility of the NSE using dispersion law makes the second
approximation vary attractive in different problems.

The second approximation of the dispersion law describes correctly the in:
tensive packets evolution only if both time as well as space packet spectrum
widths (Aw and Ak) and nonlinearity are small enough:

Bu Bk e
w k

In this case the well-known results are following from NSE. Let, for exam-
ple, awkk < 0. Then these results are modulation instability, self-compressmn
soliton solution and others. In particular, for symmetrical initial conditions
¥ (&, 0) = ¢ (=€, 0) only symmetrical deformation of the envelope ¥ (¢, t), i.e.
Y (€, t) =¥ (=€, t), are possible.

However, when the packet length A is small (for example, A ~ (2 = 3) )
and the intensity is high, the second approximation of the nonlinear theory
become invalid.

Let us consider, for example, the gravity waves on deep water. The nonlinear
dispersion law of these waves is the Stokes waves law

= \/g k| (1 + k2 |a|2); kla < 0.2,

where |a| is the wave amplitude and k |a| is the wave steepness. NSE from this
law is the next
0a  wg 0%

%5 tmae

5 +wok? al’a = 0.
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Let us take k |a| ~ 0.3, so that k|a|® ~ 0.1. This parameter is sufficiently small
and we could hope to find the usual consequences of NSE. The results of exper-
iment are shown in the Fig. 2. You can see the large asymmetric distortions
of the pulse shape with distance. This distortions cannot be described by the
NSE. In the case of the short intensive packets the envelope eq. reconstruction
from nonlinear dispersion law is not possible because both nonlocal and non-
stationary nonlinearity terms arise in it. Strictly speaking to find these terms is
possible only from the initial egs. for field. But if we restrict ourself only by the
third approximation terms to the parameter v ~ |/ (8% /8E)| ~ || the general
envelope eq. can be written in form

oy 0%

2 ot Tt +alyly=
2
g
(ﬂwl’ oy a';g') g - (W) a9

In the left part of (1.3) there are the second order terms, on the right part - the
third order ones v = |/ (09 /3€)| ~ |¢|. To the last time the overstepping the
limits of the second approximation of the nonlinear dlspersmn theory was only
limited by the nonlinear dispersion terms account causing the packet envelope
fronts steeping. For the first time the envelope steeping possibility up to caused
by nonlinear dispersion was considered by Ostrovsky (1965) [9]. In optic the
given effect was studied both experimentally [10] and theoretically [11] in the
frames of the nonlinear geometrical optic method and was called ”self-steeping” .
The envelope eq. for the short strong gravity wave trains on deep water in the
third approximation of the nonlinear dispersion theory was studied by Dysthe
(1979) [12]. In particular, the decrease down in both increment value and the
instability region in comparison with the second approximation of the dispersion
theory was shown [12]. For instance let us represent the gravity waves on deep
water eq. in the third approximation of the nonlinear dispersion theory [12]

Oa 5 . 2 Oa wo 0%a wo 0%a
21(& 5V kZ|a| ) 4k26€2 +wok? |a | a-— k36€3+

6=e)'-

+o00
+ wokoa 3{’}},:/ 'a (5/’ t) |2 [(f _ 5')2 + 32]

Here a is water surface deviation from the equilibrium at the packet with center
wave number ko and frequency wp satisfying the linear dispersion relationship
w¢ = gko, VE' = wo/(2ko) is the packet group velocity. Eqgs. (1.3) and (1.4)
coincide under the condition

]245' =0. (1.4)

wo

w 5
a§'¢'a q='?ofa a=w0k§) ﬂ;”ivfkg'alz: 7=—8—k'§.
0

4k;



26

The integral in the right part of (1.4) describes flow induced by gravity wave
train near the water surface.

In contradiction the parabolic approximation the eq. coefficients in the
higher approximations depend essentially on the independent variable types.
Coordinates t and ¢ = £ — VIt are convenient for the initial problem. In this
case the train evolution created in the initial time moment ¢ (t = 0, z) = ¥ (z)
is investigated. In other case for the boundary problem the coordinates z and
r=-€/ VgL are more suitable. Change from the coordinates ¢, £ to the z, 7
are made by relationships z = Vth +& = -€/ Vf’ . Limiting by the third
approximation terms we will have from (1.3) the next eq. of the same as (1.3)

type
31/’ 9 9? ¢' 2
L —

(ﬂ i L 4+ 4 ¢a‘¢' ) S (wP), a9

but with the other coefficients

_ 1 qa _ 1 _ 1 q?
ﬁl_I/yL(ﬂ+tfyL)’”l— ‘/,L(#+VL)’71_V_91'(7+.‘§_L)'

For instance for the gravity waves we have y; = 0 and the eq. (1.5) has the

form 5 1 8

a a

VLa = +wok? |a)fa = (1.6)

8a dal?
( Blaf" g2 + maZld )
+°° [ -]
—wokona lin’(n) / Ia’(z, I 2dr'
s— J 1_) + 2]

without the third order linear dispersion term. The fact 77 = 0 is explained
by them that the linear dispersion relationship form ko = w?/g corresponding
to eq. (1.6) has the strict second degree polynomial form. Let us 'note that
according (1.6) of dispersion length (analogy of the diffraction length) of pulse
with halfduration 7 is equal to

Ldisp ==

where g is the gravity acceleration.
Let us return now to the eq. (1.3) and analyze the general properties of the
higher approximations egs.



27

2. General properties of the higher approxima-
tions egs.

2.1. Soliton solutions.

The higher order terms modify the well-known soliton solution and give the new
ones. To demonstrate this let us consider at first the modified NSE including
only nonlinear dispersion terms:

2 6¢ 3 [#|
( + BV S5 + b2 ) S thle=0. @)
Eq. (2.7) is the particular case of the more general nonlinear eq.
2 6¢ oy’ 32¢

For 8 = 4 = u = 0 eq. (2.8) is the well-know NSE [4, 5]; for a = ¢ = 0
and real function ¥ eq. (2.8) is the modified Korteveg-de Vries eq. [6, 7]. For
p# = 0 and 2¢8 = 3ya eq. (2.8) was analyzed by Hirota [8]. All these cases
(NSE, modified Korteveg-de Vries eq. and Hirota eq. ) were analyzed by
inverse scattering method [5] and exact N —soliton solutions of these eqs. were
obtained. In eq. (2.7) we have 2¢8 # 3ya and p # 0, i.e. eq. (2.7) does
not, reduce to the analyzed cases..Eq. (2.8) has the phase modulated soliton
solution. To demonstrate this fact we present the solution of eq. (2.7) in the
form of stationary travelling wave

P(€,t) = A€ - Vt)exp {iU +ip (£ - V1)}. (2.9)

Then we have the next system of egs. for the packet amplitude A and the packet
phase ¢

d?p _dpdA 2
AdC2+2dC d<+2(AO V) dC 0, (2.10)
d’A g 3 2
d—cf—A(E) +A —2AQ+2A (V BA?) =0, (2.11)

where { = £ — Vt, © = 3 + 2u. Integrating eq. (2.10) we obtain for the packet
phase ¢

dp 1,
€= 2A o+V. (2.12)

Substituting (2.12) into (2.11), we get for the packet amplitude A

d’A

ra =(20-V})A- A3(1—2ﬂV) e(g-g)m". (2.13)
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For the further consideration we change the variables

5 /1—2[3V

In new variables egs. (2.12), (2.13) take the forms

dp .V ‘
‘-1-23~B—33~r35 (2.16
dp? - ’ : )

where

_ e\ (22-v?) ev2a-Vv? _
r_e(ﬂ’Z) (1-2ﬁv)2’q_5(1—2ﬂv)’6_m‘

The eq. (2.16) under the zero both field and its derivation conditions at infinity
B({ — £o0) — 0 and B ({ — %o00) — 0 has the solution
4

2 —
B ()= 1+(1+ 16r/3)*/2 cosh (2p)

(2.17)

Taking into account the eq. (2.17), the soliton phase solution of the (2.15) takes
the form

P A
Vv 4d p
o(=%r—a . (2.18)
5 1+ (14 16r/3)"/2 cosh (2 p)

We see from (2.17) that the solitons are existences for the values r > —3/16. The
dependence of the packet envelope B and phase ¢ on coordinate p for different
values r are shown in Fig. 1. Fig. a) corresponds to envelope B; b) - phase ¢ for

= r. Curves 1 correspond the value r = —2990/16000, 2—r =0, 3—r = 2. The
soliton amplitude By = B (0) and soliton length A decrease with the growth
of the parameter r. In the limit case » = 0 corresponding absent nonlinear
dispersion and V' = 0 the relations for the amplitude and phase (2.17), (2.18)
take the forms, corresponding to the well-known NSE soliton [4]:

B() = s #(9) =0, (2.19)

We can see that for the modified soliton, when r # 0, there is the nonzero
phase distribution. This distribution conserves the soliton symmetric form in
conditions of nonlinear dispersion.
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The general nonlinear eq. (2.8) has the soliton solution too. For demonstrate
this we pass to the reference system moving with the velocity V : ¢ = £-Vt, t =
t and the obtained eq. solution we present in the stationary wave form

¥ (s, t) = o (c)exp (i) . (2.20)

For ¢ () we have the eq.

3
( P 201l 2 1 20280 2v@)+

dg
d?¢
-J-z- +alg’¢-20¢=0. (2.21)
Assuming ¢ = ¢* we obtain the two egs. for the function ¢
oy 99
z
dcs +2(B+2m)¢* - -2V - =0, (2.22)
d?¢ 3
ag +ad’ -~ 204 =0. (2.23)

Integrating the eq. (2.22) over ¢ under the zero conditions in infinity ¢ (¢ — +00) —

0 and ¢// (s = +00) — 0 we have the next egs.

dg? 3y 2

@ a4 20
2t -¢ -9=0 (2.25)

The egs. (2.24) and (2.25) consistent under the conditions

Ze=0, (2.24)

Q
29(B+2u) =30y, V= 7; (2.26)

and have the soliton solution with the velocity non equal the linear wave velocity.
The velocity value V' depends to the linear aberration V' ~ 4. The soliton
existence condition (2.26) for eq. (2.8) reduces to the Hirota condition in the
case u = 0.

2.2. Nonstationary wave packets.

Higher order terms in the packet ‘envelope eq. (1.3) give the new effects for
nonstationary moving packets too. So, first and second terms in the right part
of eq. (1.3) correspond to the dependence of the local packet group velocity on
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its intensity |@b|2 (nonlinear dispersion). To demonstrate it we assume ¢ = o =
v = U = 0 and transform the obtained eq. to the form

o’ 2l

—— +(B+2u) Y]

We see that packet regions of different intensity move with different group ve-
locity
d¢

dt

At (B8 4+ 2u) > 0 the packet regions of greater intensity move with greater ve-
locities. In this case the leading front of the initially symmetric packet will be
come steeper. At the opposite case (8 + 2u) < 0 the packet regions with greater
intensity move with the less velocities. In this case the back front of the initially
symmetric packet will become steeper.

To further indicate the role of the higher approximations terms let us find
energy center velocity in the coordmate system moving with the linear wave
group velocity VL

= AVNE = (B +2u) [9)*. (2.27)

400
)= % / |p|2de | (2.28)

where Ny = / |1/)| d¢ is the wave packet energy. We shall multiply eq. (2.28)

by £¢*, where ¥* is the complex conjugate of ¥ and we shall add to the resultant
expression its complex conjugate. Integrating obtained relationship over £ from
—o0 to £ for localized wave packets and for real function U (U = U*), we obtain

£D-= (ﬁ“")/lwl de———/l

where e = d/dt, ¢ is the phase of the packet ¥ = || exp (ip). The energy
[]

dE+ 5 ‘Z—‘g WIPde, (2.29)

center velocity change AV =¢ (t) in compare with the NSE (last term in (2.29))

is described by two terms: AV Z Av'” + AV". The first term AV " in
the right part (2.29) depends to the field intensity and is caused by nonlinear
dispersion

v = ) ] I de. (2.30)

Second term AV" in the right part eq. (2.29) does not depend to the packet
intensity. It is caused by linear dispersion law aberration and corresponds in
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eq. (1.3) to the third derivative term (y # 0)

L—2No/|

The aberration velocity value AV is less zero AV- < Ofory > 0and AV >0
for v < 0. Absolute value of the aberration velocity shift |K_V-L| increases with

(2.31)

decreasing of packet width, i.e. with increasing of packet spectrum width.
The higher approximations terms modified the packet acceleration too. The
packet acceleration value from eq. (1.3) is equal

(8ay - 2qﬂ) 62so 4 1 dp
gw=Cor 20 [ 2y detay, a£ 2ol (1-3132) de. 232

-0

The change of the energy center acceleration Aa =¢ (t) depends to the field
1nten81ty and is described by two terms: Aa = Aaj + Aginn. The first term
Aay, in the right part (2.32) does not connect with inhomogeneous potential U
and depends to the packet phase modulation. The depending of inhomogeneous
potential U packet acceleration part Aaj contains two terms:

400
Rain = — %%IW( 3y 5) . (2.33)

First corresponds to the classic acceleration in the Schrédinger eq. frames for
the packet moving in inhomogeneous medium with potential U :
Fou -
Iu— q 2 .
=— [ — dg. .
Adcias 2N, € |¢| 3 (2 34)
—o0
The second term of the inhomogeneous part acceleration Aa;,p corresponds to
the phase modulated packets acceleration in the present both inhomogeneous
potential U and linear aberration (y # 0).
After analyze the general properties of the higher approximations egs. let

us consider the examples of short intense trains dynamics both gravity wave on
deep water and electromagnetic as well as Langmuir wave in isotropic plasma.

3. Nonlinear dynamics of short intense gravity
wave trains on deep water.

Experimental investigation of the short intense gravity waves trains propagation
on deep water has been made many times also (for example, by Lake and Yuen
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[13]). But the given experimental results have been interpreted by the NSE
[14, 15] in the second (”parabolic”) approximation frames of dispersion theory
ignoring discrepancy between the experimental results and theoretical model.

The discrepancy was initiated by the disruption nonsimmetrical packet form
of the initial pulse. This experimental result can not be explained in the frame
of the second approximation of the nonlinear dispersion theory, corresponding
NSE (1.1). For the detail comparing with the third approximation theory we
must have the more information on packet form. So we carried out the new
experiments.

3.1. Experiment.

Experiment was carried out in the big tank (20 x 4 x 2)m3. The gravity wave
trains were generated by wavemaker at one tank end and was absorbed at the
other end. A gravity wave trains were generated by five wavemaker oscillations
at the frequency v = 1.6 Hz (A = 58.5¢m). “Since for gravity waves on deep
water the phase velocity V}, is twice as larger as the group velocity V,, the initial
length of packet was only 2.5 - A = 145¢m. The values of the water surface de-
viation from the equilibrium were measured at distances of 4m, 6m, 8m, 10m.
The next Figs. 2 — 4 exhibit the oscillograms of the water surface displacement
at the different distances from the wavemaker. The initial amplitude equals cor-
respondingly to 3em, 2em and lem. For the maximum value of the gravity wave
trains a = 3cm (Fig. 2) the leading front of the packet envelope at the distance
6m is steeping (Fig.2. b), c)); at the larger distances on the leading front the
pulses of shorter length is formed (Fig. 2. d)). For the gravity wave train initial
amplitude to 2cm the distortion of the pulse envelope is expressed smaller (Fig.
3). For the initial gravity wave amplitude to lem the distortion of the pulse
envelope is almost absent. The dependence of energy center coordinate

+o0
z(t)= 2 f z |y’ de | (3.35)

- 00

on real time for too different values of the water surface displacement a = 1em
and 3cm are shown in Fig. 5 (curves 1 and 2 correspondingly). The center
energy velocity value increases with growth of its amplitude. So, the center
energy velocity for initial packet amplitude 3em is larger the center energy
velocity for initial packet a.mpht.ude lem on value AV ¥ ~ 5¢m/sec according
to theoretical prescriptions

3.2. Simulation.

To compare the packet shape distortions with the third approximation prescrip-
tions we made the simulation on the bases of Dysthe’s eq. (1.4). In dimensionless
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variables: ; ¢
a 2
T"T)”—T’d)—ga (336)
where
25 5 - 2
(doT— —4—, ko’— -4—, ko a= g

this eq. (1.4) takes the form:

o? 203
2i (3 +|¢n’a¢) + 8280 st

2 [(”- ”')2 - 32] ,
- 32]2 dn = 0. (3.37)

Assume the initial conditions for eq. (3.37) in the form of the even function
without phase modulation:

+00
+getim [ o ()
—00

%o

Y(n, 0)= cosh (2n/8)"

(3.38)

The values of dimensionless parameters take o = 0.75 and 6 = 47 correspond-
ing in dimensional variables to the experimental values of the gravity wave train
steepness koa = 0.4 - 9o = 0.3 and its length A = 516/ (87) = 145¢m on the
distance Lo = 4m from the wavemaker. The dependence of the packet envelope
modulus |¢| on coordinate 7 in different time moments 7 are shown in Fig. 6.
The distance L from wavemaker to the measurement point is defined by the
relationship L = (4+ 0.29 - 7) m. Initial time moment 7 = 0 corresponds the
distance L = 4m (Fig.a)); 1 = 68—~ L = 6m (Fig.b)); r = 13.6 - L =
8m (Fig.c)); r=20— L =10m (Fig.d)); r = 26,8 — L = 12m (Fig. ¢)). We
can see that at first the packet leading front is steeping (Fig. 6. b)); then near the
leading front the short intense pulse originates (Fig. 6. c), d)). It corresponds
to experimental results.

To determinate the role of induced current to propagation short intense grav-
ity wave trains the simulation eq. (3.37) without the integral term was made.
The simulation result for the same initial conditions (3.38), ¥o = 0.75 and
6 = 4x is shown in Fig. 7 at the same as Fig. 6 time moments. In the absent of
the induced current the modulation instability arises on the earlier time order
T ~ 20 (Fig. 7. d)) . In the present of the induced current the modulation insta-
bility arises on the greater times (Fig. 2. d)). So, the induced current decreases
the modulation instability increment.



1.0
0.5

0.0

1.0
0.5

0.0

1.0
0.5

0.0

1.0
0.5

0.0
1.0
0.5

0.0

— vl

a)

T L L L L e L | N
50 -40 -30 -20 -10 0 10 20 30 40 50

i
_ A b)

N L T L L DL L R L
-50 -40 -30 -20 -10 0 10 20 30 40 50
IR |
_ C)

T T T T T r N
-50 40 -30 -20 -10 0 10 20 30 40 50
vl

T T I L B B R B
-50 -40 30 -20 -10 0 10' 20 30 40 50
1wl
- /\M

T T T
50 -40 -30 -20 -10 0 10 20 30 40 50

Fig.6.



40

1.0

0.5

00 -

1.0
0.5

0.0

1.0

0.0

0.8
04

0.0

0.8
04

0.0

— vl
] /\ a)

L AL L AL L L LN B B
50 -40 -30 -20 -10 0 10 20 30 40 50
-1 lwl

L D B B B B
-50 -40 -30 -20 -10 0 10 20 30 40 50
| v

c)
lll'lll‘lll'l]lllll]n
50 -40 -30 -20 -10 0 10 20 . 30 40 50
lw
] d)
R T e e e A A U
50 -40 -30 -20 -10 0 10 20 30 40 50
| vl

'

50 40 30 -20 -10 0 10 20 30 40 50



41

4. The higher approximations of the short in-
tense trains description in isotropic plasma.

4.1. Basis equations.

As other example describing short intense wave trains let us consider evolution
of the strong HF (linearly polarized electromagnetic or Langmuir) packet in
homogeneous isotropic plasma with striction nonlinearity In this case the initial
egs. are the Zakharov-type system egs. [4]

0’E &E én
Vz-a—zz—-w-wg (1+—A7)E=0, (4.39)

20%n - 0%6n _ e o (Ez)

“Hz T H2 16%T, 022 °
where E is the electric field, 6n is the plasma concentration deviation from the
equilibrium value N, ¢, is the ion-acoustic wave velocity, wg = 47e2N/m,, the
parameter V in (4.39) corresponds to the light velocity ¢ for electromagnetic
waves or the electron heat velocity V., for Langmuir waves. The wave line in
right part (4.40) corresponds to HF field time averaging. In (4.39), (4.40) we
change to dimensionless variables

(4.40)

= —t—, n= i, P = E—, where w,T =1, | = -Y—, E= V167NT,, (4.41)
T l E wp
for which the system (4.39), (4.40) takes the form
2y 0%y
5;7—2-—51-_-2-*(1'*'")7»{)—0) (4'42)

,0%n  8%n 0 ('/’2)
e — = —
6r?2  onp? on?
where & = V/c; 3> 1. The solution of (4.42), (4.43) we present in the quasi
monochromatic wave packet form

(4.43)

¥ (n,7) = ¢ (n,7)exp (—iwoT + ikon) (4.44)

where wo and ko are related by the linear dispersion relationship w3 = 1 + k2.
In the relations obtained in such a way we pass to the reference system moving
at the HF wave group velocity v = vg' = Qwo/Bko = ko/wo :

E=n—oT, r=r
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In this case for ¢ (¢, 7) and n (€, 7) we obtain egs.

. 89: 10% Py %p
2iw wo 7 31' (2) —5-&-2- ny = a 0] 2‘06 65 (445)
o? (lez) 82 Py
——_— ) _a2 % g0
(v’a ) 662 563 a ( 57~ 253 E) : (4.46)

The left parts (4.45), (4.46) correspond to the second approximation of the
dispersion theory leading to NSE for HF field packet envelope ¢

dp 18
iwg a"’ 73 Ef np =0, (4.47)
in which 2
___l#l 44
S ey (4.48)

is taking into account. Substituting (4.47), (4.48) into the right parts of (4.45),
(4.46) we shell find

1 8% v O vlpl?
Bl + iy ¥ R ma o v
v p  dlgl lel> 8y
2wo ((1 —v2a?) O€ + (1-v2a2) 8¢ )’ (4.49)
_ el 202y ( e _ o )
n= 1—v2a? w2 (1 - ,,20,2)2 2 ¢ 6€ 0{ (4.50)

where the variation of concentration n has now the correction to the stationary
value. Combining these expressions we shell yield in the third approximation of
the dispersion theory for ¢

dp 18 o
Hoogr Y 2o T T- et T
: 2 0p dlel’ v &% '

— 2iwo (ﬂ "PI 6{ + py a& w3 363’ (451)
where in the right part there are the approximation third terms with the pa-
rameters 902

v o
= mpeee (- ) (452)

v o?
= v () (459
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The nonlinear deviation of the HF packet group velocity from the linear quantity
in (4.51) is )
N _ __3vlel

Ay " = _2w§(1 —vial)’ (4.54)
At av < 1, corresponding to the packet velocity less than the ion-acoustic wave
velocity, we have AvYL > 0, i.e. the regions of the HF packet with greater
amplitude move with greater velocities. In this case the leading front of the
initially symmetric packet will to steep. At av > 1 corresponding to the packet
velocity greater than the ion-acoustic wave velocity we have Avy L <0,i.e. the
HF packet regions with greater amplitude move with the less velocities. In this
case the back front of the initially symmetric packet will become steeper. The
characteristic time t* of steeping as the time of the packet maximum shift by
its half width A/2 is equal:

w3A |1 - v2a?|

(4.55)

The distance L*, at which the steep front is formed for the initially symmetric

pulse, constitutes
Au2 |l = v2a?
I*=tv= —@J—;LI (4.56)
3¢l

We can see that the terms of the third approximation are significant in the
group synchronism between HF and low-frequency waves when av ~ 1.

4.2. Instability of the plane wave.

To further analyze the effects of the third approximation let us investigate the
instability of the plane wave in the case av < 1. Change in (4.51) the variables

0=£’:§=§':¢=g) (457)
0. @
where )
v v _ 4w 73
= 30’ 70 T = 1—-1v2a
we yield

(98, 5 1ua 0 OB, 8 o 8%
2i (—37 + B |4 3% +M¢Tc—) tozt 6" ¢ + 2'5?; =0, (4.58)

where
2a? a?

h=1- w3 (1 —v2a?)’ pr= 1+w§(1-v2a2)'



44

The solution of the eq. (4.58) we present in the form of the plane wave with
small space perturbations

¢=(#0+3) exp (i630/2) (4.59)

where |$| < ¢o. Keeping in the obtained relationship linear on $ terms we have

e * 2 &3
2 (a¢+(ﬂ1+#1)¢2 ¢+m¢2a¢) 24+ 3 (5+7)+2u2t =0

(4.60)
Changing p = ¢ — (1 + 1) 4260 and 6’ = 0 the eq. (4.60) takes the form (sign
vanish)

9¢ 08"\ | 9% ,, 8¢
21(69 162 ) 82+¢0(¢+¢)+2zap3 (4.61)
Presenting the space perturbations in the form
é = Aexp (T +igp), (4.62)

we obtain from the existence nonzero solution condition for the two algebra egs.
for A* and A :

g, 1
T =—ig® + §q\/ 243 (1 - 2p3¢3) — ¢ — 4¢*. (4.63)

The instability increment value from the relationship (4.63) is equal

Rel' = 2q\/2¢o(1 - 2pi¢3) — ¢* — 4¢*. o (4.64)

Let us compare this expression with the well-known relationship for the insta-
bility increment corresponding the NSE

(ReT)yse = 50/263 — ¢ (4.65)

We can see that in the third approximation the modulation instability increment
decreases by the both nonlinear dispersion (term with 2 in eq. (4.64)) and cubic
linear aberration in dispersion curve w (k) (the last term under the square). For
the greater amplitude

the modulation instability disappears.
It is known that the similar effect of the restabilization of perturbations takes
place for the gravity waves on deep homogeneous water, but there it associates



45

with the induced flow. So, the description of the intense wave trains propagation
in the strong dispersive nonlinear medium may be constructed on the next after
parabolic approximations. In particular, as we shown over for the gravity waves
on deep homogeneous water the account of the third approximation gives the
good description of the experimentally observed effects of the form and velocity
evolution, which does not described in the frames of the NSE. For stratified
water, when the internal waves there are, the third approximation effects may
play the same role for the interaction between surface gravity and internal waves
as in plasma. The description of this interaction is similar to the wave interaction
in plasma ( the role of ponderomotive forces plies the Reynolds stress). So we
may wait the distinct demonstration of the third approximation effects in the
conditions of the group synchronism of the surface gravity and internal waves.

This work was supported by International Science Foundation and Ministry
for Science of Russia (Grant No R8V300).
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Henwnennas muHAMUKA KOPOTKHUX IIyIOB BOIH
B TUCIEPTUPYIOIINX CPemax

E.M.I'pomoB, B.l1.Tanasos

Nucruryr npuknageon ¢usumkm Poccuickon akageMun Hayk

yu1. YaesaoBa, 46, Hmxamr Hosropon, 603600, Poccus
E-mail: gromov@hydro.nnov.ru

HccnegoBana HenMHeHHAS IMHAMHKA KOPOTKHX (IOPIAKa ABYX-TpexX IIHH
BOIH) WHTEHCHBHHIX LYTOB BOIH B JUCIEPTHPYIOIMX CPefaX B BHICIIAX
IpHOIMXKEHHIX TeOPHH HeIMHEeHHOH Nucnepcuu. BHadvame msydeHH 06-
IIMe CBOHCTBA HEMMHEHHHKIX BOTHOBHIX YPaBHEHWH BHICHINX NPHOTMXKEHWH
Ha IpEMepe CTAlMOHAPHBIX TOKATMBOBAHHHIX HEIMHEHHHIX BOIH (COMMTO-
HOB) M JMHAMAKM HECTAIMOHAPHHIX BOTHOBHIX NMakeToB. IlomydeHH HoO-
BHE pelleHns JaHHHX ypaBHEHWH, .ONUCHBaolne (Ha3oMoLyIHpOBaHHbEE
COMATOHHL, CKOPOCTH ABHXKEHUS KOTOPHIX OTIHYHA OT CKOPOCTH IHHEHHEIX
BonH. [18 HeCTalMOHAapPHHIX BOIHOBHIX NMakeTOB H3y4YeHH dPPexTH, oT-
CYTCTBYIOLME B HapaGonuyeckoM NPUGINXKEHHH, Takie KaK, 3aBUCHMOCTD
CKOPOCTH JIBH)KEHHA IakeTa OT €ro MHTEHCHBHOCTH (HelMHeHHad [uCIe-
pcus) W NpOTHEXKeHHOCTH (MuHeldHas aGeppanud). 3aTeM PacCMOTPEHH
NpHMepH HEeNHHEAHON NUHAMHMKA KOPOTKHX UYroB HHTEHCHBHHIX I'DaBH-
TAIMOHHBIX BOIH Ha IIy6OKOH BOJe U SIeKTPOMArHUTHHIX ¥ IEHTMIODOB-
CKHX BOIH B M3OTPONHOW NnasMe. J[nf rpaBUTAalMOHHHIX BONH Ha IIy-
60KOl BOJie NPHUBENEHH pPe3yIbTATH OKCIEPHMEHTATbHHX HCCIeTOBaHUM
M YHCIEHHOTO MOJIeTMPOBaHHI PACIPOCTPAHEHNS KOPOTKUX HHTEHCHBHHIX
LYroB B BHICIIMX NpHOTMKeHHSX TeopuH pucnepcuu. Iloxasano coBmaje-
HE€ KCIePEMEHTAIbHBIX Pe3yIbTaTOB C PE3yIbTaTaMH YNCIEHHOTO CYeTa
yXe B TpeTheM NpHOIMXKEHN TEOpHH HelMHedHO# pucmepcuu. [lns onek-
TPOMAarHUTHEIX BOIH B M3OTPOIHOH INIasMe HCCIe[OBaHa MOJRYISIMOHHAL
HEyCTOMYMBOCTH mIoCKuX BonH. IlokasaHo MciesHOBeHHMe MOJNYISNMOHHON
HEyCTOWYMBOCTH NpPH IPEBHIUIEHHH. KDHTHIECKOTO 3HaYeHNd aMITHTYAH,
BeIMYMHA KOTOPOI onpeenseTcs HeTHHEHON JUCIepCcHen.
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PROCESSING INFORMATION-BEARING CHAOTIC
SIGNAL IN A PRESENCE OF NOISE

USING COUPLED OSCILLATING SYSTEMS
A. K. Kozlov and V. D. Shalfeev

Radiophysical Faculty, University of Nizhny Novgorod
23 Gagarin Ave., Nizhny Novgorod 603600, RUSSIA
E-mail: alex@hale.appl.sci-nnov.ru, shalfv@rf-nngu.nnov.su

Abstract

Transmission of binary information using chaotic oscillations as a carrier is considered. The method
of noise reduction via processing received signal with two directionally coupled oscillating systems is
suggested. The efficiency of the method proposed is considered for white and low-frequency noise and
different values of the coefficient of coupling. All the experimental data are obtained for mathematical
model of simple chaotic oscillator — the tunnel diode generator.

1 Introduction

In this paper we consider the following problem: how to transmit a binary informational signal using
analog chaotic process in a presence of noise. The problem is acute for various branches of engineering
where deterministic chaos are expected to be applied — spread-spectrum communications, secure com-
munications, data compression, etc. [1-6].

2 Robust scheme of signal transmission

The common scheme of signal transmission is shown in Fig. 1. Binary signal s, say, the sequence of
“0” and “1”, passing through the encoder E is transformed to the pseudo-random time-series or chaotic
continuous process y;-. While propagating through the communication channel the transmitted signal
Y%r(t) is corrupted with noise £(t) so the received signal y,(t) is not quite identical to the transmitted
one y;r(t). The point is to suggest a design of decoder which is able to extract information from chaos
reducing the influence of noise.

Here we consider a simple realization of the scheme from Fig. 1 based on the circuitry of the tunnel
diode generator which is shown in Fig. 2a. This chaotic oscillator was suggested by Rabinovich and
Kiyashko in 1980 [7] and, perhaps, was the first generator for producing chaotic signals. There is the
only nonlinear element in the circuitry of Rabinovich-Kiyashko generator — the tunnel diode which
characteristic is shown in Fig. 2b. Chaotic oscillations of the generator usually look like relatively slow
motions along a and B pieces of the tunnel diode characteristic with fast jumps between them. The
generator has rather complex behavior and very simple circuitry and, as an illustration, may be clearly
implemented in a scheme of secure communications. The circuit in Fig. 2a where points 1 and 2 is merely
connected with wire corresponds to autonomous generator. If the wire is replaced with controlled voltage
source we have the encoder which transforms input informational signal to the complex oscillations. If
points 1 and 2 are disconnected we have passive oscillating system with input 1 and output 2 corresponding
to the encoding generator so it may be treated as a decoder. This approach resembles one suggested by
Pecora and Carroll in 1990 [8] and is similar, in a sense, to that developing by Hasler where decoding
oscillating system provides inverse signal transformation to the encoding one [9]. There is still another
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way of synchronous signal processing based on stochastic synchronization of generators discovered by
Afraimovich, Verichev and Rabinovich in 1986 [10]. Below we show how to exploit some advantages of
that approach to increase noise immunity of decoder.

First, we consider the common signal processing scheme which is displayed on Fig. 3. Here y =
y(t, s(t)) are complex oscillations induced by input signal s(t). Transmitted signal y;» = y + s passes
through the communication channel with additive noise so the received signal is y, = y;r + £. Without
noise, if all the parameters of decoder and encoder are equal then the received signal y,. produces in the
decoder complex oscillations which become strictly identical to the oscillations in the encoder as time
increases: lim ¢ |§(t) — y(t)] = 0. Then we obviously get 5(t) = y-(t) — §(t) = s(t).

The situation dramatically changes in a presence of noise because of two reasons. First, input noise
disturbs decoder’s oscillations g(t) so they could not be equal to y(t) no longer. Second, the noise passes
through the decoder directly to its output (see Fig. 3). To avoid this we suggest two-cascaded receiver
using filtered output of the first cascade §;(t) to synchronize the second one.

Now we consider two schemes using the idea proposed which are displayed on Figs. 4-5. The only
difference between them is the way the cascades are synchronized. In the first case (Fig. 4) we use two
identical receivers connected merely with wire just like in experiment of Lozi and Chua [11]. Another
scheme (Fig. 5) is improved by choosing varying directional coupling between receiving cascades. More-
over, the second cascade is self-oscillating system whereas in Fig. 4 both receiving cascades are passive.
The design displayed on Fig. 5 is the main point of our presentation. Now let us consider how it works.

We treat sinusoidal input signal as information “1” and no input state as “0”. (Sinusoidal input,
however, is not the best way to govern encoder’s oscillations but quite enough for explanation.) Without
noise, when there is no input the oscillations in all the three systems synchronize so the output difference
signal d(t) tends to zero. When there is an input signal the response oscillations of the first receiving
cascade §;(t) could not be synchronous to transmitted signal y(t) as well as §5(t) with respect to both
y(t) and §(t). Desynchronization of receiving cascades caused by input “1” may be detected as finite
chaotic oscillations of difference d(t). In a presence of noise there is no longer strictly zero output of
the decoder but time periods corresponding to input “0” and “1” may be distinguished by observing
current dispersion of the difference d(t) with finite time of averaging. Of course, with increase of noise
the difference between the values of dispersion of output bursts corresponding to input “0” and “1”
(‘contrast’) vanishes. And this is the principal limitation of admissible noise for the scheme proposed.

3 Computer simulation

The efficacy of the scheme for noise reduction depends in a great extent on frequency bandwidth of the
noise. Power spectra of complex transmitted signal as well as white and low-frequency noise are shown
in Fig. 6. Both Fig. 6a and Fig. 6b correspond to signal-to-noise ratio 19dB.

For white noise, even the first receiving cascade of the decoder (see Fig. 5) significantly suppresses
higher frequencies of the noise due to its own filtering properties. It leads to perfect filtering of syn-
chronizing signal §; (t) so quiet periods and bursts of desynchronization in the decoder’s output are well
distinguished and informational signal is clearly detected as one can see in Fig. 7.

For low-frequency noise which power spectrum occupies the band of oscillating systems (see Fig. 6b),
it is possible to achieve good quality of detection for small influences only. In this case, the output
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difference signal d(t) looks like the sequence of more or less frequent bursts of desynchrorization. Now
the different levels of intensity of the bursts correspond to input “0” and “1”. To detect “0” or “1” in
the output we calculate the current dispersion ¢4(t;) of sampled difference signal d(t;) over finite time of
averaging

N-1 -1
1 Z -\ 2 1
j=0

[gh

where T is time of averaging. Time-series corresponding to input informational signal s(¢;), received signal
corrupted with low-frequency noise y,(t;), output difference signal d(t;), and normalized current dispersion
of the difference o4(t;)/0y, are presented on Fig. 8. Upper levels of value of g4(t)/0y, correspond to input
“1” and the lower ones — to “0”. The averaged deviation between output “0”- and “1”-levels called a
characterizes sensitivity of receiving scheme and strongly depends on the intensity of noise. It is obtained
numerically that the value of a decreases with the increase of noise intensity (or decrease of signal-to-
noise ratio, SNR) and tends to zero for sufficiently strong influences. Plots of a versus SNR obtained
for different values of the coefficient of coupling § and SNR equal to 19dB are shown on Fig. 9. Figures
near the curves correspond to the values of §. The function a of SNR calculated for the detecting scheme
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which was designed according to [11] (see Fig. 4) is depicted in Fig. 9 with letters “LC”. Graphs presented
on Fig. 9 evidently show that our improved scheme (see Fig. 5) may give us more than twice gain in
sensitivity or, in the other words, noise immunity of the decoder with respect to the scheme shown on
fig. 4. However, the price of the gain in sensitivity for small coefficient of coupling 4 is the lost of rapidity
of the system since the decrease of § immediately leads to slowing down of transition processes in the
decoder. :
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BBINEJIEHNE NTHOOPMAIINUN N3 XAOTUYECKOI'O

CHUATHAIJIA B ITPUCYTCTBUUM MIYMA C IIOMOIIBIO
CBA3AHHBIX KOJIEBATEJIbBHBIX CUCTEM

A. K. Kossios, B. II. Ilangeen

PaccmaTpuBaeTcsa cnoco6 mepexauy ABOMYHOIN MHGOpMalU XaOTHYECKHMH CHUTHAJAMH B MPHUCYTCTBUM
myma. B xadecTBe HCTOYHHMKA XaOTHYECKHX KoJieGaHUHA MCHO/B3YeTCd NMPOCTOM IeHepaTop Ha TyHHENb-
HoM amozie [7], cxeMa KOTOpOro Hoka3aHa Ha puc. 2. VHGOpMaUMOHHHIN CHrHAJ, NOAAaBaeMbIll B BHIE
HaIpsXKEHAS Ha KiIeMMH “1” u “2” mpeobpa3syercs B xaoTHdyeckne KoneGanns. Brigesenne muHdpopma-
MM U3 XaOTUYeCKNX KojebGaHui B OTCYTCTTBHHM HIyMa BO3MOXHO COIVIAaCHO METONMKE, MPEIJIOXEHHON
aBTopamu paHee [5]. Ilis momaBiieHMs IIyMa Npe1araeTcs UCHOJIB30BaTh B AEKOAEPe ONHOHANPABJIHHO
CBA3aHHBIE KOJleGaTesIbHEIE CUCTEMBI, COTJIACOBaHHBIE C XaOTHYECKHM aBTOr¢HEPaTOPOM IlepefaTynkKa (CM.
puc. 5). Ilpn HanM4uy myMa B KaHaJjle Ha BBHIXOZEe [eKolepa HabMIONAIOTCS XaOTHUeCKHe KoJlebaHus, HH-
TeHCUBHOCTb KOTOPHIX MHHMMaJIbHa, KOrJla NHQOPMAIMOHHOTO CHI'HAJIa HET, M MaKCHMaJibHa BO BpeMs
neiicTBuAs curHaja. CooTBETCTBYIOMINE OCIMIUIOTPAMMBI IUIs 6€JI0ro M HU3KO-4acTOTHOrO wyMa ( OTHO-
menue cursan-mym 1906 ) npusenens Ha puc. 7 u puc. 8. McciienoBaHa 3aBUCHMOCTD 4YBCTBATEILHOCTH
LEKOIepa OT MHTEHCHMBHOCTH LIyMa VIS PasjMYHBIX 3HadeHH# xosdduuuenta cBasu § (puc. 9).
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LAMINAR-TURBULENT TRANSITION IN A BOUNDARY LAYER

V.V.KOZLOV
Institute of Theoretical and Applied Mechanics, Novosibirsk, 630090, Russia

1. Introduction

This lecture is based on the paper ”Laminar-turbulent transition at a high level
of a free stream turbulence” by Alfredsson P.H., Bakchinov A.A., Kozlov V.V. &
Matsubara M., that was presented by V.V.Kozlov at IUTAM Symposium on Non-
linear Instability and Transition in three-dimensional boundary layer. Manchester,

England, July, 1995.

Laminar-turbulent transition problem is one of the most significant and have not solved
problem in fluid mechanics. The transition phenomenon investigation is important in both
fundamental and application planes, in particular for controlling the boundary layer for
drag reduction at vehicle elements, turbine blades etc.

The present review is concerned with experimental investigations of laminar-turbulent
transition of a high free stream turbulence levels, for the cases when the levels are greater
or equal to 1% of a free stream velocity (Up.).We will examine:

1. Receptivity and stability of the boundary layer.

2. Possibility of the Tollmien-Schlichting wave generation, existence, development and
influence on the transition at a high free stream turbulence level in different flows.

3. Interactions of instability waves with localized disturbances with formation of

nonlinear wave packets and turbulent spots.

4. Turbulent spots generation and development .

Before moving to consideration of specific problems we are going to emphasize that
significant difference of laminar-turbulent transition at "low" and "high" free stream
turbulence is that in the former case the transition is connected with Tollmien-Schlichting
wave development, in the later case it is able to onset without the waves or according to
Morkovin's classification [1], laminar-turbulent transition at a high free stream disturbance
level is a "bypass" of Tollmien-Schlichting wave development (see figure 1).

2. Laminar-turbulent transition at a low free stream disturbance level.

Many investigators have tried to divide laminar-turbulent transition in boundary layers
to stages using known facts on disturbance development. The number of stages reaches
six and most of them are concerned with non linearity of the process.

[t is possible to select the following general points in laminar-turbulent transition in
boundary layers at low free stream turbulence(2,3}:

1) Tollmien-Schlichting wave generation;



54

M.U.MORKOUYIN, E.RESHOTKO (1989, TOULOSE)

0C. DISTURBANCES for GOATLER « SWEEPACK INSTABILITIES
S

—— e - -

ic’ IXPUT r OISTURBANCES poor observation of disturdances
free-stream vor ticily poor control of disturbonces
- sound
. entropy spots
g
requency SPECTRA Ji multiplea channels
yibronios T in paroliel: @
Cd
RACE betwesn
.- RECEPTIVITY instaility MOOES
e N 4y d
ASSE/ AMP 7y ERATION  MOOIFIERS =
IFICATION 0P
8YP S. SLOW LINEAR LIFICATION Ry o s
probably of wave packets: @ 2
30 NONLINEAR xz Fourier 20 0IRECT 30: INOIRECT
SPACE-TIME companents of plx) @ | 30 roughness
DISTURBUNCES disturbunces past T /T properties -
== - Rec, of each mode i functions of 2
Poiseuille CUMWLATIVE EFFECTS curvature og. o(2)
duct now directly observable waviness angle of yaw
o \ 20 roughness | leading-edqe P
Blunt l angle of sweep
body L fonncx 30 non-
paradax STRONG SECONDARY L ations | Pomogenaiy
- 30 INSTABILITEES ete.
Pipe-tiow C : Crak
pults, 252 { PRIMARY GORTLER
slugs B
- 252> UH - Herbert  SROSS+
some 3> K : Klebanolf N
roughness 30 secondary
conditions ) intlectional(?)

- IRREGULAR TERTIARY instabiities
Lateral INSTABILITIES ERTIAR-Y‘ -
contam- . . 7

< e.g 30 inflectional 1 '
ination Kiebanott high { INSTABILITES?

N breakdown  (uncharteq)

~ - o - - - wb
. ~ N (= - - - - omm —
N , lor spatially close bursts: |

S uncharted nteractions

N BURSTS” NEAR WALL I
N N with [ine scales I
for .isolated bursts: |
1

classical turb. spots
DEVELOPED TURBULENT BL i,
universai(?) large stucthure r

Figure 1.  Transition processes in wall layers [ 1].

8asic flow

. (waves) I I I X v I (Transition)

AARARTRTARTTRTRRRRIRRNANNNANNNNNN

Figure 2. Instability of the boundary layer on lat plate and its Lransition to turbulence | 2]
l. - Region of instability to small wavy disturbances.

Il. Region of three-dimensional wave amplfication.

ll. Peak-valley development with streamwise-vortex system.
IV.Vorticity concentration and shear-layer development.
V. Breakdown.

V1. Turbulent-spot development.

AN AN AN SR SRNRARNANNY



55

2) linear Tollmien-Schlichting wave amplification;

3) nonlinear boundary layer breakdown to turbulence accompanied by disturbance
interactions,

appearance of nonlinear wave packets, turbulent spots etc. (see figure 2.).

First two stages have been reviewed in [3], now we turn to discussion of nonlinear
stage of the transition. As a rule at amplitudes of about 1% nonlinearity of wave
development and interaction becomes detectable. This stage of the transition is most
significant to understand mechanism of turbulence appearance, because it covers
deterministic laminar flow transformation to stochastic turbulent one. Nevertheless this
stage is investigated weakly due to the process complexity.

Different attempts to imagine nonlinear steps of the transition like a sequence of events
[3] are rather subjective but allow to select significant points of the process:

1) weakly nonlinear amplification of two-dimensional Tollmien-Schlichting wave.

2) 3-D triggering.

3) formation of nonlinear wave packets (A -structures).

4) A -structures transformation in turbulent spots and onset of fully turbulent boundary
layer. ’ -

The division is rather conditional because different nonlinear processes exist in
complex interplaying and some of them depending on specific conditions can be more
significant then other or can be unrealized like in the case of the transition without
turbulent spot formation [4]. .

Apparently, first evidence of non linearity under controlled conditions is generation of
combination modes and development of system of multiple harmonics of a fundamental
wave; in case of natural wave packet it is nonlinear wave interaction. Results of
experimental simulations [4, 5] confirm significant role of multiple harmonics,
subharmonics and other low frequency oscillations, their interactions with the fundamental
wave and each other during the transition of initially two-dimensional disturbances. It
should be mentioned that in the investigations [4, 5] two-dimensionality of disturbance
field took place up to the latest stages of
nonlinear process and the transition occurred bypassing turbulent spot formation. Such
type of transition is known as "evolutionary" one. Nevertheless numerous experiments on
laminar-turbulent transition in boundary layer point out that turbulent spot formation is in
the most cases indispensable condition of the process.

In classic experiments by Klebanoff et. al. [6] the type of transition found was
characterized by appearance of high frequency pulsation or "spikes" on oscilloscope
traces of Tollmien-Schlichting wave. The spikes correspond to theoretically very unstable
instantaneous inflectional velocity profiles that is background of secondary instability
concept. Actually spike appearance is connected, probably, with three-dimensional
structure of disturbance field [7]. Experimental data show that three-dimensional distortion
of plane Tollmien-Schlichting wave and corresponding generation of spikes on
oscilloscope traces lead to generation of system of longitudinal vortices. Each of the
vortices develops downstream separately and is able to turn into turbulent spot. Up to now
there is no exact answers on the questions about existence of secondary instability and
ongin of three-dimensional structures in the flow although there is intensive work in this
direction [3]. Detailed experimental investigations [8] of the structure, generation and
development of the vortices carried out using visualization and hot wire anemometry
confirmed the vortices significance in the following formation of turbulence.

Last years attention of scientific community is attracted to turbulent spot investigation
due to their importance in laminar-turbulent transition. Emmons [9] as well as Schubauer
and Klebanoff [10] showed that the transition consists of random temporal alternation of
laminar and turbulent states or traces of randomly arose turbulent formations (turbulent
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spots) in laminar boundary layer. The spots grow downstream in a wedge regions that
leads to their consolidation and finally to fully developed turbulence. Elder [11] was one
of the pioneers who visualized turbulent spot in a water channel and confirmed
experimentally Emmons suggestion about absence of interaction between the spots and
their developmentindependence.

Beginning with the middle of 1970th, significant success in turbulent spot
investigations is connected with computers that allow to select mean characteristics of
deterministic waves from turbulent pulsation using ensemble average.

Results of Cantwell, Coles & Dimotakis [12], Barrow, Barnes & Ross [13],
Wygnansky et al. [14] where they used the ensemble average method, significantly
advanced understanding of turbulent spot development, structure, velocities of propagation
and relations to surrounding fluid.

The subsequent rapid development of laminar-turbulent transition investigations at a
low free stream turbulence level is detailed in recent reviews by W. Saric [15] and Yu.
Kachanov [16].

3. Laminar-turbulent transition features at a high free stream turbulence level.

Overviews of papers on a laminar-turbulent transition at a high free stream turbulence
(FST) level are presented in a chronological order in articles recently published in the J.
Fluid Mechanics (1994), vol. 281, pp. 193-242: "Experiments.+n a boundary layer
subjected to free stream turbulence. Part 1 and Part 2". References in a schematic view
demonstrating both authors and years are shown in figure 3 separately for theoretical
understanding and experiments. Experiments under "natural” conditions are distinguished
from those with controlled "model" disturbances. It should be emphasized that "model”
experiments allow to obtain quantitative results and to separate a complicated mechanism
of the laminar-turbulent transition into consequent stages by modeling consequently
different stage of this process. At present this way is powerful method to understand and
solve the laminar-turbulent transition problem.

In second part of the report some results obtained by different authors will be
commented in an understanding way. Figure 4 shows a flow structures visualization at a
high FST level (Tu =3% of Uo) obtained by means of a smoke wire located in the coming
flow [17]. As shown in the figure eddies penetrate in a flat plate boundary layer and are
elongated along streamwise direction.

In the figure 5 smoke flow visualizations in boundary layer at low FST level (a) and
high FST level (b) are presented. One can see that in latter case longitudinal streaky
structures are obviously observed. These boundary layer structures were found to have
determent scale in the span direction and correlate with a local boundary layer thickness.

On the next figure (fig. 6) both a flow visualization in a whole scale is shown (a) and
spanwise correlation for this case is presented (b) [18]. The correlation of a fluctuation
motion in the boundary layer is order of 10 mm that corresponds to two local boundary
layer thickness.

Some quantitative experimental results on a localized boundary layer perturbations
ff:volution are presented in figure 7. The figure reveals different propagation speed of a

ront
and rear of these disturbances and their not spreading in the span direction over two local
boundary layer thickness [ 19, 20}.

Figure 8 demonstrates a origination and development of a localized disturbance
("puff”-structure) in the boundary layer. On the basis of experiments [19-21] it have been
demonstrated (figure 9) that two different types of symmetric "puff"-structures exist (3
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Laminar-Turbulent transition at a high
level of a free stream turbulence (referenses)
Theoretical_understanding Experiments under "natural” conditions

1976 Dyban,Ye. P., Eplik,E.Ya.& Suprun,T.T.
1978 Amal, D. & Juillen, J.C. -

"BYPASS" 1982 Kosorygin, V.S.,Polyakov, N.Ph.,
1984 Morkovin M. V. . Suprun, T.T. & Eplik, E.Ya.
© 1985 Kendall, J.M.
"BYPASS" 1988 Suder, K.L., O'Brien, J.E. & Reshotko, E.
1989 Morkovin M.V. 1989 Gulyaev, A.N., Kozlov, V.E., Kuznetsov,V.R.,
Reshotko E. Mineev, B.l. & Sekundov, A.N.

1990 KendallJ.M (USA)

1990 Kosorygin, V.S. & Polyakov, N, Ph.

1991 Kendall, J.M.

1992 Blair, M.F.

1994 Boiko, A.V., Westin, K.J.A., Klingmann, B.G.B.,
Kozlov, V.V. & Alfredsson, P.H""

1994 Kendall, J.M.

1995 Alfredsson P.H., Bakchinof. A.A.,
Kozlov V.V. & Matsubara M.

Theoretical understanding Experiments by generating controlled”model” disturbances
1985 Grek,H.R., Kozlov,V.V. & RamazanovM.P =~
. 1987 Grek,H.R., Kozlov,V.V. & Ramazanov,M.P
' The lift-up effect'’ 1989 Grek,H.R., Kozlov,V.V. & Ramazanov,M.P
1990 Landahl, M.T. 19902 Grek,H.R., Kozlov,V.V. & Ramazanov,M.P
1990b Grek,H.R., Kozlov,V.V. & Ramazanov,M.P
1991a Grek, H.R., Kozlov,V.V. & Ramazanov,M.P
1991b Grek,H.R., Kozlov,V.V. & Ramazancv,M.P
1991 Grek,H.R., Dey,J., Kozlov,V.V.,

Ramazanov,M.P & Tuchto, O.N.

' Streamwise streaks'' 1992 Grek, H.R. & Kozlov.V.V.

1993 Henningson,D.S, 1993 Bakchinov, A.A,Grek, H.R. & Kozlov.V.V.
Lundbladh, A. & 1994 Westin, K.J. A., Boiko, A.V., Klingmann, B.G.B.,
Johansson, A.V. Kozlov, V.V. &Alfredsson, P.H

1994 Bakchinov, A.A, Westin, KJ.A.,
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1994 Henningson, D.S.
1995 Dovgal, A.V. Kozlov, V.V.
1995 Alfredsson, P.H., Bakchinov, A.A,

Kozlov. V:V. & Matsubara M.
igure 3. Overview of papers on the laminar-turbulent transition at a high frec stream
turbulence level.

leading edge

smoke wire

Figurc 4.  Smoke flow visualization (smoke wire)
Uoo=4m/sec ,e=3% [17].
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and 4). Two other types of anti-symmetric "puff"-structures (1 and 2) differed one from
other by the rotation direction were found.

Evidence on the possibility of Tolimien-Shlihting (T-S) waves existence at a high FST
level (Tu=1.5%Uo) is presented in figures 10 and 11, obtained from papers [22].
Characteristics of T-S waves (figure 10) and a wave amplitude evolution (figure 11) in
comparison with the a low FST level case are shown. Characteristics of T-S waves in both’
cases are the same, whereas amplification rates along streamwise direction rather differs.
Atahigh FST level a wave dissipation may be observed [22, 23].

Figure 12 demonstrates the turbulent spot origination process in the flat plate
boundary layer under a "natural” conditions when an "incipient spot” appears in the
vicinity of the leading edge. The initial disturbance is evidently observed to appear on one
of the longitudinal structures and have periodical character.

The same kinds of boundary layer structures are generated under interaction T-S
waves and so-called streaky structures induced in the boundary layer by free stream large
scale eddy disturbances at high FST level (see figure 13). Quantitative results on the
interaction of the T-S wave and streaky structures ("Puff"-disturbance) are shown in
figure 14 [19, 24]. A result of this interaction were found to might be new streaky
structures much larger amplitude (~ 15% Uo).

A smoke visualization of the interaction process is demonstrated in figure 15. The
interaction of an isolated impulse perturbation with "natural” streaky structures results in
"incipient spot” and then lead to the turbulent spot.

As experiments on the development of the turbulent spot at both-alow and a high FST
level [23] show, integral characteristics of turbulent spots and their propagation speed were
not found to depend on FST level ( see figure 16).

Experiments carried out in the controlled manner in the Novosibirsk group (until
1992) allowed to suggest the laminar-turbulent transition scenery at a high FST level (see
figure 17) and to make comparison with the case of laminar-turbulent transition at a low
FST level (see figures 18 and 19).

Extensive quantitative results of the experiments, obtained in Novosibirsk ITAM) [21,
23-25] and Stockholm (KTH) [18-20, 22] on the interaction of the high frequency T-S
wave with "puff”-disturbances allowed to correct the scenery of the "BYPASS"-transition
(see figure 20). .

The following conclusions can be done as a result of this review: it was found one of
possible mechanisms of laminar-turbulent transition at a high free stream turbulence level
through the interaction of localized structures with Tollmien-Schlichting waves.

Taking into account above results it is possible to conclude that a lot of features of
boundary layer interaction with a high free stream turbulence are the same at high as well
as at low level, namely, free stream disturbances can generate streaky structures ("puff”-
disturbances), Tollmien-Schlichting wave packets, "incipient spot"-disturbances and
turbulent spots. Of course, laminar-turbulent transition at a high free stream turbulence
level is very sophisticated and this review can not be considered as complete.
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JIAMUHAPHO-TYPBYJIEHTHBIN IIEPEXOI
B [IOTPAHUYHOM CJIOE
B. B. Kosnos

0630p nocsieH npobiieMe JaMUHAPHO-TYPOYJIeHTHOrO Nepexoa B NorpaHn4HoM cioe. IlpuBomures
1 006CyXIaeTcsd 3HAUYNTENHLHOE KOJIMYECTBO 3KCIIEPHMEHTAJILHBIX NaHHBIX. PaccMaTpuBalOTCA BOMPOCHI
YCTOMYUBOCTH MOIPAHMYHOTO CJIOs, BO3OyX/eHUEe BOJH HEYyCTOMYMBOCTH, POXJAEHUE M Pa3BUTHE TYypOy-
JIEHTHOCTH.
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ON HIGH-DIMENSIONAL OSCILLATIONS FROM
LATTICE OF LINEAR ELEMENTS
L. V. Krasichkov! and A. A. Kipchatov?

College of Applied Science, Saratov State University
83 Astrakhanskaya, Saratov 410071, RUSSIA
E-mail: 'lvk@ccollege.saratov.su, Zkipper@ccollege.saratov.su

Abstract

The lattice of the linear digital filters under chaotic externel force generating by the logistic map is
considered. It is shown that the output signal of this linear dynamical system for large lattice size is
very complicated and can not be distinguished in its dynamical and statistical characteristics from
noise.

Introduction

In the past twenty years, the great progress was made in understanding of regularities of complex be-
haviour in low-dimensional dynamical systems. Oscillations arising in these systems are characterized by
low-dimensional attractors. By now the properties of such attractors and the main universalities (sce-
narios) of appearance of chaos in the systems are well known and described. At the same time, the most
of phenomena and processes in real world are space-temporal and their investigations are the subject of
current active studies. Coupled and spatially extended systems are usually used in such studies. These
systems demonstrate more complicated and rich dynamics and their attractors can be high-dimensional
enough. Moreover, the problems connected with the appearance of high-dimensional chaos are close
related to the long-standing problem of fully-developed turbulence.

Thus, the searching of regularities of transition from low-dimensional chaos to high-dimensional one is
very important task of nonlinear dynamics. Another one problem is in searching of criteria to distinguish
high-dimensional dynamical chaos from noise.

To solve the problems and answer the questions the lattices of nonlinear elements are widely investi-
gated (see for review [1, 2] and references therein). However, there is another way to high-dimensional
chaos, namely, the linear transformation of low-dimensional chaotic oscillations by linear inertial systems
(filters). The facts of dimension increase of chaotic oscillation [3, 4, 5, 6, 7] and complication of attractor
structure [4, 6, 8] during filtering are well known.

In this paper the last way will be discussed. It will be shown that the lattice of linear filters can
provide an considerable increasing of the oscillations complexity, so that the oscillations on the output of
the lattice become undistinguishable in dynamical and statistical characteristics form noise.

1 The lattice of linear filters under external force

One of the simplest systems demonstrating the complication of oscillations (dimension increase) is the
linear low-pass filter under chaotic external force. The phenomenon was firstly mentioned in [3, 4]. It
was also shown that the simplest digital filters have the same effect on chaotic signal [4, 9]. Investigations
of chaotic signal transformation by digital filters lead to revealing of two ways of signal complication,
namely, (i) stretching and folding of an initial attractor for nonrecursive (finite impulse response (FIR))
filters and (ii) complication of attractor structure on all scales (superfractalization) for recursive (infinite
impulse response (IIR)) filter [9].

In this paper the process of further complication of an attractor structure by extended hinear inertial
system will be considered. The lattice of the IIR filters is organized for this purpose . Each element of
the lattice is the IIR filter which was extensively studied in [9] and described as

Zn = (1 —a)z, + azy-1, (1)

where z,,z, are the input and output signals, respectively, and a is the coefficient defining the filter
cutoff. Thus, the lattice is defined by the following equation

Zni = (1 - 5)zn—l,i +€2n-1,i-1, (2)
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where n is the discrete time (n = 1, N;, N, is number of iterations of the equation, i.e. length of time
series on system output), ¢ is the discrete space or in other words the index for lattice site (i = 1, N,
N,p is the system size) and € = (1 — ) is the coupling parameter. At the same time, € can be considered
as coefficient defining the filter cutoff (see Eq.(1)).

Note that with ¢ in place of o Eq.(2) is similar to the equation for the open flow lattices (OFL) (see
[2] for the OFL) which is written as z,; = (1 — €) f(€n-1,i) + €f(®n-1,i-1), where f(z) is a logistic map
and n, ¢, € have the same sense as in Eq.(2). If f(z) =  in equation for the OFL, then we obtaine Eq.(2)
which describes the couple between elements only.
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Figure 1: The time series (left column), the phase portrait (middle column), the power spectra (right
column) for different lattice lengths: N,, = 200,p = 1 (a); N,p = 1200,p = 5 (b); N,p, = 5000,p = 15
(c). To calculate spectra the fast Fourier transform (FFT) of order 25 was used.

As the input signal of the lattice Eq.(2) we used the chaotic oscillations generating by the logistic
map
zn =1 = Azl _y, )
where ) is the parameter of nonlinearity. The lattice input is given for i = 1 as
Zn-1,0 = Ta-1- 4)

Thus, the lattice of linear filters investigating in this paper is described by Eqgs.(2)-(4). We fixed A = 1.99
(developed chaos), ¢ = 0.99 (very weak filtering properties) and studied phenomena demonstrating by
the system under changes of the lattice length N,,.

2 Results and analysis

In our studies of the system behaviour we iterated Eqs.(2)—(4) and analized oscillations in the fixed lattice
point N,,. Initial conditions were xg = 0.707,20; = 0,7 = 1, N,p. The first 10* iterates were discarded
as transients.
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It should be noted here that we restricted ourselves to investigations of temporal behaviour of the
system since the system is linear inertial media and demonstrate only trivial spatial dynamics.

To identify the complication of oscillations in the system the set of characteristics (the time series, the
phase portrait and the power spectrum) was firstly estimated. We plotted reconstructed phase portraits
using a time delay embedding [10, 11} which in application to signals of investigated system can be written
as

Xn = {xn; Tngpy s zn-i-p(m-—l)}’ (5)

where x,, is m-dimensional state vector and p = 1, 2, ... is the time delay. The time delay embedding was
used since Eqgs.(2)-(4), though ones are couple of maps, demostrate changing of time scale of the system
and plotting of attractor on (Zn41,%,) plane for increased N,, would give a diagonal line.
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Figure 2: The phase portrait of attractor (Fig. 1 ¢) is plotted in lines (a). The autocorrelation functions
for different lattice lengths: N,, = 0, i.e. oscillations of the z,_; variable of the logistic lattice Eq.(3)
(solid line); N,, = 200 (line with diamonds); N,, = 1200 (line with triangles); N,, = 5000 (line with
rectangles) (b).

Results of estimations of above mentoned characteristics are shown in Fig. 1. It is seen that the
structure of the phase portrait becomes more complicated as length of the lattice isncreases (see Fig. 1 a
and b). However, the further increasing of N,, lfeads to appearance of some kind of structure in oscillations
that depicted at the phase portrait (Fig. 1 c). The attractor of oscillations looks like one of a flow system
(see evolution of time series in Fig. 1 also), though investigated system Eqs. (2)-(4) is the lattice of maps.
To illustrate the fact we show in Fig. 2 a the attractor plotted in lines for N,, = 5000.
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Figure 3: The correlation dimension Egs.(6)-(7) versus the length scale (a) (N,, = 1200, N = 5-10%,p=
5,m = 2 —9); the probability density calculated for N,, = 1200 (solid line) and its approximation Eq.(8)
(p = 0.0578, 02 = 0.148) (line with simbols) (b).

The spectrum of oscillations (Fig. 1) with increasing N,, becomes very similar to one for 1/f* pro-
cesses, i.e. the processes with long correlations. Increasing of the correlation length is characterized by
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the autocorrelation function (ACF(k) ZN"k(zJ — p)(zj+k — ), where p is the mean and o2
is the variance) which is shown in Fig. 2 b Thus, the above analysis qualitatively demonstrates the
complication of oscillations under their passing in the IIR filter lattice.

Another one characteristic used to estimate the oscillation complexity is the correlation dlmensmn
(12]

CDle) = [/ Cle+ )

) 6
log(e/ (e +5) ©
where C(e) is the correlation integral .
Ny N,
22 Y el xj—xqll), (7
t j=1g¢=j+1

Here, 4 is the localization range of C(e) in which the linear least-square fit is performed, 6 is the Heaviside
function and vertical bars denote the maximum norm.

The results of correlation dimension estimations are shown in Fig. 3 a, where the correlation dimensions
are plotted ‘as functions of the length scale E' (E = 20 - log,o(Z), €0 is the maximum attractor size). It
can be seen from (Fig. 3 a) that there is no any saturation of the dimension. The narrowing of scaling
range for increasing m and breakdowns in CD(E) functions for m = 8 — 9 are connected with lack of
data points. The dimension estimations show again high value of complexity of oscillations (dimension
at least larger than 7).

We estimated also the probability density which shown in Fig. 3 b (solid line). Since the plot of
the function is very similar to one for normal (Gaussian) random process we tried to approximate the
experimantal data by well-known equation

P(z) = - A (8)

1
v2ro?

The mean p and the variance o used for approximation by Eq. (8) are the same as ones calculated from
modelling of lattice Egs. (2) (4). The result of approximation is plotted in Fig. 3 b (line with simbols).
From qualitative companson of these two curves, it can be concluded that the output oscillations of the
lattice look like noise with normal distribution.

e
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Figure 4: The log-log plot of structure function Eq.(9) for N; = 10%. The slope of the straight line is
estimation of H Eq.(10) ({H = 1.0 for k € [2,12]; H = 0.0 for k € [20, 200]} for zy,5000)-
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The last characteristics which used to describe the complexity of oscillations arising in the lattice
Egs.(2)-(4) was the structure function (SF) (see, for example, [13, 14]). The SF is given by

N:-k

SF(k)= ) |ensk — 2nl- 9)

n=1
The function for fractal signal obeys the relation:
SF(k) ~ k¥, (10)

where H is the scaling exponent. For a stochastic process the SF has a scaling behaviour for all values
of k, whereas for a deterministic ones the SF has H = 1 at small values of k. The SF for the lattice
length N,, = 1200 and N,, = 5000 shown in Fig. 4 demonstrates the scaling behaviour similar to one for
deterministic chaos.

3 Conclusion

In this paper we have investigated the lattice of the linear IIR filters under deterministic chaotic external
force. The system is the simplest example of medium which obeys with inertial properties only. We
considered case when the inertial properties of each element of the lattice are very weak.

It is shown that the system demonstrates a considerable complication of chaotic oscillations with
increasing of lattice length. Moreover, the output oscillations of the lattice, whose length is about one
thousand, become similar to noise in its statistical and dynamical characteristics. At the same time,
the structure function shows that these oscillations are not really stochastic or noisy process though the
dimension of an attractor of the oscillations is very high.

Thus, it can be concluded that the inertial properties of a system have a dominant role in arising of
high-dimensional chaos.

Acknowledgement

This work was financially supported by the Russian Foundation for Basic Research under Grant No.93-
02-16171.

References

[1] J.P.Crutchfield, K.Kaneko, “Phenomenology of spatio-temporal chaos”, Directions in Chaos, World
Scientific, Singapore, 1987, pp.272-353.

[2] F.H.Willeboordse, K.K.Kaneko, “Pattern dynamics of a coupled map lattice for open flow”, Available
from the chao-dyn bulletin board in Los Alamos (ftp://xyz.lanl.gov) as manuscript No.9407001, 1994.

[3] R. Badii, G.Broggi, B.Derighetti, M.Ravani, S.Ciliberto, A.Politi, M.A.Rubio, “Dimension increase
in filtered chaotic signals ”, Phys. Rev. Lett., 1988, V.60, No.11, pp.979-982.

[4] F.Mitschke, M.Moller, W.Lange, “Measuring filtered chaotic signals”, Phys. Rev. A, 1988, V.37,
No.11, pp.4518-4521.

[5] T.Sauer, J.A.Yorke, “How many delay coordinates do you need?”, Int. J. Bifurcations and Chaos,
1993, V.3, No.3, pp.737-744.

]
[6] A.A Kipchatov, L.V.Krasichkov, “The creation of high-dimensional oscillations from low-dimensional
systems”, Pr. Int. Conference on Dynamical Systems and Chaos, ed. by Y.Aizawa, S.Saito,
K.Shiraiwa, World Scientific, Singapore, 1995, V.2, p.359-362.

[7] J.Theiler, S.Eubank, “Don’t bleach chaotic data”, Chaos, 1993, V.3, pp.771-782.

[8] A.A Kipchatov, L.V Krasichkov, “Modification of the structure of a strange attractor in the band-
pass filtering of chaotic oscillations”, Tech. Phys. Lett., 1993, V.19, No.9, pp.557-558 [in Russian
Pis’ma v ZhTF, 1993, V.21, No.17, pp.68-71].



74

[9] A.A Kipchatov, L.V Krasichkov, “Superfractalization of a chaotic attractor during linear filtration”,
Tech. Phys. Lett., 1995, V.21, No.2, pp.131-133 [in Russian Pis’ma v ZhTF, 1995, V.21, No.4,

pp.1-6].

[10] N.H.Packard, J.P.Crutchfield, D.J.Farmer, R.S.Shaw, “Geometry form a time series”, Phys. Rev.
Lett., 1980, V.45, No.9, pp.712-716. .

[11] F.Takens, “Detecting strange attractors in t;urbulence”, Pr. Dynamical Systems and Turbulence, ed.
by D.A.Rand, L.-S.Young, Springer, Berlin, 1981, pp.366-381.

[12] P.Grassberger, I.Procaccia, “Characterization of strange attractors”, Phys. Rev. Lett., 1983, V.50,
No.5, pp.346-349. .

[13] A.Provenzale, L.A.Smith, R.Vio, G.Murante, “Distinguishing between low-dimensional dynamics
and randomness in measured time series”, Physica D, 1992, V.58, pp.31-49.

[14] J.J.Collins, C.J.De Luca, “Random walking during quiet standing”, Phys. Rev. Lett., 1994, V.73,
No.5, pp.764-767.

K BOIIPOCY O BOSGHUKHOBEHNN
BBICOKOPA3MEPHBIX KOJIEBAHUN
B IIEITOYKE JIMHENHBIX 9JIEMEHTOB

JI.B.Kpacuukos, A.A Kunyatos

B paboTe paccMaTpHBaeTCs HENOYKA JUHEHHHX HUPPOBHX GHILTPOB MO BHELIHEM Bo3feiicTBaeM. B ka-
4YeCcTBe BHEIHETO HCHONb3YIOCH XaOTHUYeCKHe KoJjieGaHNs reHepupyeMble JIOTUCTUYECKAM OToGpaXeHueM.
Toka3aHo, 4TO €CiIM HETOYKa CONEPKHT HOCTATOYHO GOMBIIOE KOJIMIECTBO (mopsanxa 103) anemenTos, To
koJieGaHUs Ha ee BHIXO[E 3HAUYNTENIBHO YCIOXKHSIOTCS N0 OTHOIIEHMIO KO BxonuuM. [IpuyeM ycioxusiorcs
HACTOJIBKO 3HAYUTENLHO, YTO HX HEBO3MOXHO OTJIAYHMTE OT IIyMa IIyTEM aHAJIM3a KakK JUHAMWYECKMX TakK
H CTaTHCTHYECKUX XapaKTEePHUCTHK. )
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Abstract

In present paper the large groups of coupled limit-cycle oscillators is considered. Each oscillator
describes by nonlinear time-delayed equation. The change in the type of coupling and values of
system’s parameters leads to a wide variety of different regimes: from synchronized behaviour and
waves propagation to spatially irregular oscillations.

Lattices of coupled oscillatory systems are of interest in different fields of modern science [1, 2, 3, 4,
5, 6]. There are many papers devoted to investigation of large groups of autooscillators. Such models are
frequently used to describe interactions between biological processes [7, 8, 9, 10, 11]. °

In this work we try to take into account that in many types of systems (for example, in living systems)
the information transmission needs a finite time. In some cases this time is so small in comparison to
characteristic time of processes under investigation that one can be neglected. In contrast to this, if we
will focus on the processes that have characteristic time closely to time of information transmission, we
have to take one into account. Here we have to emphasize that the model has no relation to concrete
physical or biological system and now we will speak only about mathematical model, which gives some
independent interesting results.

We will consider a large group of coupled oscillators. Each of them is described by simple equation
with nonlinearity and time delay

z(t) = a(l — z(t — 7))=(t). (1)

Eq.(1) is so-called Hatchinson’s equation, where a is the parameter and 7 is the delay; & denotes the time
derivative of £. There are only two types of behaviour for this equation: stationary state and autooscil-
lations, which become more relaxational as parameter a is increased (Fig. 1, (a) and (b), respectively).

x(t) =06 | [w0 ' ' ' T=06
3t a:o.5 1 a3t a= 4

-
T

8

L L N N
L —i o
o S 10 13 20 0 O 0] 6~ is

(a) (b)

Figure 1: The basic regimes for Hatchinson’s equation: (a) stationary state and (b) autooscillations.

8
i

The fundamental frequency in dependence on system’s parameters presented in Fig. 2. Further to
change the fundamental frequency w, we will vary a parameter. The value of delay r will be constant
and equal to 0.6.

We can fix 7 because this value has no effect on qualitative features of system’s behaviour. As it can
be seen from Fig. 2, if r = 0.6 and a is changed for example, from 3 to 4, the fundamental frequency is
changed from 2.3 to 2.7.

Let’s look at the model. In common one can be described by following equation

z;(t) = f(zi(t),zi(t — 7)) + eF{z:} + G(t), (2)

Flz;} = s(zi-1(t) + zi41(2)), (3)

| -
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Figure 2: The dependence of the fundamental frequency of system, described by Eq.(1), on the parameter
of nonlinearity for different values of delay.

1 & '
F{z;} = N Z-’L'ki(t), (4)
. k=1

where i = I, N, f = a;(1 — z;(¢ — 7))zi(t) is a nonlinear function, F' corresponds to the different types of
coupling, ¢ is the coupling strength and G(t) = K (1 + sinwpt) denotes periodical external force, N is the
number of elements.

At the beginning we will consider the chain of two-way coupled oscillators with the periodical boundary
conditions zo(t) = zn(t); zn+1(t) = 21(t) and there is no external force: G(t) = 0. The type of coupling
is given by Eq.(3). In another word we have the ring. The frequencies of all elements of the ring
are identical. Initial conditions were chosen randomly on the interval [0;1]. In this case there is no
synchronization in the system (Fig. 3, (a)).

10 20 30 40 50

Figure 3: Spatio-temporal diagrams for two types of coupling: (a) - the chain of oscillators with diffusional
coupling; (b) - the model with global coupling; 7 = 0.6,a; =a=35Vi=1,N, e =1, N = 50. The low
panel shows magnified area from the up one.
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What happens if the coupling is global? This type of coupling may be represented by Eq.(4). The
results shown in Fig. 3, (b) depict the fully synchronized behaviour. )

As we see the possibility to demonstrate the collective oscillations in such system strongly depends on
the type of coupling. This brings up the question: if we consider the chain, can we get the synchronized
regime? Yes, we can. Such regime may be observed if we introduced the periodical external force
with frequency which close to fundamental frequencies of autooscillators. Moreover, the synchronization
exists in the finite range of frequencies. As the amplitude of external force is increased, the range of
synchronization is shifted to the more high frequencies region.

Up to now the fundamental frequencies of oscillators with global coupling were identical. What
happens if there are small differences between ones? Let’s frequencies distributed uniformly on the small
interval w; € [2.4;2.6]. In this case there is no such value of external force frequency, which should provide
synchronization (Fig. 4). We can only emphasize that at wo = 3.0 (Fig. 4, b) oscillations become more

=t i) Wt )

foa

E D P rerviy

Figure 4: Spatio-temporal diagrams for globally coupled oscillators with different values of external force
frequency. The fundamental frequencies of ocsillators distributed uniformly on the interval [2.4;2.6]
(a; € [3.25;3.75]); 7 = 0.6, e = 1, N = 50. (a) wo = 2.5; (b) wp = 3.0; (c) wo = 4.0.

regulated than at another values of wy.

The last concerned to the chain with periodical boundary conditions. External excitation is absent,
but internal defect is presented. By this is meant that the frequency of one oscillator in the chain is
essentially differ from other ones. As it can be seen from Fig. 5 under such conditions a few number

Figure 5: Waves moving along the ring with internal defect: (a) ay =5, (b) ay = 1. Other values of a;
are identical and equal to 3.5; 7 = 0.6, ¢ =1, N = 50.
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of waves travels along the ring. These waves move from the place of excitation and one meet another
half-way. When waves are met, they are disappeared. The number of waves, presented simultaneously
at the ring, is depended on the magnitude of excitation.

Finally we note that there are many very complex equations, which demonstrate the similar behaviour,
but in some cases it may be more convenient to limit oneself by much more simple models.

References

[1] K. Kaneko, “Overview of coupled map lattices”, Chaos, 1992, V.2, pp.279-282.

[2] V. S. Anishchenko, I. S. Aranson, D. E. Postnov, M. I. Rabinovich, “Spatial synchronization and
bifurcation of the development of chaos in a chain of coupled generators”, Sov. Phys. Dokl., 1986,
V.31, p.169. .

[3] G.S. Osipov, M. M. Sushchik, “The mechanizm of the formation of localized structures in coupled
chains of self-excited oscillators”, Izvesiya VUZ: Applied Nonlinear Dynamics, 1994, V.2, No.1,
pp24-29.

[4] J. P. Crutchfield, K. Kaneko, “Phenomenology of Spatio-Temporal Chaos: Directions in Chaos,
World Scientific, 1987, Singapore, pp.272-353.

[5] J. A. S. Kelso, G. Schéner, J. P. Scholz, H. Haken, “Phase-locked modes, phase transitions and
component oscillators in biological motion”, Physica Scripta, 1987, V.35, pp.79-87.

[6] Y. Kuramoto, I. Nishikawa, “Onset of collective rhythms in large populations of coupled oscillators”,
Pr. Int. Simposium on Coop. Dyn. Complex Phys. Syst., 1988, Kyoto. pp. 300-306.

[71 Y. Aizawa, “Synergetic approach to the phenomena of mode- locking in nonlinear systems”,
Progr. Theor. Phys., 1976, V.56, No.3, pp.703-716.

[8] P. C. Matthews, R. E. Mirollo, S. H. Strogatz, “Dynamics of a large system of coupled nonlinear
oscillators”, Physica D, 1991, V.52, pp.293-331.

[9] E. Niebur, H. G. Schuster, D. M. Kammen. “Collective frequencies and metastability in networks of
limit-cycle oscillators with time delay”, Phys. Rev. Lett., 1991, V.67, No.20, pp.2753-2756.

[10] H. G. Schuster, P. Wagner, “Mutual Entrainment of two limit-cycle oscillators with time delayed
coupling”, Prog. of Theor. Phys., 1989, V.81, No.5, pp.939-945.

[11] E. S. Mchedlova, A. D. Trubetskov, “Self-organization as a result of nonlinear interactions in large
groups of biological oscillators”, Izvesiya VUZ: Applied Nonlinear Dynamics, 1995, V.3, No.1, pp.73-
81. .

HEKOTOPBHBIE 3AKOHOMEPHOCTU OINHAMUKN
BOJILIIINX AHCAMBIJIEA
OCIIAIIIIITOPOB C 3AIIA3IBLIBAHUEM

E. C. MuemioBa

HccrenoBanue mopefleHUS CICTEM C 3ama3fbIBaHHEM NPEACTaBIdeT CeroAHs 6oJibmiol MHTepec VIS MHO-
rux obJacTell COBPEMEHHOIO 3HaHHS, B 0CODeHHOCTH i du3uky u 6mosorun. JleficTBUTENHLHO, MHOTHE
PabOTH NOCBAIIEHH NOMCKY MaTeMaTH4YeCKMX Mopelei, KOTOpEe B HauboJIblllell CTeNeHNn OTpaXxaJjiu Obl
KayeCTBEHHKIe OCOOEHHOCTH CJIOXKHOM NUHAMUKN peajIbHEIX CHCTEM M, B TO Xe BpeMd, He OTJINJYaJINCh 6b
H3IMIOHER cioxHocThio. Hacrosmad pabora mpencrapigeT coboil NMONBITKY CO3MaHUA ONHOM M3 TaKHX
MoieJiell 1 MOCBAIIeHa H3YY€HNIO 3aKOHOMEPHOCTEH KOJJIEKTHBHOTO IIOBEAECHUS CHCTEMH GOJIBLIOTO YuCiIa
B3aMMONEHCTBYIOIMX OCHMILIATOPOB. (OCOGEHHOCTHIO PACCMATPHBAEMON CHCTEME! SIBJISETCH HCKJIIOYH-
TeJIbHAS NMPOCTOTa €€ OTHEJILHOrO JIEMEHTa, KOTODHI OonNCHBaeTcd OuddepeHNNaIbHEIM ypaBHEHNEM
[epBOro MOPANKa C KBaApaTHYHOR HEJIMHEHMHOCTHIO W 3ama3fbiBaHneM. V3MeHSd THN CBA3M MEXHIY dJie-
MeHTaMH, MapaMeTphl CHCTEMBI, a TaKXe BO3NIEMCTBYA HM3BHe M BHOCS BO3MYINEHMS MOXHO IOJIy4YUTh
HINPOKMH CHEKTP BCEBO3MOXHBIX PEXHMOB - OT IOJIHOW CHHXPOHH3alUH IO HEYNOPAJOYEHHHIX HppeEry-
JIAPHBLIX KoJleGaHui.
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Abstract

We introduce a new 1-D model for discrete soliton-bearing system with two degrees of freedom per
unit cell. The model may be used for description of nonlinear elastic excitations of some molecular
system, such us molecular tubes and DNA. We consider elastic nonlinear excitations with frequencies
laying near the maximal frequencies of linear phonon spectrum and with wave number closed to the
edge of the Brillouin zone. In general case an envelop function of out-of-phase particle displacements
is chaotic, in contrast to the soliton solutions which take place in the models with one gegree of
freedom per unit cell. At the same time the existerice both of simple polarized solitons and vector
solitons is possible. We study the conditions of erasing of vector solitons from polarized ones for
two cases “soft” and “"hard” anharmonicity. It is shown that between two branches of linear phonon
spectrum there exist polarized soliton solutions only.

Introduction

The majority of theoretical works on soliton excitations in discrete molecular chains (DNA-models in
particular) is based on the models which assume the existence of one particle and one degree of freedom
per unit cell, [1], [2]. Such systems are first approached for study of real molecular chains. However, a
lot of solid state and biological systems have much more complicated structures. This makes one look
for the models which are, on the one hand, rather simple in treatment and, on the other hand, reflect
the main features of real objects. Thus, models with two degrees of freedom per unit cell, which we call
double-mode models, appear to be a bit more realistic, yet remaining simple for consideration. Some
such models which have been introduced and investigated recently: Toda lattice model with a transversal
degree of freedom [3] and model based on a system of two coupled sine - Gordon equations [4],[5].

The aim of our paper is to introduce and to describe new systems with two degrees of freedom per
unit cell and to indicate new properties and a field of applicability of such models. We start from a
general Haliltonian describing a chain of discs coupled one with other by quartic nonlinear potential.
Introduced model posses very riche properties and it is not possible to study its different features in
the framework of one paper. Here we examine rather particular kind of motion in this model, namely,
out-off-phase vibrations with frequencies laying near the maximal frequencies of linear phonon excitations
and with wave number closed to the edge of the Brillouin zone. We obtain a set of two partial differential
equations describing longitudinal and rotational motions of discs. Using rotating-wave approximation we
derive a system of two coupled nonlinear differential equations. We show that the derived set of coupled
nonlinear equations may be treated as dynamical equations for conservative Hamiltonian system with two
degrees of freedom - ”double ¢ — 4” system. Trajectories of a particle in this potential correspond to the
slowly varying envelopes of standing soliton excitations. Similar system of equations occur in a variety
of different physical contexts and, in particular, in nonlinear optics [6],[7],[8], in Yang- Mills theory [9]
and others [10], [11] [12]. In the general case the trajectories of a particle are chaotic. In our paper the
main attention is paid to investigation of regular motion of the particle, i.e. we study coherent soliton
excitations of the chain.

1 The model and its properties in a linear approximation

We consider one-dimensional molecular chain consisted of discs of equal masses coupled by anharmonic
forces. We assume that discs are subjected to longitudinal displacements u as well as to rotational ones
¢. Hamiltonian of our system is supposed to be of the form

m . J :
=52 W5 i +UD+U, (1)
i 1
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where u; is the i-th disc displacement from its equilibrium position, ¢; is rotational angle of the i-th disc,
U is harmonic part of potential and U(®) is anharmonical cubic and (or) quartic term.

In a linear approximation the system is characterized by dispersion relation between the frequency w
and the wave number k of a harmonic wave. Using the equations of motion

mii; = -g%, Jéi = -%é, (1.2)
in a linear approximation, i.e. for U = U(® where
Uv® = Z(%‘(*ﬁi — i)’ + %(Ui —uig1)” 4 A(Si = Big1)(ui — uip1)) (1.3)
we obtain the dispersion relation w = w(k):
wi (k) = wx(7) | sin(k/2) |, (1.4)
where
wi(w)=2(%+%:}:\/(%+%)2+::—j .

The curve w = w(k) has two branches coupled by the constant A. The presence of this constant is
the intrinsic feature of the general model in contrast to the chain with an axial symmetry. In this
model the interaction potential has the even powers of displacements, therefore the coupling between the
longitudinal and rotational displacements exists only in anharmonical approach. In the linear case the
interaction of branches in (4) is absent, they become completely independent and for w3 (7) we get

Ay

A
wi(n)=wi= 4;%, wi(r) =w?= 4—J— (1.5)

Without lost of generality we put here w; < ws.

2. Nonlinear equations

For simplicity we will consider the even interparticle potential which contain the forth power of relative
displacements only

4
U =373 Caldi — bis1)*~(wi — uig1)”. (2.6)
i a=0
The resons to omit third powers of displacement is well known, these terms give soliton solutions in
the second order of the theory of perturbation only. The potential (2.6) provides soliton solutions in the
first order in small deviation of soliton frequency from linear phonon spectrum. The Hamiltonian (2.6)
with general form of anharmonic potential U (4) is rather complicated system. But it is possible to point

out same more simple cases.
So, for the molecular chain with an axial symmetry the Hamiltonian may contain the even powers of

the relative angular displacement (¢; — ¢;+1) only. It means that the constant A in Eq.(1.3) is equal zero
and the Eq.(2.6) can be rewritten in the form

U0 = (G- ban) + P m v+ S = P wnY). @)

Just this case will be examined in the paper. The constants C,C1,Cs and A, A;, As in Egs.(1.3) and
(2.7) are supposed not depending on 1, which means that the considered chain is homogeneous, thought
it would be possible to study more general case, for example, multi-atomic chain with different masses of

discs.
Using equations of motion (1.2) with harmonic potential (1.3) and anharmonic one (2.7) we obtain

the equations of motion

fii; = Ag(tigr + wicy — 2u;) + Caf(uicy — ;) + (vigr — w)?] +
Cl(diz1 — 6i)*(wic1 — wi) + (bir1 — 6:)*(wig1 — us)], (2.8)
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Jdi = Ai(bis1 + $io1 — 26:) + C1[($iz1 — :)% + (Sig1 — 6:)°] +
Cl(tim1 — )2 (him1 — ¢i) + (vig1 — @) (Gig1 — 63)]. (2.9)

These equations describe different possible nonlinear excitations in considered model. It is not possible
to study in the framework of one paper all variety of its solutions. Here we will consider nonlinear
excitations which correspond to relatively narrow region near the edge of Brillouin-zone of linear phonon
spectrum (k = 7). In this region the nearest-neighbor atoms in linear approximation execute opposite-
phase vibrations. We will looking for solutions with frequencies laying in the vicinity of maximal phonon
frequency. In this case the symmetry of vibration is valid for nonlinear excitations also. Introducing
normalized out-off-phase displacements for an arbitrary disc

w= (D g0, b= (1 [FTEeG,

changing the discrete argument i by continuum coordinate z/2 and expanding the functions ;+; and
éi+1 in Taylor series we obtain from Egs. (2.8), (2.9) a set of partial differential equations

2 1 2
gz—z + w2 6‘%2 +u+ gagu + —a¢2u = (2.10)
2 1 82
P8, 108 4 Sag s Sntg o @)
wi

These equations describe nonlinear small-amplitude vibrations in the vicinity of the edge of Brillouin
zone. In linear approximation Egs. (2.10,2.11) give the correct expression for two branches of dispersion
relation

w? = wi(1 - «?), w? = wi(l - &%

This coincides with Eq. (1.4) if we take into account the correspondence between k and &, namely,
k=m—2k.

Below we consider the simplest case of stationary solitons. For the small parameter of expansion it is
convenient to choose the values

6 = w?fw? -1, by =w?fw? — 1,

which describe deviation of the nonlinear frequency w from two branches of the linear phonon spectrum.
Let us represent the periodic in time solution as an expansion in Fourier series

(4)=(2)emtonrs (8 )eoawn

where ®,U ~ 6§!/2, &3, Us ~ 63/2. In the lowest-order in § approximation for the amplitude of the main
harmonic we obtain the set of ordinary differential equation of the second order

d2<1> s s
— 6@ + 28(01 8% + 0U?) = 0, (2.12)

d2U 2 2
— 68U + 2U(C¥2U +0d ) = (213)

Here ay = A3C1 /A1 | C |, a2 = A1C3/A2 | C |, 0 = sign(C). We suppose also the strong nonequalities
| 61 |<< 1, | b2 |<< 1 are fulfilled. Equations (2.12) and (2.13) can be considered as governing the motion
of a particle on the plane (®,U) in a potential well

V(®,U) = —%m? - -;—62U2 + %aﬁb" + 00U + %azv‘*. (2.14)

Our aim is to find and to describe a regular motion and to find conditions of bifurcation of two-
component (vector) solitons from one-component (polarized) solitons. We study the motion of the system
for different signs of potential parameters. It is shown that a number of bifurcations of polarized solitons
from vector dark solitons is finite as distinct from the case of light solitons where this number is infinite.
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Using the method of the paper [6] we analyze here the motion of system (2.12), (2.13) for two cases
of ”hard” and ”soft” anharmonicity. Two different cases - soft and hard anharmonicity, which are
considered in present paper, are sufficiently general and the dynamics of soliton excitations for other
potential parameters and for other regions of linear phonon spectrum may be analyzed on the basis
of obtained results. Analysis of equations (2.12), (2.13) shows that in all other cases the existence of
only simple polarized solitons is possible. This analysis may be done qualitatively and more visually by
consideration of corresponding potential surfaces determined by Eq. (2.13). Extremum points of the
potential is at the same time specific points of the set of Eqs.(2.12) and (2.13):

I.U=‘I’:O,II.‘P:O,U::!:\/—@—,III.U=0,(I>=i\/-£1—,
209 20
WU =z, 2202-00 o [ebi—ob

2((!1(!2 - 1) 2(0102 - 1)

Let us to analyze the region of parameters in which the soliton solutions take place, without discussing
its stability. Soliton solutions correspond to separatrix trajectories of a particle with zero initial and final
velocity at the ”moments” £ = —oo and z = oco. Initial and final positions have to lie on a saddle or on
a top of the potential V . We consider three different domains of frequency w.

At the frequency w > w3 > wp the nonequality §; > é2 > 0 is fulfilled and soliton solutions exist if at
least one of the conditions A, B, or C. are satisfied

A.a; >0,B.az;>0,C.a; <0,a2 < 0,ciaz < 1,0=1.
For the frequency lying between w; and ws soliton solutions occur if only A.a; > 0 or B.ag > 0.
At last for w < w; soliton solutions exist if at least one of the conditions A, B, or C. are satisfied
A.a; <0,B.a3<0,Ca; >0,a5 > 0,103 < 1,0 = —1.

Bifurcations can arise both from polarized soliton of low-frequency rotation mode and from polarized
soliton of high- frequency longitudinal oscillation mode.

3. Hard anharmonicity

In this case the constants a; and ay are positive and ¢ = 1. We suppose that §; and §; are positive also.
In this case the set of Eqgs.(2.12),(2.13) has the simple ”polarized” solutions which can be written in the

form
& = (6,/01)?/ cosh(6:%2), U =0. (3.15)

&=0, U= (6s/as)/?/cosh(s3/?). (3.16)

In order to study the bifurcation from the state (1.4) we look for a sclution of Egs. (2.12),(2.13) as a
soliton (3.15) with small perturbation

¢ = (61/a1)1/2/cosh(6;/21:)+cfl, U=0+e¢fs. (3.17)

Substituting (3.17) into (2.12) and (2.13), linearizing theirs with respect to the small parameter ¢,
and renormalizing coordinate 61/ 22 =z we get the equation for f; and f,

d2 fl .

— = 0

dz? cosh? z h (3.18)
d’f, 2
—_— _— =0
dz? vz a1 cosh? xf2 (3.19)

where v = 63/6,. Equations (12),(13) are Schrodinger-like equations. First of them has the solution
f1 =sinh z/ cosh® z, the solution of Eq. (13) can be expressed by hypergeometric function [13]

f2(z) = (coshz) PF(-n,28+n+1,8+1,2), (3.20)
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where #2 = v,z = (1 — tanh z)/2. For zero and integer values of the first argument of F' function the
solution (20) may be presented in the form

fo(z) = (coshz)™P2P(1 - z)‘p:T:(zﬁ"'"(l — z)PHm), . (21

In this case solution (21) goes to zero at plus and minus infinities. From this condition we can obtaix
a connection between v and aj.

2% = (14 8/ay)? = (1+2n) (22

For fixed value a; there exist finite number of solutions v = v(a;,n). But at fixed value of paramete:
v and with decreasing of a; new solutions appear, i.e. there exists an infinite number of parameter a;
In the case v = 1 Eq. (15) gives the result of Ref. [6]. *

4 Soft anharmonicity

In this case all parameter a;, as, §1,d2 are negative and ¢ = —1. But for the sake of notation simplicit;
we rewrite (12) and (13) in the form

d*®

=+ 510 — 20(0102 + U =0 (23
z
mﬁ-ézU—?U(azU +®*) =0 (24

where all constants are positive. For indicated sings of parameters there exist polarized soliton solu
tions in the form of dark solitons

® = (61/201)?/ tanh(6,/2)/%2), U=0. (25

®=0, U= (da/2a2)"/?/tanh(d;/2) %), (26

In order to study the bifurcation from the state (25) we look for a solution of Egs. (23) and (24) a
a dark soliton (25) with small perturbation

® = (d;1/201)%/ tanh((8:/2)%z)) + ¢fy, U =0+ ¢fo. (27

Using the method of previous section we find nonincreasing solutions: fi(z) = 1/ cosh ?(z), fo(z) ha
the same form as earlier (21) but with another value of 3. Here we have 32 = 2[1/a; — v]. The beginnin;
condition of new vector solitons has the form

V8(1/a1 —v) = /1+8/a; — (2n +1) (28
Bifurcation of solution of Eq. (25) takes place for
v==k(k+1)/2, k=1,2,3,.. (29

These values of v correspond to appearance of new dark soliton which transforms with increasing o
v into light soliton. From point of view of quantum mechanics this is equivalent to arising of new leve
in the well potential at 8 = 0.
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YIIPYT'UE COJIMTOHHBIE BO3BYXKIEHUSA
B HOBOM IBYXMOIOOBOY MOIEJIN NTHK

O. B. Ycarenko n C. B. enncos

BonpmMHECTBO TeOpeTHYeCKNX paboT NPH3BaHHLIX ONHCAThH COJIMTOHHBIE BO3OYXIEHHUS B IHUCKPET-
HBIX MOJIEKYJIIPHBIX LeTIOYKaX OCHOBBIBAIOTCA Ha MOJEJIAX C ONHOI CTeNeHbIO CBODOALI Ha 3JIEMEHTAPHY IO
sueiikyo [1],[2]. TIpocrefimeit 13 Takux Monelell sBJISeTCA JMHENHAs MOHOATOMHAs LEMOYKa C HEJTMHEM-
HBIM XapaKTepOM B3aMMONEHCTBUS YacCTHLl, CIIOCOOHBIX COBEPHIATDL JINOO NMpOoAosbHbIE 60 MONEepedHbIe
konebanus. I[lpencraBngeTcd MHTEPeCHBIM NOHATH, YTO HOBOIO NPUBHOCHT YCJIOXKHEHHME TAaKOil MONEJN
myTeM yBJIMYEHNS YHCIa CTeleHell CBOOOABI Ha 3jleMeHTapHYIo fdeilky. C 5ToOil IeJIbI0 B Ka4eCTBE MO-
IXeJId Mbl DacCMaTpUBaeM II€TIOYKY OWUCKOB CBSI3aHHBIX MeXIy coboil HeJIMHEWHBIMH YNPYTHMH CHJIaMM
M CHOCOGHHIMH COBEpIIaTh KaK KPYTHJIbHbIe, TaK M IPONOJIbHBIE CMEIIEHHsS OCTaBasiCh B TO Xe BpEMs
Hapa/UleJIbHBIME OPYT Opyry. JlumeiiHas 9acTh B3amMOIEHCTBMA ONpenesiseTcs BhipaxeHueM (3), rae
9jieH NPONOPIYIOHAJIBHBIH A ONMCHIBAET JIMHEHOE B3aMMONEHCTBHE KosleGaTebHEIX Moa. Ilpeamosarae-
Mas aKCHaJIbHAs CHMMETDUS CHCTEMbI IPHBOAUT K OTCYTCTBUIO TaKO! CBSI3U B JIMHEITHOM MpOnO/IMXKHENN
M OTCYTCTBHIO B BEHIpaXXeHUM (3) HEUETHHIX IO CMELIEHHAM CJIaraeMbiX. B jimHeifiHOM npubnmxkenun cu-
cTeMa obJsiafaeT AByMst GOHOHHBIME BeTBAMH criekTpa (4). HesmHeliHas cucTeMa QUCKPETHBIX ypaBHEHUH
(2) onucriBaeT B 06LIEM CiIydae XaOTHYECKOE IPOCTPAHCTBEHHO- BpeMeHHOe JBMXKEHHE IENOYKN U Npef-
cTapisgeTcs B o0IIeM BHAe BeCbMa CJIOXKHI U1 aHa u3a. MBI pacCMaTpUBaeM YaCTHBIMA CIIyYall ABUXKEHUSA
[eNoYKu: MpoTHBOGda3HbBIE IEPHOANIECKHE BO BpeMeHH KoJleDaHus, YacTOTHl KOTOPHIX JIeXaT BOJIU3N Ipa-
HUIM 30Hb BpriutiosHa nureitHOro ¢doHoHOro cnekTpa. Ilpennosoxenne 6M30CTH MaKCUMAaJIbHBIX YaCTOT
IBYX KOJIEOATeNbHBIX MOMA IO3BOJIMJIO BBECTH ABa IVIABHO-MEHJIOIIUXCSA HOJIA Orubalolieil cMenleHui u
CBECTH CHCTeMY Pa3sHOCTHHIX ypasHeHuil (8)-(9) k cucreme AByx nuddepeHINAIBHBIX yPAaBHEHUA B 4acT-
HEIX npou3sBogHbx (10)-(11), a 6;M30CTh YaCTOTH HeIMHENHBIX KoJeGaHMA K MaKCHMAJbHBIM 4acTOTaM
JIMHeRHOTO crekTpa (5) mo3BoJIfeT MOCTPOMTH ACHMITOTHYECKYIO NPONENYpPY MX pelleHus. B HauHms-
meM NpubIMXEHUH IO MAaJIOCTH OTKJIOHEHHMS YacCTOTHI HeJIMHEMHBIX KoJIeGaHMI OT YacTOTHI JIMHENHBIX
xosiebanmit cuctembl, ypasHenus (10)-(11) cBoasaTcs K cucTeMe OBYX OGHIKHOBEHHX IubdepeHInaTIbHBIX
ypasrennii (12)-(13). Ora cucreMa onuceBaeT NPOCTPAaHCTBEHHOE paclpelesieHle aMININTY KosleGanui
orubaomiei 1 MOXEeT pacCMaTpPUBATHCA KaK ONUCHIBaOMIas ABMXKEHUE YaCTUIbl B HEJMHEHHOM NOTEHLH-
asie (14), nBUXeHNe, ABIIAIOIEECs, BooOIe roBops, xaoTuyeckuM. Cpenu BcexX BO3MOXHBIX IBIKEHUA MBI
paccMaTpHBaeM TOJILKO TaKhe, KOTOpble HAaUMHAIOTCA U 3aKaHYMBAIOTCH 60 B Havajle KOOPAMHAT (CIIy-
Yall CBETJIBIX COJIMTOHOB DY KECTKOM HEJIMHENHOCTH), JIMGO B CEIVIOBHIX TOYKAX MNOTEHHUAaJa (TEeMHBIE
COJINTOHBI COOTBETCTBYIOIINE MATKOH HesmHelHOCTH). B 06oMX ciiy4asix METONOM TeopuH BO3MYINEHHI
HalIeHbl BEKTOPHLIE COJIMTOHHBIE DEIIeHHs U MOJIydeHbl KPUTEPHH OTILEMJIEHUS BEKTODHBIX COJINTOHOB
OT HPOCTHIX NOJISPU3OBAHHBIX.
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TEOPETUYECKOE UCCIETOBAHUE HAYAIIBHBIX CTAIUM
JAMMUHAPHO-TYPBYJIEHTHOI'O IIEPEXOIJA B
TOKOHECYIUX INIASMANOJJOBHBIX CPEIJAX

H.B. Bonkos, H.M. 3y6apes, O.B. 3y6apesa, A.M. Hcxonbackuii

Hucruryr snekrpodusuku YpO PAH
620049, Exarepun6ypr, Komcomonbckas 34

PaccMmoTpena HayanbHas cTagus ITaMHHAPHO-TYpOYIEHTHOro Iepexofa B TOKO-
Hecylell NiasMoONofo6HOM cpefe, NpefcTaBisfionled COG0H HECXKHUMAEMYIO XKHUJ-
KOCTb € IOCTOSHHEIMH TPaHCIOPTHHIMH Koodduuuentamu. llokasauno, 4To Habmo-
faeMuas B DKCIIEPMMEHTaX CTpaTU(PUKaLUs XKUIKOMETaNINYeCKOro IPOBOJHUKA
C TOKOM €eCThb pe3yIbTaT BapoXieHUs B HeM KPYNHOMACHITAOHBIX BHXPEBBIX
CTPYKTYP. OTOT NPOLECC HOCUT MOPOroBHIM XapaKTep, a MEXaHUBM BOBMYILIEHUS
IIOBEPXHOCTH NPOBOJHMKA COOTBETCTBYET JOoKpUTHYecKo 6ndypkauuu. Takxke uc-
cleloBaHa yNPpOlIeHHas MOJlellb CyIeCTBEHHO HEMMHENHBIX CTafuil qpobieHns npo-
BOJIHMKa Ha ”4acTHIL” PasMepoM NOpAfKa AUaMeTpa.

-

HepaBHoBecHbIe (hasoBhIe IepeXofbl B TOKOHECYIIHMX I1a3MONIOA0GHHIX CPeflaX, B 4aCTHO-
CTH, 3apOXJleHHe KPYNHOMAcCIITabHBIX BHXPEBBIX CTPYKTYP Ha Ha4YalbHOH CTagUM I1aMH-
HapHO - TYpOY/IeHTHOIO NepeXoja B >XKMAKOMETAINYeCKOM LUIMHIPHYECKOM NPOBOJHUKE C
TOKOM IPE[CTaBIfAIOT MHTEPeC B KauecTBe OGbeKTa HCCIENOBAHUSA CHUCTEM C BBHICOKOH 4y-
BCTBHTENbLHOCTBIO K YCIOBMSM Ha rpaHulle. B paborax [1-3] mokasaHo, 4To npu ompepe-
JIEHHBIX YCIOBUSX B NPOBOJHNKE MOTYT BOBHHKAaTh KpyHHOMaciITabHbIe BUXpPEBbIe THIPOAU-
HaMHM4YeCKHe U TOKOBBIe CTPYKTYDPHI € JJIMHOW BOIHBI BO3MYIUEHUH IOPAJKa €ro AMaMeTpa.
HAcHo, 4TO MexAy BHXpeBHIMH KONbLaMHM C HalpaBleHHEM BpallleHHd K OCH NPOBOJHMKA
MOBEPXHOCTDb BASKOH JKHJIKOCTH MOXET BTATMBATHLCA M NPUBOAUTH K €ro gpobnenuio [4-5].
Huxxe MEI mokaxkeM, 4TO BIMsHEe, OKa3bIBaeMOe BO3MYILIEHNEM PaHULbl Ha PasBUTHE KPYTI-
HOMacCIITAaOHBIX BUXPEBHIX CTPYKTYP B NPOBOJHUKE, MOXHO y4YeCTh B PaMKaX MOJEILHOTO
ypasHenus Ceudra-Xoonbepra [6] ¢ qononHUTENLHEIM 4I€HOM, CBA3aHHEIM C BO3MYyLIEHHEM
NOBepXHOCTH. AHAINB3 BTOro ypaBHeHHs NOKasdhiBaeT, YTO TUN 6udypkauuil, a Takxke Xa-
PakTep KPUTUYECKOro NOBefeHHs CUCTEMLI ONPENeNdloTCS ®TUM 4JIEHOM, T.e. COCTOSHHUEM
NOBEPXHOCTH IPOBOJHHKA. ‘

B xauecTBe ucxofHo# Mopenn 6yieM HCNONb30BATh yPaBHEHHS MarHMUTHON T'MPOJUHA-
muxu (MI'1). IIpn oToMm, Ansa Toro 4To6bl B SBHOM BHUfe BHIIBATH [MHAMHYECKUH Xapak-
Tep UCCIeflyeMOro H1XKe HepaBHOBECHOTO (PasoBOro Iepexofia, pacCMaTpPUBaeM HeCXKMMaeMBId
XKUJKOMETANNUYECKHH IPOBOJHUK C MOCTOSHHLIMHM KMHEeTHYecKUMH KoodduiueHTaMu.

av 1 1
"87 + (V, V)V = -—;Vp + zlﬂ_p [TOt H, H] + I/AV, (1)
o (v.V)H = (H,V)v + vmAH, @)

divv=0, divH=0, 3)
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rie v, H, p — COOTBETCBEHHO CKOPOCTH, HANPAXKEHHOCTh MATHUTHOTO M0I4 ¥ [aBleHNe, p —
IIOTHOCTD, ¥ = 7/p — KMHEMATHYECKas BISKOCTh, Um = ¢ (4m0)”! — MarHUTHas BISKOCTb.

CuuTaéM, YTO KOMIIOHEHTH BEKTOPA CKOPOCTH B LNIMHIPUYECKHX KOOPAMHATAX MMEIOT
sun: v = {v,(r,2,t),0,v,(r, 2,t))}; a KOMIOHEHTHI BEKTOPa HANPAKEHHOCTH MarHUTHOTO NOJA
— sup: H = {0, H(r,2,t),0}, 4T0 cOOTBeTCTBYeT a3MMyTalbHOR CHMMETPHH aanatm Scno,
4TO CyumiecTByeT Takaf NOTeHHMalbHas QYHKUMSA ¢, 4TO vy = ——'k nv, = + ﬂ Peie-
HMe UIlleM B BHje CYMMBI BOBMYILIEHUH ¥ U h HeBO3MYILEHHOTO, TO ecTh COOTBe’I‘CTByIOIueI‘O
HEeMOJBIXXHOMN cpejfie, paclpefelleHls HaNPsKeHHOCTH MarHNTHOrO NOJIf [0 CeYeHUIO NPOBO-
nuuxa Hy(r,t). B ganeneiimem Myt 6yfem ero sanucuisars B Bupe: Hi(r) = = Ho (f(r,t)+1),
rme Ho = 2i/cro (i — onekTpuYecKMil TOK Yepe3 NPOBOJHUK, 7o — ero pajguyc). Ionaras
f < 1, nony4aeM cucTeMy ypaBHEHUU:

oby _O(Dv/rvr)  m, oh . h oh

ot~ O(r,2) 2mpry 0z + 2rpr 8z

oh _d(h/ryr) Ho Of &  ;
ot~ 9(r,z) o Olnr 9z +vmDh, (5)

Tie p — MIOTHOCTD, ¥ — KHHEMATHYeCKas BIOKOCTS, Um = ¢*(4m0)~! — MaruuTHas BABKOCTH
(0 — PNEKTPONPOBOJHOCTS); Dg = -g—;i- + 11,%‘1% Z+ 3—z§ éﬁ)l = 5£—§ 555-3

Cucrema (4)-(5) ananormyna cucreme 3albUMaHa Jis BO3MYIUEHHBIX IOl TeMIepa-
TypHl M ckopocTu B Teopun opdexta Benapa [7] ¢ TOYHOCTBIO IO BaMeHEI 1e€KapPTOBON CH-
CTeMHl KOODAMHAT Ha HMIMHIPHUYECKYIO H CKAIIPHOTO TEeMIEepPaTYypPHOrO NOINS BEKTOPHBIM
MarHATHHIM. DTa CHCTeMa BaMedaTelbHa TeM, YTO MOLCTaHOBKA:

+vD?y, (4)

P(r,2,t) = X(t)J1 (k1r) sin(kz), h(r,z,t) = Y(t)J1 (k17) cos(kz), (6)

(smecw k1 = p1/ro, pn — n—it Hyns yukuun Beccens Ji, k — BonHOBOe 4nCiIO CTPYKTYp 1O
ocH z), COOTBETCTBYIOLIas CBOGOJHEIM IPaHUYHBIM YCIOBMSM Ha HEBOSMYILIEHHON rpaHHMIe
IPOBOJHUKA, IPUBOJUT K UBBecTHOM Mogenu Jlopenua [8].

B oTnmuue oT konBekuuu BeHapa, B HallleM Clly4ae IOBEPXHOCTDb IPOBOJHUKA MOXKET BTS-
TMBaTbCA MeX]ly BUXPSMH C HallpaBIeHMEM BpallleHUus K OCH MPOBOJHMKaA. B Takoil cuTyanuu
OKaBhIBaeTCA YNOOHHIM HCIONBL30BaTh MONCTAHOBKY, KOTOpasi YNOBIETBOPSET TPaHUIHBLIM
YCIOBUSM C TOYHOCTBIO O BTOPHLIX CTENeHel aMIUIMTYALl BOBMYLIEHHA IOBEPXHOCTH ¢ =

dr(z,t)/ro:

¥l 5,1) = u(z, ) s (bar) + Zug (30— 1) o). ™

Hcknioyenue h us ypasnenuit (4)—(5) n ncnonbsoBanne npefcrabienus (7) pus ¢ nocie He-
CIOXHBEIX Npeo6pasoBaHMil NPUBOAUT K yPaBHEHHIO:

Ou =u(e+bq(1-—3q/2)—au2) —d | ko’ iz- u, (8)
or . 022
rge a, b, d — uekoTopnie koopPuuuenter, R = Hozroz(pruvm)_l — MarHUTHOE YUCIO
Pones, R, — ero kpuTHyeckoe BHa4YeHHE, COOTBETCTBYIOL[EE BaAPOXKIAWLUUMCI B IEPBYIO

oyepelb BUXPEBEIM CTPYKTYPaM ¢ BOIHOBHIM 4ucioM k = ko = k1 / V2, ae= R-R)/ R —
koo(PPUUMEHT HAAKPUTUIHOCTH, KOTOPHIA CYUTACTCS MAlbiM.

CnegyeT sgech OTMETHTD, YTO HPEICKasbLIBaeMbIH DTOH TeOPHEN XapaKTEepPHBIM pasMep
NepHOUYECcKUX CTPYKTYP 1o ocH z (A = 2m/ko = 2.32rp) ¢ Xopouiell TOYHOCTHIO ONUCHIBAET
BKCIIEpUMEHTalIbHEE pe3ynbTaTH. [JelcTBUTelbHO, Ha PEHTT€HOBCKUX CHUMKaX (cM. puc. 1),
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FIONYYEHHEIX B PE3YIbTATE BKCIEPUMEHTOB 110 SIEKTPUYECKOMY B3PLIBY allOMMHHUEBOM IPOBO-
nouku gnuHHou 10 cM u guamerpom 0.58 MM, OTUETIHBO IPOCMATPUBAIOTCH [IEPUOJUYECKHE
CTPYKTYPBI ¢ XapakTepHbiM pasMepoM A = 0.65 + 0.05Mm. CornacHo npegiaraeMoi Teopuu
HabmiogaeMbIM (pparMeHTaM Ha NEpBOM CHHMMKe U napaM (parMeHTOB Ha BTOPOM CHUMKe
(oTH CHMMKHM COOTBETCTBYIOT AByM pasiM4YHbLIM CTa[UiM Npolecca, PasAeleHHLIM WHTEBa-
oM BpeMenn B 300 HC), COOTBETCTBYIOT CapeHHbBIE BUXPH, MEXRY KOTOPbIMU Pa3BHBAeTCSH
npopess. OueHka Jus pasMepa CTPYKTYp, JaBaeMas Takoi Mofenbio, 6yger X = 0.67MM u,
KaK BUJHO, COBIIaJlaeT ¢ JaHHBLIMM DKCIIEPUMEHTa.

Hecnoxuo sameruts, 4yro ypasuenue (8) npum b = 0 mepexoiuT B UBBeCTHOe ypaBHe-
e CBudra-Xosubepra [6]. Takum o6pasom, HavdanbHas CTafUs B3apOXIEHUS BUXPEBBLIX
CTPYKTYP B >XHJKOMETA/UINIECKOM NPOBOJHHKE C TOKOM MOXeT GHITH HCCIefOBaHa B paM-
Kax MofenbHoro ypaBHenus Ceudra-Xosubepra ¢ JONONHUTENbHLIM YIEHOM, YYNTHIBAIOLIAM
BIMSHUE TPAaHUIBI Ha MPOLECCH B IPOBOJHUKE.

Y1065 NONYYNTH BAMKHYTYIO CUCTEMY ypaBHeHHUH, Tpebyercs 0o6aBUTH JONONHUTENDL-
HOe ypaBHeHMe Ha BOBMYIlEHUe NOBepXHOCTU mpoBofgHuka ¢. IlycTh ckopocTh noBepxHocTn
6ymeT BafgaBaThCA BBIPaXKEHUEM: Vs ~ g—’;. 9To npeicTaBleHNe OTpaXxaeT TOT PaKT, YTO
MexXAy TUApOJMHaAMNYeCKMMH BHXPAMHK C HalpaBleHHEM BpallleHUs K OCH IIPOBOIHHKA €ro
MOBEPXHOCTH OyfleT BTATUBATHLCA CO CKOPOCTHIO, BaBHCALIEH OT aMIUIMTYILI BUXPEH; IPUIeM
ecnu u — HedeTHas QyHKUMs, To ¢ — deTHad. C gpyroit cTOpoOHLI, ¢ ~ [J vsdT, rjie vs, a
TOrJa NOMYYHUM:

Qg = a_u’ (9)
or 0z
rae koapduuyenT ( OTpULATENbLHEIN.

Hccnenyem Teneps xapakTep moTepu ycrowumsocTu cuctembl (8)—(9). Bameuas, uro
¢ < d(n® = 1)? npu n > 1, u, cregoBaTenpHo, Mofia ¢ k = ko — Begymiag, To npouspe-
€M TNOJCTAHOBKY:

u = X(7)sin(koz), q = CkoY (1) cos(koz).

Torna B OKpECTHOCTH TO4YKH X=Y=0 NONY4YUM € TOYHOCTBIO [JO YJIEHOB TPEThero nopinkKa
MaJIOCTH:

dX Y

=X - a1 X® - b XY?, —=X (10)
rae a1 = 3a/4 u by = 3b(%ko*/8. Uckmouas Bpems 7 us (10), nony4um ypapuenne Pukxaru

I8 $asoBON TPAEKTOPHHU:

). ¢ 2 2
— =g -bhY”. 11
7 =€ a1 X 1 (11)
[Ipencrasum X B Bupe pafa no crenensm Y: X =3 2, ¢;Y*. llogcranoskoii B (11), mony-
YMM [d TIePBHIX Tpex KoodduuuenTos: ¢; = ¢, ¢z = 0 u c3 = —(b1 + a16?)/3. Dro ovnavaer,

YTO C TOYHOCTBHIO [0 4I€HOB 6ojlee BLICOKOrO NMOPAfKa MalOCTH, JUHAMUKa aMIIUTYAH Y
6yneTr onpepenaTbcs fuddepeHuUanbHEIM ypPaBHEHUEM:

dY _ _ (b1 + a182) 3
E;-—X—éY*-—'—:;'—Y. (12)

W5 sroro ypaBHeHHs BHMIHO, 4TO NpPH MalblX ¢ TUN 6uypKauud LETHKOM ONpefenseTcs
sHakoM Koopduuuenrta by. Craumonapuoe pemenue (12) ¥ = 0 ycrouuuso npu € < 0 u
HeycToiunBo npu ¢ > 0. s sToro ypaBHenus BUAHO, YTO NpPHM MalbIX £ TUN 6udypKanuin
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LenUKOM onpefienseTcs 3HakoM koadduunenta by. leiicTBurensho, eciu by > 0 To Mu umeeM
Oo6LIYHYIO BakpuTHieckylo 6udypkauuio Tuna "sunku”’. B cnydae by < 0 B oxpecTHOCTH
Touku € = 0, Y = 0 npy NONOKUTENLHEIX ¢ HET CTAlHOHAPHKEIX PEIleHHN, 33 UCKIIOYeHNEM
HEYCTONYUBOro TPUBHANLHOTO (HOKpUTHYecKas 6uypkalns), BCIECTBAE Yero TPaeKTOpus
CHCTEMEI 32 KOHEeYHOe BpeMs YXOJUT US ee OKPeCTHOCTH. ‘ :

TakuM 06pasoM, MBI OKa3alN, YTO THI 6udypKanuil, a TakkKe XapakTep KPUTHIECKOTO
noBefenus cucremsl (8)—(9) uennkoM onpenensercs HenuHenHbIM YneHoM bug(l — 3¢/2), T.e.
COCTOSAHNEM TIOBEPXHOCTH NPOBOAHMKa. IIpu sToM BHak kKoadduuuenTa b onpenenser xapak-
Tep NOTEPH YCTOMYMBOCTH (JKECTKOe WM MArKoe BosbyK[leHHe HeyCTOMYHMBOCTH) FPaHUULI
npoBopHuKa. [[1s TOro, 4To6E OTBETUTDH Ha BOIPOC O TOM, Kakoll MeXaHU3M [OTepH yCTONYH-
BOCTH pealusyeTcs B IeHCTBUTENLHOCTH, U, TeM CaMbiM HIeHTUPUINPOBATH BHAK b MomenH,
PaccMOTPHMM YNPOILEHHYIO MOfenb pocTa npopesu. O6paTuM BHHMaHHe Ha TO, YTO B Cly-
4ae saMmenn B (8)—(9) ¢ — —¢ ¥ z — —z Nonyyaemas CHCTeMa yPaBHEHHHl OKasbIBaeTCs
PKBUBAJIEHTHON NCXOJHOW, Ba UCKIIOYEHHUEM OfJHOIO €JUHCTBEHHOTO uleHa bug. To osHa-
4aeT, YTO UMEHHO DTOT 4iIeH HapyllaeT NHBAPUAHTHOCThH CHCTEMH (8)—(9) OTHOCUTENLHO
yKasaHHOW 3aMeHHI M, T€M CaMLIM-OlpefenseT pasnuine Hanpaaneunn "ot ocu” u "k ocu” B
UMIAHPUYECKOH reOMETPUH.

PaccmoTpuM ykopodeHHyio cucreMy:

Ou

5, = bug, (13)
9¢ _ . 0u

ar > 9z’ (14)

Oy 4YeHHYI0 OT6pacLIBaHUEM B ypaBHeHUY (8) Y/€HOB NHBaPHAHTHLIX OTHOCUTENLHO 3aMeHb
g - —q M 2 — —2z U, CIE[OBaTeIbHO, B KOTOPOl B SBHOM BHfe BhIpaXKeHa BaBUCHMOCTh
XapaKTepa pPOCTa NPOPE3H OT ee HalpaBleHus.

Bynem unrepecoBarscs pemennamu (13)—-(14), o6ecnednBaomuMu I0KaIu3anKIo BO3MY-
IIeHns HOBEpXHOCTH npononnmca B OKPECTHOCTH HEKOTOPOH TOYKM Z = zp U y[OBIETBOPSIO-
mmmu csoitersy: & [*%° ¢dz = 0, 4To cooTBeTcTBYeT BamucannoMy B MHTErpanbHOM PopMme
yPaBHEHHIO uepaapmmoc'm B NPUOGIMKEHNNM HEC)KHMAEMOCTH BelleCTBa. OTHM YCIOBUAM
YAOBIETBOPAIOT QYHKUUK ¢ U U, BANNCAHHEIE B BHUJE:

2 z— 20 2 T—T7"

T -2+ (r =) 1=7% 2z —z0)? + (1 —

rge ¢ — mapaMeTp, XapaKTepUSYIOIUI reoMeTpUIO NpopesH (AelcTBUTENbHO, 06beM Tpo-
pesnu nponopuuonanen [+ ¢dz = 27 /bc).

Bsipaxenns (15) pis v 1 ¢ ONUCHIBAIOT BPeMEHHYIO SBONIOLMIO IOBEPXHOCTHU MPOBOHUKA
MeX[y ABYyMs BHXPSMH: 3a KOHEYHOE BPeMi HeBHAYUTelbHOE BOSMYILeHUe IOBEPXHOCTH Tpe-
BpalljaeTCcd B yBKYIO §-06pasHyIo IPOpeshb, a BUXPH IPH 9TOM NPUTATUBAIOTCS APYT K IPYTy.
JleficTBuTENbHO, NPH T — T* CIpaBERINBO:

z2_1 L
b¢ c?(z — 20)’ 17 %¢

Bupuo, 4To xapaxTep pocTa npopesu, onuckIBaeMbIi Halllell ypolieHHoN Mogensbio (13)-
(14) ¢ b < 0, xayecTBeHHO coBNafaeT ¢ TeM, YTO HabNIOfaeTCH B BKCIIEPUMEHTE: 3a KOHEYHOE
BpeMa PopMupyeTCs yB3Kas NIPOpPesh, ABMKYIIAACA [0 HANPABIEHHUIO K OcU NpoBofiHuKa. Ilpo-
BOJIHUK IIpM T = T pasbuBaeTcs Ha YaCTULL Pa3MePOM MOpPAJKa €ro AuaMeTpa.

M3 Toro, uto b < 0 cnegyer, uro by < 0. Torma ypaBuenue (12) onucniBaeT gokpmu-
THYeCcKylo 6udypKanuio u, C1eOBaTENbHO, IOTEPS YCTONYNBOCTH I'PAHMILI IPOBOJHUKA —

T*)Z’ (15)

§(=z - 20). (16)

uU —
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XecTKai. OTO pesylbTaT eCTeCTBEHHBIN, TaK Kak Takas Oudypkalus MPUBOLUT K Heobpa-
THMOMY (2 IOTOMY HeOGbACHIEMOMY B paMKaX BaKpUTHYecKon 6uypKaluy) HBMEHEHUIO
COCTOSHHUIO NPOBOTHHUKA.

[annas pabora BhINONHeHa B paMKax npoexta PODPU N 94-02-06654-a.

Summary

The model of a nucleation of large-scale hydrodinamical and current structures in a liquid-
metal cylindrical conductor is proposed. It is shown that such approach allows to explain
experimental data on a conductor splitting into trasversal strata when an electrical explosion
occurs. Really a conductor surface may be drown between vorteces, with the periodic structure
with a wave length A\ = 2.32r (o is a conductor radius) arising. The character of lossing a
stability of the surface is proved to be subcritical. For non-linear stages of splitting conductor
into strata the simplified model of appearing a narrow cut during a finite time interval is
suggested. The main our equations are similar to equations of Benard effect theory.
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BBegenne

HcenenoBanne guHaMUKE CTPYKTYp, BOSHHKAIOWMX Ha MOBEPXHOCTH XUAKOCTH IPH IapaMeTPH9eCKOM
BOSGYX{EHNM KaNWUIADHLIX BONH, ABAAETCA NPEIMETOM MHOTHX SKCHEPHMEHTAILHEIX paboT, NosBHB-
HIHXcH B camoe nociefHee BpeMms [1-7]. K HacTosuteMy BpeMeHH BHISICHEHHl YCIOBHS, DU KOTOPHIX B
NPOCTPAHCTBEHHO MPOTAXKEHHOH CHCTEME MOTYT YCTOMYMBO CYUIECTBOBAThH CTPYKTYDHI, Pasindyalouin-
ecsa no Tonosornyu. Tax npm Bo3GyXJAEeHMH BOIH Ha HOBEPXHOCTH XHJKOCTH FapMOHMYECKOH HaKadKoi
BOSMOXHO CYLUeCTBOBaHME CTPYKTYpP, 06pasylolux NapkeT U3 KBafpaTHHX [6, 7] HaM uiecTHyroNbHBIX
[1] saeex. Ecnm cnexTp BHelHel CHIE COCTOMT M3 CON3MEPHMBIX FapMOHMK, TO IPH ONPe€eNeHHBIX
COOTHOUICHUAX MEXAY MX aMIIMTYRaM# u (asaMé Ha MOBEPXHOCTH XHAKOCTH BOSMOXHO BO3GyX[ie-
HUe KBasUCTPYKTYP [2, 3] — MakpoCKONMYecKuX aHAIOIOB KBaBUKPUCTAIIOB, O6GHApYKEeHHHX HENaBHO B
TBepjioM Tele [8]. BoaHoBoe moie KanwmsipHON ps6u o61afaeT MPU YTOM a3HMYTAJIBHOM CHMMETpHER
BHICOKOTO NOpAAKa (Hampumep, [BEHAAUATOrO [2]), HO He MMeeT MepEeHOCHON CHMMETDPHUH.

C yBelnveHMeM aMIUIUTY[bi BHEUIHErO MO NPOUCXONHUT MepeXxof OT MPOCTPAHCTBEHHO YHOPANOYeH-
HHIX CTPYKTYD, NPEICTABIAOWUX cO60H aHcaMm6ilb Nap BCTPEYHHIX BONH ¢ CHHXPOHM3OBaHHBIMHU (a-
8SaMHi, K IPOCTPAHCTBEHHO-BpEMeHHOMY Xaocy. Haubonee nogpo6Ho nccnefosana fUHaMAKa KBafpaTHEIX
CTPYKTYP, 06pa30BaHHBIX [BYMs B3aHMHOOPTOrOHAILHLIME NapaMn 6erywux BoiH [4, 5]. Kax ycrano-
BIEHO B psifie paGoT, epexof K MpOoCTPaHCTBEHHO-BPEMEHHOMY Xa0Cy MOXeT NPOUCXONUTh PasInIHbLIMA
OyTAMH B BaBHCHMOCTH OT apaMeTpoB safadu. Ecau ray6HHa XBIKOCTH SHAYHTENBHO Gonblle, HdeM
JIMHA BOJHEI BO36yXAaeMOH KanmuispHOM psabu [5], To MpH yBeaHYeHNHM HAAKPHUTHYHOCTU B KaXTOU
U3 Iap BOIH BOSHHKaeT NolepedHas aMmiaTygHas Mopyisuus. (Hapxpuruunocts € = afag — 1, re a
— aMINIMTYQa HaKadkH, g — MOPOroBOe SHAYEHHE, NIPH KOTOPOM BOSHMKAET MapaMeTpHYecKas reHe-
panus). C pocTom HaJKPUTHYHOCTH MORYIALHUS CTAHOBUTCS HECTAlMOHADHOM U HEyNOPANOYEHHON —
BOSHHKAET Xaoc¢ BonH orubaiowux. CpaBHeHHEe XapaKTEPHCTHK Xaoca B XHIKOCTAX ¢ PASIHYHOH BA3BKO-
cThio mpoBeeHo B [9]. B xupgxocTu, ray6uHa KOTOPOM MeHblIE AJIXHB BOIHEI, C yBEAHYeHHEM aMILTATYTEL
BHEILHETO NOJIA B KaNWUIAPHOW pAGH BosHHKAIOT guciokaunu. CaMo BOSHHKHOBEHUE [UCIOKAIMA CBASH-
BaeTCAd ¢ CWILHEIM HEIMHEMHBLIM BaTyXaHHeM, OGYCIOBIEHHHIM CYl(eCTBOBaHMEM B KaNWUIAPHOH pAGH
MOTPaHMYHOrO CJ0fA, TOMUHAHA KOTOPOro, Boo6le roBopsi, OfHOTO MOPSAAKa ¢ aMIIATYNO# BOIH U IIy6H-
Hoi xupkoctu [6]. CTpykTypa muciokaumi msydanach B paGore [7]. Brulo ycraHoBIeHO, 9YTO KaXfas
KMCIOKAIMA — 9TO CBASaHHOE COCTOSHHE M3 [ABYX TONOJOTMYECKHX 3apsfoB ofHoro sHaka. O6pasom
IPOCTPaHCTBEHHO-BPEMEHHOTO Xa0Ca NP Bo36yXJAEeHUN pAGH B XUIKOCTH Maloil rIy6MHBI MOXET CIy-
XHUTb aHCaMGIb B3aMMOJIENCTBYIOINX [UCIOKAINA — OJHA AUCIOKAllUA MOXET PacCeMBaThCA Ha PYyron,
RHUCTIOKAIMH ‘MOFYyT aHHUITWIHPOBATh WM 06pasoBHIBATH KBa3HYCTONYMBLIE IMHEHHBIE LENOYKH [7].

C oToii TOYKM BpeHUs JUCIOKAUMH B TapaMeTPpHIeCKH Bo36yK[aeMOll KaNMIUIAPHO# psi61 aHAIOrHIHEI
RedexTaM, WUPOKO M3ydaeMHM B TepMokoHBekuuu [10, 11] u snexTporngpoguHaMmieckoll KOHBEKIINH B
XKUAKHX KpucTaanax [12-14]. Kak ycraHoBaeno B skcnepumenTax [10], BosSHMKHOBEHHE TOMNOIOrMYECKUX
EedekTOB ABIAETCA MEXAaHABMOM OTOOPA BOIHOBLIX YHcel Hanbolee NPERNOYTUTENbHBIX CTPYKTYp. Hus
RUCIOKALNH B IapaMeTpHieckH Bo36yXIaeMol KalMIAPHOH PA6GH aHAIOIHS € QUCIOKAUUAMH, BOSHHKa-
IOIMMH IIPY TEPMOKOHBEKIHH, N0o3BoLieT copMyaupoBaTh psaf BonpocoB. Kak nmpoucxonur or6op Boi-
HOBBHIX 4HCel HauGollee NPeINOYTHTENLHEIX CTPYKTYp B NapaMeTpudeckn BoaCbyxgaemon pa6u? Kaxyio
poIb NpH TOM Hrpalor gucioxanuu? Moxer au gucroxauus, ¥MeOWas OTINYHHINA OT HYJs TOMNOIOTH-
4eKHii Bapsf|, NPeBpPalaTbCA B BOJIHH MOAYJIALMH, o6HapyXeHHEle B okciepuMenTax [5]? Ecam otser
MONOKATENBHHIM, TO KaK MMEHHO NPOMCXONMT TaKad MepecTPONKa, ¥ YTO, B YaCTHOCTH, IPOUCXONUT TIpH
9TOM C TONONOTMYECKUMH 3apsifaMu?

OTH BONPOCH HCCIAEAYIOTCS B lanHOM pa6oTe. B paspene 1 onucriBaeTcs npoBeleHHBIN HaMH 9KCIepH-
MeHT, Ipolefypa 06pa6oTKi H306paXenns KalmIIApHOH pAGY ¥ onpefelseTcs BHYTPEHHAS CTPYKTYpa
RuciIoKanuu. B paspgene 2 npuBOEATCH Pe3yNbTATH, OTHOCAUINECHd K OT60OpY BGIHOBHIX 4Hcel Haubo-
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Puc.1: Cxema skcnepuMenTa.

Niee ONTHMANBHHIX CTPYKTYpP. B TpeTheM — mcclieflyeTcs Iepexofi TONOIOrHIECKUX KeeKTOB B BOIHHI
MORYIALUH.

1 Hponenypa NONIyYI€HMNA 3KCIIEPHMMEHTAIDBHBIX TAaHHBIX

1.1 OxcnmepuMeHTalIbHas yCTaHOBKa

OKCIEPHMEHTH NPOBOAMINCH ¢ KANMUIAPHOH PAGBIO, MapaMeTPU4eCcKn BO36yXKAaeMOi Ha NOBEPXHOCTH
KHUIKOCTH, HAINTON B KPYriyio KioBeTy guameTpoM 15.7 cm, BHTOYEHHYIO W3 oprcTekia. Tomuwumna
JAHA KIOBETH cocTaBiAna ~ 10 cm. B xadecTBe paGouein XUIKOCTH 6BUIO BLIGPAHO CHIMKOHOBOE Maco
[IMC-5 ¢ xunemaTHIeCcKO BAsKoCTHIO ¥ = 0.05 cm? [c, naoTHOCTHIO p = 0.89 2/cm’® M KOO PHUMEHTOM
IIOBEPXHOCTHOTO HaTAXeHUd 0 = 17 dun/cm (RaHHBIE COOTBETCTBYIOT TeMnepatype 25° C). Bubop cu-
JIMKOHOBOTO Macia B KadecTBe pabodeil KHAKOCTH 06YCIOBIEH TEM, YTO OHO PAKTHYECKH He UCIApAETCH,
a ero NOBEPXHOCTH He NOJBepKeHa BarpASHEHHIO.

BepTukaibHble KolleGaHus KioBeTHl (CM. puc. 1) cosgaBanuck ¢ nomousio Bu6pocrenfa Brul & Kjar
4805, Ha KOTOpHIA Yepes ycunnTenb MomHocTH B&K 2707 nogaBanoch cuHycoupanbHoe Hanpsikenne. B
KadecTBe HCTOYHHKA CHHYCOMAAILHOIO HANpPAXKEHUs UCIONL3O0BAICA BCTPOEHHBIA B CHEKTD-aHATH3aTOP
B&K 2034 TecToBHIi reHepaTop. AMIUIMTYAAa YCKOPEHHs BepTHKAaJIbHHIX KOJeGaHMH KIOBETH MBMeps-
nach, neesoakcenepomerpoM KD29 ¢upmet VEB Metra Mef- und Frequenztechnik Radebeul, curnan ¢
KoToporo 4epes npegycuanrens B&K 2635 nogaBancsa Ha amanusarop cnextpa. IlosTomy B xome okc-
HepYMeHTa KOHTPOIMPOBaJach He TONBKO aMIUIMTYRa IONf HaKadkH, HO U €€ CHEeKTPalbHBLIH COCTaB.
OKCIEPUMERTH NPOBOMINCHL OGLIYHO OpH YacToTe Hakadku [ = 100 I'y.

B cBsvy ¢ TeM, 4TO BHGPOCTEH]| NPERCTaBAAeT CO60H HCTOMHHK Tellla, U MOXET NMPOUCXONMTH Ha-
rpeB KIOBETH B XOfi€ 9KCIIEPUMEHTA, IPOBOAHICH KOHTPONb TeMepaTyphl. A 5Toro 6u11a HCHOAB30BaHa
nruddepennuanbHas Mefb—KOHCTaHTaHOBadA Tepmonapa. Onun cnait 5Toii TepMonaps! 651 BMOHTHPOBaH
B IHO KIOBETHI, KaK MOKasaHO Ha pHC.1l, a BTOPOW — coeguHEH C TeloM, o6lafalolnM 60bILoH Mac-
col B TemwronpoBofgHocThIo. TemnepaTypa 9TOro Teia Bo BpeMs NPOBEAEHHs DKCIIEpHMEHTa OCTaBalach
HOCTOSHHOM M PaBHOH TeMNepaType B KOMHATe.

Sanuch m306paXxKeHns KamMUIAPHON psbu MPOBORMIACH ¢ NOMOWBIO BHIEOKaMephl, IOMEUIEHHON Ha
paccrosHud =~ 130 cu OT MOBEPXHOCTH KIOBeTH. J[l/1A MOJACBETKN KaNMUIAPHOM PAGH MCHONB3OBAIKCH
eCTh MAJOMOUIHEIX JIaMIl HaKA/IMBaHNsA, IOMEIEHHbIX 110 OKPYXKHOCTH BOKPYT 0GbEKTHBA BU/{€OKaMepHL.
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Takoit cioco6 MOJCBETKM IIOBBOIS MONYYATHL JOCTATOYHO PAaBHOMEPHYIO OCBEUIEHHOCTDH NOBEPXHOCTH
XKHUJKOCTH. .

1.2 AnroputTMmsl 06pa6oTku nsobpaxeHus

Ilng aHaTuoa BAReOQUIbMA, KOTOPHI MBI NONYHaln B XOf€ DKCNEPHMEHTA, NOCIEOBATENLHOCTD KafpOB
sanMcHIBanach B IaMATH NepCORATILHOTO KoMnbioTepa. so6paxenus NpefCcTaBILINCh B BUie MacCUBOB
paHHBIX 13 512 x 512 Touek. SIpKocTh KaxmoM TOYKM NPHHEMANA 3HAYEHHE OT 0 mo 255 (opmu GaiT
ungopmanun). Takum o6pasom Moria GHTH TpeCTaBleHa NOCIEAOBATENBHOCTL KA[POB, M MOYteHa
IPOCTPaHCTBEHHO-BpEMEHHAA AMHAMHKA CTPYKTYP.

Iln onpejeleHns NPOCTPAHCTBEHHOTO NEPHOJa CTPYKTYPH, PealMSYIOLeHcs B DKCHEPUMEHTe, MO
TOMIO APKOCTH H306PaXKEHUS METOIOM JUCKPETHOTO GHICTPOro npeoGpasobatis Pypbe BEITHCIAICS ABY-
MepHEIi criekTp. IIpeBAPATENLHO MONe yMHOXANOCH Ha KONOKON00GPasHyIo PYHKINMIO, YTO6H HeHTpaH-
B0OBATh CKAYOK MONSA MeXAY NPOTHBONONOXHHLIMY rpaHunamMu. CIeKTp A KBaipaTHOM peueTkd, o6pa-
BOBAHHOM [BYMs B3aHMHOODTOrOHATLHEIMH TaPaM# BCTPEIHBIX BONH, COCTORT H3 Habopa nutkoB, Gonee
AIH MeHee PasMHTHIX. Heo6XOIMMO OTMETHTD, 9TO B CHIIY MHEPIMOHRHOCTH BH/{eOKaMephl H30GpaxeHnue
napameTpHuecKn Bos6yX[aeMoil KalWIIAPHOM PA6u ycpeuseTcs no BpeMeHu. CBASb OTKIOHEHHS MO-
BEpXHOCTH 7) ¢ M3MEHEHMeM SPKOCTH H3o6paxenns 1 o6Cyxfanacs HEOFHOKPATHO, M BMIECh Ml He GyfieM
OCTaHABIMBATHCA Ha ©TOM mogpo6ro. OTMETHM IMIIb, YTO B MEPBOM NPUOIMXEHHM MOXHO CYATATH:
81 ~ (n*). Tak 14 ABYX Nap BCTPEYHHIX KANMNIAPHBIX BONH C BONHOBLIMU BEKTOPaMH, OPHEHTHPOBAH-
aeiMz Boab oceit OX 1 OY, T.e. ay cos(wt — kz) + a— cos(wt + kz) u by cos(wt — ky) + b_ cos(wt + ky),
CTeKTp APKOCTH M306paxenus GyfeT COCTOATH U3 MPOCTPAHCTBEHHBIX IaPMOHMK C BONTHOBHIMH BEKTO-
pamu kg, = (£2k,0), kyy = (0, £2k), koy = (£k, £k), (£k, Fk). IlooTomy B crexTpe APKOCTH us3o6pa-
JeHUsA Mbl OT(UILTPOBHBAIN TAPMOHHMKH B OKPECTHOCTH CHEKTPANbHHX MuKoB kag 1 kay. Ilo xaxpomy
U3 HUX ONpeRelsanoch CPeXHee BOIHOBOE YMCIIO:

_ YAk

ke = 2L A’

rge Ay — ammauTyna Pypre-rapMOHUKA

Tlopo6HbIM 06pa3oM BHMUCIAMNCH U UEHTPH THXeCTH NuikoB kzy, a TakXe HEKOTOPHIX BHICHIAX Iap-
MOHHK, €Cli A HUX OTHOUIEHNe CUTHAI-IIYM GhiIO YOBIETBOPHTENLHEIM. BOIHOBOE YMCIO CTPYKTYPH!
k onpepensanoch MeTOXOM MUHMMMBAINN KBA[PATUIHOIO OTKIOHEHHA IO BCEM NHUYKaM. Owmubka ompe-
IeneHus k TO MaHHON MPOLERYPE, KaK MOKaBalM TeCTH, Gbla MeHbllle, 1eM BeNUINHa BOIHOBOTO THCIa
nepBoit rapMoHuKH Pyphbe-ClleKTpa U COCTaBILIA 0.3-1% ot Benuanusl k. CnegyeT NOof9IepKHYTh, YTO Ta~
Kasl pOleAypa ONpeele s BOIHOBOIO YMCIa € HCIONB30BaHNEM UHTETPANBHEIX XapakTEPUCTHK faBala
66IBIIYIO TOYHOCTD, 4€M MPOCTO ONpefeleHne BOIHOBOTO YHCIA ¢ MaKCHMAalbHOM aMmaTynon Ag.

I(ns MBy4eHus {UHAMUKA OTREIbHBIX AUCIOKAINI HEOGXOXUMO HMETDh PerylIsapHYIo NPOUENypyY, O3BO-
NSIOLLYIO IPOBOJNTD WX MIEHTHPUKANMIO B MONAX APKOCTH KamMLIspHO# psbu. [as oTOM LEen:H HeobXo-
JMMO, TIPEXfie BCETO, ONPEAEINTH KOMIUIEKCHYIO aMIIUTYAY KaNuIPHEIX BOIH. Komnnexkcuas aMImuTyna
oNpefenAnach Tak xe, kak B pabore [12], rge ucciefobanacy guHaMuKa feHeKTOB B OfHOMEPHBIX POIHKAX,
BOSHHMKAIOWMX NPH HIKTPOrMPORMHAMUIECKoH KOHBEKIMH B XUIKNX KpucTannax. B ciy4yae xamumisp-
HOWt pA6u M3-3a KBYMEPHOCTH €€ CTPYKTYPHI HEOGXOMMa MOJEPHU3AIMA NPOUENYPHI, MPEJIOXEHHOR B
[12]. HeTpypHo moHsATh, YTO aMnANTYAH Pypbe-rapMOHUK C BOTHOBHIMA BEKTOpaMU ko u kay mponop-
[MOHATBHH COOTBETCTBEHHO a4 a_ u byb_. Ecau Teneps mo rapMOHHKaM, IPUBAJIEXAIUIMM OKPECTHOCTH
THX [UKOB PacCIHTaTh 06paTHOE npeobpasosanue Pypbe, mpunsas, uTo 2k, ABiuseTcs ABIgETCA HYJIEBOH
IIPOCTPAHCTBEHHON YaCTOTOMN, TO T€M CaMBIM MOXHO BBIIETHTH NPOMSBEeHNs OrMGaIOWMX BCTPETHEIX
KaINUUIAPHBIX BOJH.

Ipumep Takoro pacyeTa mokasad Ha puc.2. Ilone spxocTu KanmuispHO# psabu, npefcTaBleHHOE
Ha puc.2a, COepXHT OfHY mucioxaumio. Pypbe-cleKTp, pacCIMTAHHHIHA N0 HTOMY MO0, NOKasaH Ha
puc. 26. B OKpeCTHOCTH CIEKTPaNbHEIX IIMKOB, OTMEYEHHHIX Ha puc.26 MyHKTUPHBIMU KPYXKaMH, BBl
Jensnuch o6nacTH, KoTophie cofepxanu 50 x 50 rapMOHHUK, ¥ IO HUM NP OM3BOAMIOCH ob6paTHoe Pypbe-
npeo6pasopanue. Ilone aMmInTygsl orubaomiell, oMy YeHHOM PH pacieTax o6patnoro ®ypre no rap-
MOHHKaM U3 oGnacTu 1, moxasano Ha puc. 2B, a noie (assl Ha puc.2r. Kax BHIHO U3 9THX PHCYHKOB,
[UCIOKAIUA CONEPXUT [Ba TOYEYHHIX fedekTa, pasHECeHHHX Ha HeGONBIIOE PACCTOAHHE. 0O6a sTuX
61M3KO PACIONOXKEHHEIX edekTa UMelOT OfiMHAKOBHIA TONOJIOTHYIECKUH 3apiy B 27, onpenensieMblil KakK
MHTErpajbHbli Haber (pashi npu 06XOfle MO BaMKHYTOMY KOHTYPY BOKpYr fedexTa. 3a KOOpRWHATH
KeeKTOB NMPUHUMATHCH MUHEMYMbI aMIUIMTYJBI Orubaiollieli, OKa3aHHOU Ha puc. 2B. B sTux Toukax
aMILIATYRa Nois 6bila NPpakTHYeCK! paBHa HYIIO.
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(r)

Puc.2: a) lone xanmmaspHoit psa6u. 6) dypre-cnekTp. IlyHKTHPOM 0GBefieHH CleKTpaibHBIE MUKH, sl
KOTOPHIX HCCleRoBaduch nois orubaowux. B) lode aMnauTys koMiiekcHOH orubaloluei CeK TPalbLHOro
nuxa 1. r) Ilone ¢asu oruGaoueir nuxa 1.

B none xannmispuoi pa6H, MOKa3aHHOM Ha PHC. 2a, TUCIOKAIUA COCTOUT U3 Tomnojoruiecknx pedex-
TOB, NPHHAJJIEXK AKX OfHON mape BoaH. Kak mokasanu pacyeThl 06paTHEIX npeo6pasoBanuit Pypwe mo
o6mnactu 2 (puc. 26), nojie orn6aiolleil He COfepKalo HUKAKUX FUCIOKALMUN — B MeCTe NP eJH0oNaraeMoro
pacrosioxeHns fedexToB Helbds O6bIIO0 OOHAPYXHTh yMeHbLIEHHe aMIUIMTY[EL 0 Hyls uian Haber ¢asbl
npu o6xoge. OTMETHM, YTO B XOf{e DKCIIEPHMEHTOB HAGIIORaIMCh KOHEYHO JKe JUCIOKallU|, IPHUHAJIeXaB-
LIHEe PasHHIM NapaM KammUIAPHEIX BoiH. Onpefenenne oru6aiolwnx BceX rapMOHMK HOBBOISIO YBEPEHHO
UfeHTAPUIUPOBATh MECTOPACNIONOKEHHEe RUCIOKaLUi B JIOG0M Clay4ae.

2 PesyabpTaThl BKCIEPUMEHTOB

2.1 OT60p BOJHOBBIX 4uCe]

B xuaxocTn Manoi riy6HHEI B [OCTATOYHO HIMPOKOM RHAalNasoHe HafKPUTHYHOCTEH peaiu3yeTcs CO-
BepllieHHasd CTPYKTypa. OTO MOSBOIAET KOCTATOYHO TOYHO ONPENEINTh 3aBUCMMOCTDL BOJHOBOIO YHCIa
KanMUISPHBIX BOJAH OT HaKPUTHYHOCTH, PAaCCYMTHIBAA MX NPOCTPaHCTBEHHBIH CIEKTp .

1Ipa Bon6y X ReHMN KamuINSpHOHE pA6u B 6€CKOHETHO Iy 6oKol KUAKOCTH CTPYKTYPa, 06pacoBaHHad {ByMS BGaHMHOOD-
TOroHaJILHEIMM ODapaMi GeryuX BOJIH, CTAHOBUTCA HEYCTOWIMBOU O OTHOMIEHMIO K NONEPEeIHOM aMILIMTYTHON MO Y IAIMH
NpE Malkix HagxprTEIHOCTSX. [looTOMy TO4YHOE ompefeleHNe BOIHOBOrO YHCIa B BaBHCHMOCTHM OT HAagKPHTHHYHOCTH He
BOGMOXHO.
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k (cn”™)

Puc.3: I'padux saBuCHMOCTH BONHOBOTO 4Hcia k oT HagxpuTHuHOCTYH € ipH H ~ 1 mm, f = 100 I’u.\

3aBHCHMOCTh BOIHOBOIO YMCIa k OT HafKPUTHYHOCTH € MpHBefeHa Ha puc. 3. Ilpm e > 0.5 B cTpyx-
TypaX BOo3HHKanM fedekTH, KOTOPhE POXAAINCH HA GOKOBHIX CTEHKaX, a 3aTeM JBHUT'allHCh IO KIOBeTe.
IIpu pacdeTe NPOCTPAHCTBEHHOTO CIHEKTPa BbiACHEHO, 4TO MOfABIEHHEe B CTPYKType RedexToB compo-
BOX[(acTCA Pa3SMBIBAHUEM COOTBETCTBYIOWErO CHEKTPAJILHOTO MUKA, a MOTOMY TOYHOCTH ONpENeNeHuUs
BOIIHOBOI'O 4nclia yMeHbliaeTcA. IIpu € < (.5 camonpounsBonbHOe BOSHUKHOBeHHE ie()eKTOB He IIPOMCXO-
JMII0, ¥ BOIHOBOE YHCIIO MOXHO GBHUIO ONPENENUTD ¢ Xopouueh ToyHocThio. Kak BHHO U3 mpefcTaBaeHHBIX
BaBHCHMOCTEH, H3SMEHEHHE BOTHOBOIO YHC/Ia ¢ POCTOM Ha{KPUTHYHOCTH NP OMCXONUT He MOHOTOHHO. Ilpu
MaJloll BEIMYMHE € BOIHOBOE YNCIIO HECKOIBKO CIIAfiaeT, a BATEM YBeINYHBAETCH.

Ha Benu4YuHY BOIHOBOrO YHMCIa NpH (UKCHPOBAHHOH YaCTOTe HAKAa4YKM MOTYT BIUATH PAaSINYHEIE
¢akTopr. OueHuM BIusAHEE JBYX, Haubolee CylieCTBEHHHX, Ha Halll B3[IAN: MUSMEHEHUs TeMNEPaTypHl
XHAKOCTH M MEHHCKA Y GOKOBHIX CTEHOK KIOBETHI. .

HoMeHenne TeMmnepaTyphl 6GbUIO CBABAHO, B OCHOBHOM, ¢ TeM, YTO HAarpeBalcsd cepfedHHK Bubpo-
cTeHfa. XOTA TONUMHA THA KIOBETH COCTaBAANa ~ 10 cM, 33 BpeMs NMPOBENEHUA CEPUH SKCIEPUMEHTOB
KIOBeTa Morjla HarpeBaThbci. Kak mokasaium MSMepeHHs ¢ OMOLUBLIO TepMOINAphl, HarpeB B XOfe SKCIe-
pumenToB He mpesrian 0.5° C. OuennM, K kaKoMy H3MEHEHHIO BOJHOBOT'O YMCIa NIpU (PMKCHUPOBAHHOM
YaCTOTE NPUBEAET TAKOE M3MEHEHHe TeMIIEpaTypH XHAKOCTH. B nIuHeHHOM NpHGIMXEHUU [ Kalmi-
JNAPHBIX BOJNH B XHUAKOCTH KOHEYHON INIyGHHEI HMeeM:

w? = (gk + %k:‘) tanh(kH), rge H — ray6una xupxocTn

Honaras w = const ¥ MONL3YACH B3aBHCHMOCTBHIO MApPaMETPOB XHAKOCTH OT TEMNEPATYpPHl, a TakXe
npeHe6peras BIUIHUEM TEMNEPAaTyPHOTO pacliMpeHus XHJKOCTH M KIOBeTH Ha riy6uny H, momy4um:

Ak~ 0.01 cu~!

B sxcnepuMeHTe N3MeHeHUEe BOIHOBOTO YMCIA C HAXKPHTUYHOCTHIO GbUIO Ha MOPAAOK Goibliie, YeM Mak-
CHMAJIbHO BOBMOXHEIE BapHAllHH BOJIHOBOIO YHCJa, BHI3BaHHbEIE N3MEHEHHEM TeMIIEPATYPHI.

Bropoit 5pdeKT, KOTOPHI MOXeT BIHATL Ha BOIHOBOE YHCIO KAaNMNIAPHOH pAGU — 5TO USMeHEHHe
KOHTAKTHOTO yria B MeHHCKe Ha 60KOBLIX cTeHKaX. Eciu usMeHseTcs KOHTaKTHHIH yroi, a 9T0O BOSMOXHO,
B IOpHHININE, N3-3a BUGpalMii, TO XKHIKOCTb NEepeTekaeT OT CTEHOK Wiu X creHkaM. Ileperexanue o6y-
CIAaBINBaeT MBMEHEHHe INIYOMHHI CjIo XHMAKOCTH M M3MeHEeHHe BONHOBOIO 4HCIA, €CIM YacTOTa BOIH
¢uxcupoBana. YTo6nl y6eguThcd, 4To Takoi sPdexT oTCyTCTBYyeT, HaMH GBI NPOBENEH CIENYIOL{UN DKC-
nepuMeHT. Mbl 3aUKCHpOBailK, KaKk pearupyeT KanlWlIdpHas pa6b Ha U3MeHeHHe aMIUIMTYRBl HAKadyKH.
B0 BHIICHEHO, YTO M3MEHEHNe BONHOBOTO 4YMClIa HNpOMCXOAuT, PakTHdecku, 6e3 3anasgLiBaHUA HPH
U3MeHEHUH HafgkpuTudHocTH. Ecin 61 M3MeHsANCa KOHTAKTHHIN yrod, U MPOUCXOJMIO epeTeKaHue XHJ-
KOCTH, TO IS TaKoro mpolecca Heo6XoanMo OO OBl KOHEYHOE BpeMsA 7. BelIUdnHy T MOXHO OLEHATH,
€ClIM IPHHATD, YTO CHIBL, FEHCTBYIOUME ¥ GOKOBLIX CTEHOK, BHI3OBYT IBHXXEHHE B LIEHTPE KIOBETHl Yepes
HHTEpBaJ, HeoGxoquMbiit Jis Auddysnn 3aBUXpeHHOCTH Ha paccTosinne R nin

7~ R%fv~ 10° cex

Takas OLICHKa BOBMOXHA, €ClIH NPUHATDH, 4YTO CPEIHEEC TE€YCHNE YHCTO BABKOE, a BC€ HHEPIIMOHHEIE ClIara-
€MbI€¢ He IIPMHNMAIOTCA BO BHUMaHHeE.
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Puc.4: Tpadux sapucEMOCTH paccTofHAS MeXAy RedexTamu B guciokanmu L (A — gamHa BOAHH) OT
rnyOMHEL XUEKOCTH H ¥ HAZKPUTHIHOCTH €.

2.2 CTpykTypa M QUHAMHKA JUCIOKALNHI

Kaxpgas us sleMEeHTAPHEIX KUCIOKAUMH COCTOANA U3 ABYX AeeKTOB, MMEIOUMX ONUHAKOBHIA TOMOIOTH-
qeckuil 3apsap (cM. puc. 2B,r). Kak BugHO Ha 5TOM pucyHke, AeeKTH B KaXTOH JUCIOKALMA CMEUIEHbI
APYT OTHOCHTEIBHO ApYra Ha paccTofHNe L IMpeMMYyLIeCTBEHHO BJOJL HANPABICHHS PACHPOCTpPaHEHHS
BonH B nape. Ha puc. 4 npeficTapnen rpaduk sKcnepuMeHTalIbHO CHATOI saBucumoctu L = L(H,¢).
Kax noxasammn HaGmofieHHs, B Gonblluel JacTH 0GIacTH MapaMeTpoB fucioKanusd Tuna “climb” (T.e.
KBHXXYIIasics BEOIb BOIHOBEIX (PPOHTOB) Beerfa UAET B CTOPOHY ¢ 66apwuM k. O4eBUHO, IPH 5TOM mpo-
HCXOTUT yMEHblLIEHHE PasMepoB o61acTu ¢ 66abKM k 1O CpaBHEHHUIO ¢ O6NACTBIO ¢ MEHBIUHM k. OTo
O3HAYaeT, YTO B NpOLECCe HEINHEHHOW KOHKYPEHUHMH MOJ IPOMCXOFUT BHIT€CHEHHE MOMRBI ¢ GONLIIAM
k mopoii ¢ MenpuuM. “Glide motion” (T.e. ckonbXeHMe MUCIOKANMHU monepek (POHTOB KaNWMIAPHBIX
BOJIH) MOXeT IPOMCXORUThH PaBHOBEPOATHO B 06e cTOpoHH. SIBisieTca i ABMKeHHe AUCIOKANMA Mexa-
HUSMOM O0T6Opa MOJI, Kak ®TO IPOHMCXOXUT, HANpUMep, B TepMOKOHBeXIMH? YTOGH BHIACHUTBH, TaK JIH
5TO, HOMEPANOCH BOIHOBOE MMCIO KANMWIIAPHONW pA6u k B 3aBHCHMOCTH OT BPeMeHH NpH (HKCHpPOBaH-

19.5 4 \
\
N .
3 \
S 19.4 4 \
- LN
N
19.3 - v~
T T T T T T T T T Y T 1
i ta

Puc.5: HsMmeHeHHe BONHOBOro YHCIa NPH ABHXEHHM RUCIOKAUMH OT OHOH CTEHKN KIOBETHI K [PYIOii:
0 <t < t; — npeanvHad pemreTka; {; < t < {2 — mgBHXeTca gucnokauus; ¢ > iy — cHOBa MjealbHasA
pemeTka. Bechb nponecc sanan ~ I cex; € = 0.45, H ~ 1 mum.
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d (A)

0.00 0.24 0.48 0.
t (cex)

(a) ’ (6)

Puc.6: AnHurnnsuus gucioxkauui npu € = 0.5, f = 100 I'y. a) CHuMok ABYX guciokanuii. 6) PaccTosune
MeXQy LeHTPaMH RHUCIOKalui — KpHuBas d; paccTOsHHe BJOJb HANpPaBIEHUA PacCNpOCTPaHEHNUSA BOIH B
nape — kpuBas d|j; PacCTOsiHMEe BJONb TPaHBepCalbHOro HanpabieHus — kpusasi dy. Ilog memTpom
FUCIOKAaOUN ME MOHMMAaeM TOYKY MOCpe[MHe MeXAY o6pasylomuMu guciokanuio xedexramu.

HOI HaTKPUTHYHOCTH €. B focTaTo4HO 60/MbIIOM HHTEPBAJe HATKPUTHIYHOCTER CTPYKTYPa KaNMLIAPHON
psi6u GBITA COBEPIIECHHOM, M BOMHOBOE YHCIO KaNWUIAPHBIX BOIH C TeYeHNEM BPeMEHH NPAaKTHYECKH He
H3MEHANOCh. OTO 03HAYaeT, YTO B pe3ybTaTe KOHKYPEHIUH MOX BOSHUKAET CUTYalisd, KO a OfHa MOJIa
BEITECHSIET BCe OCTAlbHEIE, H TakKas CUTyaluus ABaseTcs ycrowuusodd. IIpu HagxpuTnuHocTH € = 0.45 B
pellieTKe MOLIH MOABIATLCA QUCIOKAUU. DTO SHAYUT, YTO OKHOBPEMEHHO MOI'YT COCYUIeCTBOBATEH MOJEI
¢ mByMs pasamyHbiMH k. Takme co6niTna npHM {aHHOW HAJKPHTHYHOCTH OBUIM KOCTATOYHO DENKHMA.
HOucnoxaguu tuna “climb” BosHMKamum y 60KOBOM CTEHKH, HBHIAIHNCH IO KIOBeTe W aHHUTWIMDPOBAIH Y
cTeHKH B ApyroM Mecte. IlpegcTaBiaseTcs BaXHEIM MOHATH, YTO NPOMCXORUT CO CTPYKTYPOH BO BpeMs
BO3HHUKHOBEHHUSA U [[BUXEHUA [UCIOKALHHA.

BonHoBoe 4nciq, onpeneneHnoe 0 alropuTMy, ONHCAHHOMY B I1. 1.2, B pasAu4HEIE MOMEHTH BpEMEHH
IIOKa3aHO Ha pI(IC.5. Kax BHIHO M3 9TOro pPUCyHKa, BOJHOBOE€ YHCIO CTPYKTYPHhI YBEINYUBaEeTCSA IpPpHA
t < t;. MoMeHT BpeMeHHM {3 COOTBETCTBYET BOSHHKHOBeHMIO quciokauuu. Ilpu t; < t < 5 cnekTpans-
HBEII IIMK, COOTBETCTBYIOLIUH Nape BoiH ¢ fiepekToM, pasMuT. CpefHee sHadveHHe k, MOKasaHHOe Ha
pHC. 5 MyHKTHPOM, YMEHbUIAIOCH BO BpeMeHU. B MOMeHT BpeMeHu ¢ = {p QUCIOKAIMA aHHUTHIMPOBAIa
¢ BMCIOKaHuel, PACIOIOXEHHON Y CTEHKH, H CTPYKTypa CHOBa CTaHOBHIACH COBEDLICHHOM, a mpu t > i3
ONATH NPONCXOMIO HapacTaHWe BOMHOBOrO YHcaa. TakuM o6pasoM, IPH HEIWHEHHON KOHKYDEHLUH MO,
B IapaMeTpH4ecKl Bo36yXgaeMol KanuWLUIApHOM psa6u MOr'y T BOSHHKATH KBasHIepHORNIecKHe KoneGanus
npocTpaHCTBeHHOro nepuoga. Kak mpasuino, yBennueHue BOJHOBOTO YHC/Ia IPOMCXORUT afguabaTHdecKH
(T.e. 6e3 MBMEHEHNs TOMONIOTUH PEWETKH), & yMEHbLICHAE OCYUIECTBIAETCS IIPA [epeCcTpOiKe TOMOIOTUR
Bac4eT BOSHUKHOBEHHS U ABHXEHHS [UCIOKALHUH.

IIpu ¢ = 0.5 MoXHO 6BUIO BLI[EINTh MOMEHTHI BPEMEHM, KOTla B KioBeTe OBLIIO JABe NUCIOKAIMH.
IlosToMy MBI UMenH BOBMOXHOCThL HaGIIONaTh DleMEHTAapHBIE aKTHl B3aMMOJENCTBUA, KOTODPHE NpE]-
cTaBaAoT QyHKaMeHTAIbLHLIA HHTEpEC NMPH U3yHYEeHUH NPOCTPAHCTBEHHO-BPEMEHHOIO Xaoca B CHCTEME
(mogpo6uee 06 sToM cM. B [7]). Hampumep, aHHMrMAALMA MUCIOKAUMA MMeNa MeCTO, KOIJa HX TOIO-
noruyeckue 3apsafbl GHIIM NPOTHUBONONOXKHH (CM. puc.6). B sToM ciydyae aHHUIWIALNM, XKaK BHIHO U3
PHCYHKa, IBHXKeHHNe [UCIOKauuii — npeumyuiectBeno ”glide motion”.

3 O6cyxpmeHne pesynbTaToOB

Hnsa onucanusa guciokauuu GyfleM HCXOUTHb U3 yPaBHEHMH JUIA KOMILIEKCHBIX OrM6GalolnX BOIH ¢4 H a-,
PacpoCTpaHAIOUIMXCA HaBCTpedy ApYT apyry. IlpexcraBum, gTo

n= % (aye™ +a_e ™ 4 bye® 4 b_e”*) e +x.c.

Torga B HpegmoONOXeHNH, YTO AMIUIATYILI BONH MEHSIOTCA MENJIEHHO BO BPEMEHH M B IPOCTPAHCTBE,
MoNy4aeM CHCTEMY YPaBHEHHM:
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Oay fas 0%a iv, 6%a
Tt vy — il oy — 2]‘:'6;'*'7:!:— (1.1)

i(h + Fbyb_)a% +iax[Tlax)? + Slez|* + R(1b+|? + [b-7)];
Oby 1o 0by i 0%by _ iy o? 0%by

ot - 8y kk"gy2 T 9k 822

i(h + Faya_)b% + ibx[T|bs|* + Slbz|* + R(lay|* + |a—|?)]

+ by = ‘ (1.2)

YcnoBus MegIeHHOCTH W3MEHEHHs aMIUIATYAbl B NPOCTPAHCTBE NPUGIMXEHHO BHINONHAIOTCA B SKCIIe-
pUMeHTe, KOrfia pasMmep AuMciIoKauui 6ombuie 2-3 gamH BomH. MeIEeHHOCTh MBSMEHEHMA aMILIATYH, BO
BpEMEHH BJ{€Ch BHIIOMHAETCS ¢ TOPasfo 6OIbUINM BaIacoM.

PaccmoTpum cummeTpuio pemrenuii ay. Kax o6HapyXeHo B 9KcnepUMeHTe, B TOM clydae, KOTla B
nape BOJNH ¢ aMIUIMTYNaM# a4 €CThb fAedekThl, aMINIMTY[bl BOIH OPTOrOHAILHOM naprl by B oKkpecTHO-
cru fedexTa mamensiorcs mano. Iosromy Gymem cauTaTh by = const u paccMaTpHBaTh TONBLKO Hapy
ypaeaernmi (1.1). Mx cumMMeTpus fomyckaeT pellleHHs, YROBIETBOPAIOIINE YCIOBHIO:

ay(z,y,t) = e®a_(—z,4y,t), A¢= const (nanee gua npocToTH nonoxuM A = 0) (2)

IIpuEuMas BO BHUMaHHE SKCIEPUMEHTAILHO OGHAPYXEHHbIE OCOGEHHOCTH CTPYKTYPHl JHCIOKALUH (CM.
1. 1.2), qus MOfenMpOBaHUA OIS KAMMLIAPHBIX BOJH C UCIOKaINed MoXeT GhITh NpefoxeHa Gopmyia:

n = 1o | cos(wt — ky) + cos(wt + ky) +

2(z — Az)? + k22 - MY
tanh | /k2(z A:c) + k2y? cos (wt kz + arctan n,(z—Ax)) + (3)

tanh | /xk2(z + Az)? + k2y? cos (wt + kz % arctan T’:(’:}:’Tz))

3rak “+” B opmyue (3), xax u B (2), 0603HaAET iBe padIMIHbIE CUTYyaud. MoXHO NOKa3aTh, 4TO B
caydae “+” TONONOTMYECKHE 3aPSAKI BO BCTPEYHHX BOIHAX PaBHEI, a ciydae “—” — IpOTHBONOIOXHH. B
DKCIepUMEHTe MMell MECTO clydail paBHBIX 3apafoB. Ciydall IpOTHBOMONOXKHKIX 3apAJOB He Pealns3OBhI-
BaJics HEKOTa. BumuMo, cooTBeTcTByIOWEe pelenne ypaBHenui (1.1) HeycToiuuBo. B noassy pemenus
¢ PaBHLIMH 3apALaMH FOBOPUT elile u cnenyomuil faxr. CHUMMeTpus ypaBHEHNH JONYCKaeT CTalHOHAPHOE
pemenue BuAa ay(z,y—vt) = a_(—z,y—vt), KOTOpOe COOTBETCTBYeT fABMKeHMIo (Tuna “climb”) gucio-
KallM{ ¢ PaBHLIMH 3apAfaMH, YTO, KOHEYHO, HaGIoaloch B vkcnepuMeHTe. JlId AMCIOKAIMN C IIPOTHUBO-
IOJOXKHBIME BapAaMy BOBMOXHO CTallHOHAPHOE pelleHHe {PYroro Bufa: a4 (z,y—uvt) = a_(—z, —y—ut).
T.e. Takad gUCIOKalUd He MOria Obl IBUIaThCsd, a TOILKO PAcCIUILIBATLCA B MPOCTPAHCTBE.

B ¢opmyne (3) ecTb HECKONBKO TapaMeTPOB, KOTOPhIe MOXHO BapbHPOBaTh, YTO6L MOXGUPATE NONE
KanWUIAPHEIX BOIH, faiollee n306paXxeHHe, Hanbollee NOIHO COBNafaloliee ¢ HabMIORaeMbIM B DKCIIepH-
menTe. Tak L = 2Ax — 5To paccTOAHNE MEXIY TONOJOrM4eckuMu feekTaMy BO BCTPEIHBIX BOJHAX, & C
nomoubio K0opPUIIEHTOB Ky U Ky YIATHIBAETCH, YTO aMILIUTY[LI BONH a4 BOIMSH TOYEK, Ific HAXONATCS
TONOJOTHYECKHE BapSAiLl, HSMEHAIQTCH PAsINIHEIM 06pa3oM BJOIb HaNpaBleHUus PacpoCcTpaHeH!s BOIH
H B IepNeHUKyIApHOM Hanpasiennud. CpaBHeHHe APKOCTH M306paxeHus, pacCIMTaHHOro no Qopmyie
(3) MoxeT 6HITH NPOBEREHO KakK A YCPEXHEHHOTO 110 epHORY pAGH u306paxeHus (Kafp BUACO3ANUCH),
Tak M C MTHOBEHHBIM cHEMKOM ((poTorpadus co BCHBIMKON). OTH m3o6paxeHns, Booblle roBops, TO-
[ONOTMYecKn He dKBHBajeHTHH. Ha ycpegHeHHOM m3o06paxeHHHM eCTh ABa TONOIOTMYecKHX fedexTa C
OfjHOMMEHHEIMH 3apAfaMi, a Ha MI'HOBEHHOM CHHMKe — OfIMH Nie(heKT, NONoXKEeHHe KOTOPOro BaBUCHT OT
dasu nons wt. XoTA B KaXjoM U3 BCTPEYHHIX BOJIH G €CTh TONOJNOIMYECKHH Bapsf, CyMMHMpOBaHHe
ponell BOJH He MPUBOJUT K CYMMHPOBAHHIO TONOJOTMYECKMX 3apAfoB. Ecnm Xe npu BHIYMCIEHMH SPKO-
CTH M306paXeHns NPOMCXONUT BOSBEAEHHE B KBAJpaT W YCPEIHEHME MO BPEMEHH, TO TaKasd ONepalus
IPUBOJHAT K NEePEMHOXEHHIO MOl M CIOXKEHHMIO TOMONOrMYecKnX 3apanoB (cM. m. 1.2).
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B okcrepuMeHTe M3MEPANOCH PaccTOAHME MeXAY fedekTamu L, MOSTOMY BaXHO NONYYATH OLEHKY
oTOll BeNMIMHHE M3 ypaBHenmii (1.1). OTMeTHM, YTO ycloBHe NMPMMEHMMOCTH 9THX yPaBHEHUH [l ONHE-
canus pemenuit Tuna (3) CBORUTCS K BHRY Kz y < k. ByfeM c4uTaTh, 4TO B OKPECTHOCTH PaclONOKEHUSA
pedexToB (npr —Az < z < Az) |ai| MHOrO MeHblIe, YeM CTaUMOHApHOE BHaYEHWE, ¥ HETHHEHHBIMU
cnaraeMbiME B ypaBHenusax (1.1) 6ynem npenebperats. Ilpene6pexeM Takxke BTOPHIME IPOM3BONHEIMH,
CUNTadA, 9TO N3MEHEHHe aMILIATYR B OKPECTHOCTH Ke(eKTOB HPOUCXORUT NMHENHO (STO MOXTBEPKNACTCH
06paboTKol pealbHKIX Hso6paxenuit). Torga B cTauMoHapHOM ClIyYae Aif aMIUIMTYR G4 UMeEEM:

Bai . »

:i:vg-a—- +7ag =i(h+ Fbyd_)ay
z

OTa CHCTeMa YPaBHEHUN JOMYCKAaeT aHANUTHYECKOE PElIcHNE ¢ aMIUIUTYaMH @4 ¥ @, UMEIONMH HyJH,

paccTosiHMe MeXAy KoTophMu ecTh uckomoe L. Ionmaras h + Fbyb_ & ¥ (4To bKBUBaJeHTHO MaloOH

HaJKPHTHYHOCTH: € X 0), A paccTOAHUA MeXAY AeeKTaMu AOMY4NM OLEHKY:

L~ ”g/')’ (4)

Kaxk moxasan pacyer, npu rioy6une CHIMKOHOBOrO Macia I mm 1 qyacrore Hakadku f = 102 'y paccro-
sHMe Mexqny fedexTaMu cocTaBiseT ~ I cu Wiu 3 AAMHH BOXHH. B okcnepumenTe — 5 puuH BonH (cM.
puc.4). C yMeHbuIeHHeM TIy6MHBE XHUIKOCTH YMEHBUIAETCH IPYNNOBaf CKOPOCTb Uy M YBEIMYHBAETCH
BaTyXaHHe BOJIH 7 (BospacTaeT TpeHHe o gHO). IloaToMy, kak ciegyeT m3 (4), paccTosiHMEe MEX]y TONO-
JOrMYeCKMMH B3apAfaMH JOIKHO YMEHbUIAThCA. OTa TEeHJEHIUA HaGIIOgaeTcsa U B BKCIEepUMeHTe. XOTHA
$opmyna (4) xadecTBEHHO NPABUIBLHO OTPaXaeT HKCIEPUMEHTAIbHLE [aHHbIE, ee 061acTh NPUMEHEHNS
HOCTAaTOYHO OrpaHMYeHa, TaK Kak B Hel, (PakTHIecKd, He YYUTHBAIOTCS HEINHENHbIE M MUCIEP CHOHHbIE
oP@PexTH. Y4TEHO AMIlb, YTO BCTPEYHBE KaNWIApPHEIE BOMHH CBABAaHH Yepes Hakayky. Tak B skcnepu-
MeHTe HabmofaeTcs 3aBUCUMOCTb L oT HapxpuTHyHOCTH €. U3 (4) moay4uTh Takyo OLEHKY B IpUHIHIE
Helb3d, TaK Kak BCeMH HeluHeMHHIMA 3¢ dexTamu npy BeIBofe MHI nipeHe6permu. OueHky (4) Henbss Npu-
MEHUTH KaK IIpA O4€Hb MaloH riy6uHe XUAKOCTH, TaK U B XXKUAKOCTH GeCKOHeYHOH rmy6uHbl. B XxupxocTu
MaJlol Iy6UHBL pacCTOsHUE MeXAYy AedexTaMu NOPANKa [UIMHBI BOAHH (CM. puc.4), 1 He BBHIIOIHAIOTCS
YCIOBHS MENJIEHHOCTH W3MEHEHUA aMIUIATYR BOJIH a@i. A B XHAKOCTH GeCKOHEYHOM TIyGHHEI KaXpjas
13 B3aMMHOODPTOrOHAILHEIX IIap NPOMOAYIMPOBaHA B NONEPEYHOM HANpaBlIeHUH, H HelbdsA NpeHe6peys
BTODPHIME NPOU3BOJHLIMY IIO ¥:
' azai day

dy? oz

B ray6oxoi XHAKOCTH, KaK ITOKa3ald 9KCIEPHUMEHTHI, TONOJIOTHYECKHE BapAAbl B JHCICKAIUN Pacno-
naraloTcAd Ha GONBLICM PacCTOSHHMH, KOTOpPOe, B IPMHIHUIE, MOXET GHTb MOPARKAa PasMEpPOB KIOBETHI.
Jucnoxanus Opu 9TOM NEPEXORUT B YEXHHEHHYIO BOIHY Mopyasuuu. [[uciokanun, HMeoUUe TONOIOrHYe-
CKMil Bapsfl OGHOro BHaKa, MOIryT 06pa3oBHBATh IMHEHHYIO HENMOYKY, BHICTPAaNBasAch NepneHgukyiaspuo k
(Torpa xak sapApb BHyTPH OHOM. AMCIOKAIMA PAcNoIOXeHH Ha IMHUE, NapamiensHol k) [7]. Ecun yse-
JIMYHMBAaThL PACCTOAHUE MEXIY BapANaMH B [HCIOKAUAX O pasMepa KIOBETH], TO TaKUM 06pas3oM MOXHO
M3 IENOYKA MOCTPOXTD BOIHY MORY/IALMH, KOTOpas HabmofaeTcsd B 6€CKOHEYHO INTy6OKOM XKUAKOCTH (CM.
puc. 7).

"

Wk Vg

BHBonh

1. B coBepileHHEIX CTPYKTYPaX, BOSHHKAIOWUX B IapaMeTpHYecKH Bo36yKKaeMoil KanmIApHON pabu,
yBeIMYEHHE HATKPATHYHOCTH NMPUBONMT K NBMEHEHUIO NMPOCTPaHCTBeHHOro nepmopga. Cosepuien-
HEle CTPYKTYPHI IPK yBeIHYeHHH Ha{KPUTHYHOCTH CTAHOBATCA HEYCTOMYMBLEIMY K BOSHUKHOBEHHIO
AHUCIOK AL,

2. CtyxTypa QUCIOKaluil, BOSHUKAIOUIMX B NapaMeTpHYecKH Bo36yxjaeMoil pA6U B3aBHCHT OT Iiy-
6MHEI XMAKOCTH ¥ HaAXpATHYHOCTH. C yBelndeHHEM IIYOMHH XUNKOCTH WM YMeHbUICHUEM Haj-
KPMTMYHOCTH PacCTOAHME MEXJY TONOJIOrMYECKMMH 3apiAfgaMi, o6pasyIolMMH {HCIOKANHIo, BO3-
pacraeT. JIuHellHas LeNOYKa AMCIOKAMHA [P YBEIHWYEHHH PACCTOSHHUA MeX[Y TOMNOJOTHYECKHMH
EedexTaMu mepexoqUT B BOTHBHI MORYISLINN.
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Puc.7: {ucnokanun, nepexofduue B BoaHb Mopysuun (a); € = 0.3, H ~ 1 mu. Pasa (6) KoMIIeKCHOM
ornGaollell MpUBEIeHa I MO{TBEPXKACHUS HAINUNA TONOIOTHYECKHX 3apAOB.

3
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DISLOCATIONS AND ENVELOPE WAVES IN PARAMETRICALLY EXCITED
CAPILLARY RIPPLES
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Abstract

Experiments verify that the scenario of the transition todisorder and characteristics of the spatio-
temporal chaos emerging in the perfect structures formed by parametrically excited capillary waves in
spatially extended systems depend significantly on liquid layer depth. When the depth is larger than
the wavelength, analysis of the image of capillary ripples shows that the structure consisting of two pairs
of mutually orthogonal running waves is space modulated as the control parameter (the amplitude of
external oscillations) is increased. It was shown in experiments that this modulation arises as a result of
the instability of the structure with respect to the perturbations with the wave vectors perpendicular to
the wave vector of the original pairs.

Solitary dislocations exist in the structures if the depthis smaller than the wavelength of capillary
waves. An ensemble of interacting dislocations is an image of chaos in this case. It was shown that
each dislocation is a bound state of two topological defects having equal charges. The distance between
the topological defects in each dislocation grows with the increase of the liquid layer depth. It was
shown experimentally that an individual dislocation is transformed to a solitary modulation wave, and
the domain wall to a periodic envelope wave.
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MHOI'O3AXOIOHBIE CIINPAJIBHBIE BOJIHBI A
IOVICJIOKAILIMA B ITAPAMETPUYECKH

BO3BY2XKIAEMOW KAIMUIIJIIPHON PABM .
C.B. Knamko

WucTnryT npukaanuoit pusukn Poccuiickoit akameMun HayK
Huxuuin Hoeropon 603600, ya.Yasanosa 46, POCCUSA
E-mail: Kiyashko@appl.sci-nnov.ru; FAX: (8312)36 72 91; Phone:(8312)38 42 80

Pedepar
OKCreprMeHTAIbHO OGHApyXKeH M MCCIIeIOBAH HOBHII KIIacC MapaMeTPH4ecKn Bo30yKIaeMBIX CTamM-
OHAPHHEIX [POCTPAHCTBEHHHIX CTPYKTYP HA [OBEPXHOCTH XHMIKOCTHM — MHOTO3aXONHEE CIIMPAIbHHE
BosHEL. [lokazaHO, YTO MHOro3axofiHas CHMpab BO3HUKaeT NP B3aMMONeRcTBUN AedeKTOB C IMIMH-
IPWYECKON CTPYKTYPOi THIIa MUIIEeHb. B pesynbTare B3aumoneicTBuii NedeKTH NBMXKYTCH K NEHTPY
MULIEHA ¥ 06pa3yioT YCTOMYMBYIO MHOIO3aXOOHYIO CIMpallb.

BBenenne

Kanunnsaprasa pabb, nmapaMeTpuyecku Bo30OyxKaeMas Ha NOBEPXHOCTH XUAKOCTH — ONWH M3 Hambosee
ynoGHBIX 06BEKTOB IJIs UCCIENOBaHUA MPOLECCOB 0Opa3oBaHMA YCTOMYMBBLIX CTPYKTYP M Hepexona K Xa-
ocy. OKCIIEpHMEHTHI 110 IapaMeTPHYeCKOMY BO30YKIOEHHMIO KaIMLIAPHON pA6u yOoOHEI TeM, YTO B 3TOM
CiIydae MOXHO MEHSATBH KOHTDOJbHBIE NapaMeTPH: HAaJAKPHTHYHOCTDH, AUCCHNANMNIO M IUINHY Bo30OyXIae-
MBIX BOJIH, IPDOCTPaHCTBEHHBIA pa3Mep CHCTEMEI M JIErKO BU3YaJIM3MPOBATh I10JI NOBEPXHOCTHHIX BOJIH.
IlepBrie 3KCIEPUMEHTHI 1O MapaMeTPUYeCKOMY BO30yXKOEHMIO KaNMWUIAPHHX BOJH Ha4YaJlUCh ellle C pa-
6ot Papanes [1]. Cxema skcnepumenTa cienyiomas. Ha ropasoHTaIbHYIO INIOCKOCTD, KOJIEOIIOMIYIOCS B
BEPTHKAJILHOM HAIlPaBJIEHUH C YacTOTOM fo, HOMeIIaeTcsa CJIOH XUIOKOCTH. BOKOBhLIE CTEHKH, OrpaHHYM-
BaIOLIME PacTeKaHUe XKUAKOCTH, HMEIOT IPOU3BOJIbLHYIO dopMy. IIpu mpeBhimeHNH aMILIUTYIH BHEIIHEH
CHJIBI HEKOTOPO# KPHTUYECKOH BEJIMYUHBI @y, Ha MOBEPXHOCTH XHUAKOCTU BO30YyXKNalOTCA CTOSUHE KamuJi-
AsapHble BoaHb ¢ yactoToit 0,5f. IIpuueM, B mocTaTOUHO NpOTAKEHHBIX cucTeMax (L > M) crpykrypa
KaNWJIAPHON pA6M He 3aBUCUT OT éOMETDHH BOKOBBIX rpaHnl. [IpocTpaHCTBeHHBIE KAPTHHBI CTOSYMX
BOJIH MOXHO HabJIioaTh B OTPaXeHHOM CBeTe U (PUKCHPOBAaTh Ha HOTO— WJIM BUIEOKaMepy C AaJjibHeien
obpaboTkoit Ha PC xoMmnsioTepe.

B 3aBucuMoCTH OT nmapameTpoB: riy6uHnl (h), OVIMHB BOsIHBI (A), BA3KOCTH (V) M HaAKPHTHYHOCTH
(e,e = a/an — 1 (a — aMIIMTYy#a yCKOpeHHUS, G, — IOPOroBas aMINIUTYIa TeHEPalldi) Ha NOBEPXHOCTH
AMOKOCTH BO3MOXHO YCTAHOBJIEHHE PAa3jIMYHBIX NPOCTPAHCTBEHHHIX CTPYKTYP CTOAYHMX BOJH. bBoab-
UWMHCTBO 3KCNEpUMEHTAJbHBIX paboT o mapaMeTpHyecKoMy Bo36YKIEHHIO BOJIH OTHOCHTCA K XHOKOCTHU
Mavion Bsa3kocTH. IIpu 3ToM obmuHO HabmonaloTcd KBagpaTHas pelleTKa KalWwIIspHO# psabu, cocrosmas
H3 OBYX [Ap B3aMMHOOPTOTOHAJbHBIX CTOSYMX BOJH. B ciioe xmmkocTu Majioil ray6uuu h < A, korna
CYIIECTBEHHO BA3KOe TpeHHe 06 QHO, BO3MOXHO HapyllleHHe KBaJPaTHOH pelleTKM B BHOE OTHEIbHBIX
JUCJIOKAUNA WU JNOMEHHBIX CTEHOK, PasAesIfiolNX o6JIaCTH C pa3jIMYHON NpOCTPaHCTBEHHOH OpHeHTa-
uueit noss [2]. B HacTosIeM COOOILIEHNMM NMPHBOAATCA Pe3ylbTaThl 3KCIePMMEHTAIBLHOIO MCCJIeNOBaHUS
BO3HHKHOBEHHUS M 3BOJIIONMM HOBOI'O KJIAaCCa CTAalLMOHAPHBIX NPOCTPAHCTBEHHLIX CTPYKTYP Ha MOBEpPXHO-
CTH XHUOKOCTH — MHOTO3aXOMHKIX CNMpaJibHbiX BosH. OnHO3axonHas cCOMpajibHasd BOJIHA Habmonalach B
KPYTJIOM KOHTeilHepe PU pe3KOM yBeJIMYEeHNH aMIINTYbI BHEIIHE CIVIBL B JKHAKOCTH GOJTBINIOH BA3KOCTH
(v ~ 1.00cm?/cex) B pa6ore [3].

1 OkxcmepuMeHTalbHAsA 9acTh

OKCNepUMeHT MPOBOOWICA IS XHMAKOCTell B IIMPOKOM OuWana3oHe BszkocTH v — 0,01 — 1,20cm?/cek n
B KOHTellHepax pa3jn4Ho#l ¢opmer: kpyrisoin (D16;23 cMm) kBaxpaTHo# — 11 cM u npsmoyroasroir. B
KayecTBe XNAKOCTH HMCIIONb30BaJIacCh KaK CMeCh INIMUEPHHA C BOOOH, TaK i CUJIHKOHOBOE MacJIo Pa3jIu4HON
BA3KOCTH.

B pesysibTaTe 3KCIIEpHMEHTAJIBLHOTO MUCCJAENOBAHNA Ha INIOCKOCTH IapaMeTpoB: BA3KOCTb M OTHOLIe-
HHUe riy6uHB KNOKOCTH K JJIMHEe BOJIHBI NMPH QUKCHPOBAHHON HAOKPUTUYHOCTH — IOCTPOEHH 00JIacTH
CYIIECTBOBaHMSA LIECTUTPAHHOM, KBaIPaTHON U ONHOMEDHOM pemeTku cToguux BoaH (puc.l). Ha puc.1
HOMepy 06JIaCTH COOTBETCTBYeT YMCJIO Nap CTOAYMX BOJIH. B obnacTu 2 cymecTByeT ABe Maphl CTOSYMX
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BOJIH — KBaJpaTHas pemeTka. B obnactu 3 cymecTsyoT TPH napbl BOJIH — WIECTAIPaHHLE syeiiku. B
obnacti 1 — onHa mapa BOJIH — J!ﬂHefiHble (posMKOBBIE) CTPYKTYPHI.
0
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Puc. 1: I'panuns u o67acTu CymecTBOBaHUS Pa3/IMYHBIX PeXAMOB Ha miockoctH (h/A, v), (S - cnmpasns-
Hble BOJIHBI)

Takme CTPYKTYphl BO3MOXHbI OPH HOCTATOYHO CWIBHOH BS3KOCTH W, NO-BUOMMOMY, M3-3a CHJIBHOM
KOHKYPEHIIMHA yCTOMYMBa TOJbKO OHA Napa BosH. IloBeneHne vMHedHBIX CTPYKTYP NMONOGHO POJINKAM B
TePMOKOHBEKIIMH. B 9acTHOCTH, OHU MPENNOYTHUTENLHO BEICTPAUBAIOTCS HOPMaJIbHO K IpaHHUIe KIOBETHI,
HO3TOMY IO aHAJIOr Uy C TEPMOKOHBeKINe 6yfieM UX B NaJIbHeIleM Ha3bIBATh POJMKOBLIMHA CTPYKTYPaMH.

ObnacTh cymecTBOBaHMA CHUDAILHHIX BOJIH S (OTMeYeHa MITPUXOBON JIMHHeH) HAaXOMUTCA BHYTPH
obsacTu CymecTBOBaHUA JHHEHBHIX CTPYKTYP. Ha puc. 2 npencrapiieHbl pasiumgHble THUIBE CTalMOHAp-
HEIX DOJIMKOBHIX CTPYKTYP: a - THNA MUINeHb (target), 6 - AyrooGpasHble POJIMKHA C NEHTPaMH KPHBH3HEL
Ha TpaHulle, B,I' - CIUpaJjibHas CTOA4Yad BOJHA (YUCJIO DYKaBOB Ha KapTHMHKE CIMpaJll yABAUBAETCA 3a
C4YeT CTOR4eil BOJIHEL).

3ameTuM, 4TO BCe STH CTALMOHAPHBIE CTPYKTYPHI CYIIECTBYIOT DU OAMHAKOBbIX YHPABJISIOIAX Ha-
paMeTpax, a BHIGOD CTPYKTYPH! OCYMIECTBJIAETCS TOJIBKO HaYaIbHEIMHU yCJIOBUAMHE BO30Oyxnerus. Takoe
CBOHMCTBO MYJIBCTaORJIBHOCTH XapaKTePHO IJId aBTOKOJIe6aTebHBIX CHCTEM.

IIpr cnyvaiiHEIX HagaJIbHBIX YCJIOBASX WUIH IPH UCKYCCTBEHHOM BO3MYINEHMH MOBEDXHOCTH XHOKO-
CTH Ha POJTEKOBOI CTPYKTYD€e MOTJIM BO3HMUKATH NePEKTHI, KOTOpPhle OGbIYHO MEIJIEHHO NBHUTAJIMCh BIOJD
NpAMBIX POJIMKOB WJIH ABHUIAJIHCh M MOMEPEK MCKPUBJIEHHBIX POJIMKOB K UX IeHTPY Kpusu3Hu. Ha puc.3
NpHBeNeHbl NOCIeNOBATe/bHEIE KaPTUHEI ABHXKEHUS Naphl JedeKToB, KOTOphle BOHUKJIM B IEHTpe KIO-
BETHl U ABUTAIOTCA K €e KpasdM, a [ajiee BOOJIb PaHUIl K HeHTPaM KpMBHU3HEL. lledekThl, NBHXKYyIIHecs
HABCTpeYY APYT APYTY, MOTJIM aHHHTWIMPOBATb. OTH Pe3y/IbTaThl aHAJOIMYHBI CBOACTBAM JedeKToB,
ONMHMCaHHBIX HAMHU paHee 71 KBaAPATHOM PEIIETKU BOJIH B XHUAKOCTH MaJoi BA3kocTH [4].

Ecin nedexThl HaxomsaTcAd Ha (QOHe KPYToBOH pellleTKH (THNAa MHINEHb), TO NPH B3aMMOLEACTBHH
Mexny cobo#t OHM MOT'YT aHHHTHJIMPOBATH WM ABUTATLCA K NEHTPY MUILEHH, obpa3ys IpH 3TOM MHOTO-
3aXOOHYIO CIMpaibHyio BosnHy. Ha puc.4 mpencrasien npouecc o6pa3oBaHusi OMHO3aXOMHOM CHHPaIBLHOM
BOJIHBI [IPM B3aMMONENUCTBHH OAHOrO NedeKTa CO CTPYKTYPOil THIa MUIIEHD.

BpemenHbie uHTEpBaJIbl MeXay (oTOrpadysiMH NPOCTPAHCTBEHHONW CTPYKTYDHI MOJIS COOTBETCTBO-

Puc. 2: Pasnuynbie THIBI CTAIMOHAPHBIX POJIMKOBBIX CTPYKTYD
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Puc. 4: Poxnenue oqHO3aXOQHON CIHMPAJIN MPH B3aUMONENCTBHU NeheKTa C CTPYKTYPOil THIIA MUILIEHD

Basiu 50-100 nmepmomaM OCHOBHOrO MOJA, a BPeMA 3KCIO3MLIUM 3—H MEPHONOB BOJIHBEI. 3aMeTHM, 4TO B
OTJINYHe OT TePMOKOHBEKIIMH YHCIIO Ne(EKTOB BHYTPU CIIMPAJIH U YMCJIO €€ PYKaBOB YABaMBAETCA 3a CUET
YCpeIOHeHUs 3a BpeMs 3kcmo3uuuu. Ha MIHOBEHHBIX CHHMKaX MEepHOI POJIMKOB ObL1 Gbl BOBOE pexe, a
HOMEp CIIMPaJIM COBIaNaJI Obl C YHCJIOM €e PYKaBOB.

Ha puc.5 npencrasieH npoiecc 06pa3oBaHis MHOIO3aXOMHOM CIMPAJILHON BOJIHBI IPU B3aHMONEHCTBAM
nedeKTa CO CHMPaJILHON BOJIHOW C MEHBIUIMM YHCJIOM 3aXOHOB.

Ha puc.5 BunHO, 4To medeKThl BHYTPH CHHPAJIN U AedeKT BHE ee COBNAAIOT NO 3HAKY TOMNOJOTHYE-
CKOTO 3apsifia, YTO M MPUBOAMT K YBEJNUYEHUIO YUCIIA 3aXOLOB CHAPAINA. DKCIEPUMEHTAJILHO Habmomaicsa
1 O6paTHBII NpoLeCC YMeHbIEHHS YUCJIa 3aX000B CIIUPAJIH U aXe NPeBPallleHns €€ B MAIIEHb. OTO Ipo-
HCXOMWJIO TOTAa, KOrAa JedeKT MMeJT TOMOJOTHYECKHH 3apsi MPOTHBOMOJIOKHOTO 3HaKa MO CPABHEHHIO
C TOTOJIOTHYECKUM 3apsloM crnupaau. Bce nomoGHble cueHapuu HabJIIOLaJsich ¥ B KBaIPaTHON KIoBeTe
(puc.6). ,

CnupaJjibHas BOJIHA MeUIEHHO BPAlllaJlach B CTOPOHY, IPOTHBOMOJIOKHYIO CBOEH 3aKPYTKe C [MepHOIOM
nopsaxa 300 nepuonoB ocHoBHOI BodHBl. C yBeln4eHHEM 4HCia 3aXOIOB CIMPaJid MEPHON €€ BpAlIeHUs
yBeJIUYHBAJICH (pUC.T).

Kak nokasasio cneumnajibHOe 3KCIEpHMEHTAILHOE UCCIIeNOBaHle, TO BpallleHHe BO3HMKAeT H3-3a Mel-
JIEHHOTO Apeiida POSHKOBBIX CTPYKTYP, BbI3bIBaEMOTO 3aTyXalolllell CIABUIOBOIl BOJIHOM, reHepHpyeMoil B
BSI3KOM CjI0€ BEPTUKAJILHOM CTEHKOH KioBeThl. MeHss ¢dOpMYy BepTHKAJILHON CTEHKH MO IJiyOHHe, MOKHO
6bISI0 yMEHBUIUTD 3TY CKOPOCTDb BABOE. .

[Ipn yBesIM4yeHHH HAOKPUTHYHOCTH B CUCTEME HAa CTPYKTYPaxX BO3HHMKAJIM NONEpPEUHbIE BOJIHBI MOLRY-
JISLIY, 3aTeM Cay4daiiHble gedeKThi, JOMeHbI, OTJINYAIOINecS PasIMuyHON OpHEeHTAalHell POJUKOB, a JaJlee
Xa0THYHOe NBHKEHHe BOJIH MOAYISALMM U [edeKTOB, CONPOBOXAAIONIeeCd OTPLIBOM Kallesb OT MOBEPXHO-
CTH XBAKOCTH (puc. 8).



106

BOJIH — KBaJpaTHad peilleTka. B o6macTu 3 cymecTByIoT Tpu napsl BOJIH — IIeCTUTPaHHBIe g4eiikn. B
obsacTi 1 — onHa napa BOJIH — nnneiinb:e (posMKOBBIE) CTPYKTYPHI.
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Puc. 1: 'pannust u 06:1acTH CylIecTBOBaHMS Pa3IMYHBIX PeXUMOB Ha miiockoctd (h/A, v), (S - cnupass-

Hble BOJIHEI)

Takue CTPyKTyphl BO3MOXHH NpH AOCTATOYHO CH/ILHOM BS3KOCTHM M, HO-BHANMOMY, M3-32 CH/IBHON
KOHKYPEHILIMM yCTOMYMBa TOJbKO ofHa mapa BosH. [loBeneHue MMHeAHKIX CTPYKTYP NOHOGHO POJMKaM B
TePMOKOHBEKIMU. B 4acTHOCTH, ORM NPENNOYTUTENHHO BRICTPANBAIOTCS HOPMAJILHO K T'PaHUIE KIOBETHI,
II03TOMY IO aHAJIOTUH C TEPMOKOHBeKIMel 6yneM uX B aJIbHEMIIeM Ha3BIBATh POJIMKOBHIMHA CTPYKTYPaMM.

O6aacTh cymecTBOBaHMA CHHDAIbHEIX BOJH S (OTMedYeHa WITPUXOBON JMHMel) HAXONMTCA BHYTPH
0bJIaCTH CYIIeCTBOBAHUS JIMHEAHBIX CTPYKTYP. Ha puc. 2 npencrapieHbl pasiMuHble THOBI CTalMOHAD-
HBIX POJIMKOBHIX CTPYKTYP: a - THIIa MHIIIeHDL (target), 6 - myroo6pa3Hble DOJIMKH C HEHTPAMH KPHBU3HBI
Ha rpaHuIle, B,l - COMPaJbHasg CTOS4as BOJIHA (YMC/IO PYKaBOB Ha KapTHHKE CIOMDaJ¥l YIBaUBAeTCH 3a
CYeT CTOAYeN BOJIHHI).

3ameTuM, YTO BCE 3TH CTAUMOHAPHBIE CTPYKTYPHI CYIECTBYIOT IPH ONMHAKOBRIX YIPABJIAIOIMX Ma-
pameTpax, a BHIGOp CTPYKTYDH OCYIIECTBIIAETCA TOJNBKO HauyaJbHBIMH yCJIOBMSAMH BO36yxnaenus. Takoe
CBOMCTBO MYJILCTAOMIBHOCTH XapaKTEPHO IJIS aBTOKO/IE6aTeIbHBIX CHCTEM.

[Ipr cayYa#HBIX Ha9aJbHHX YCJIOBHAX WM IPH HCKYCCTBEHHOM BO3MYINEHWM MOBEPXHOCTH XKUIKO-
CTH Ha POJIMKOBOH CTPYKTYpe MOTJIM BO3HHKATh NeeKTH, KOTOPhIe OGBIYHO MENJIEHHO NBUTAJIUCh BIOIb
NPAMBIX POJINKOB WIH OBHTIHCH U NONEPEK UCKPHMBJIEHHLIX POJMKOB K MX HEHTPY KpuBH3HH. Ha puc.3
IpUBeNeHb! NOC/IeNOBaTe/IbHbHE KAPTHUHBI ABHXKEHHA Naphl NedeKTOB, KOTOpble BO3HUKJIH B LEHTpE KIio-
BeTH M OBUTAlOTCA K €e KpadM, a [lajlee BAOJb T'PaHul K HeHTpaM KpuBu3Hbl. [edexThi, ABHXymuecs
HaBCTpedy APYr APYTY, MO aHHHTHWJIMPOBATb. OTH Pe3yJbTaThl aHaJJOTMYHBI CBONCTBAM NebeKTOB,
ONMCaHHBIX HaMH paHee IUIA KBaJPaTHOW PeleTKM BOJIH B XKMAKOCTH MaJIoil BA3KOCTH [4].

Ecin nepexThl HaxomsaTcs Ha ¢oHe KpPYroBoil pellleTKM (THIAa MHUIUEHb), TO NPH B3aHMONEHCTBHH
Mexay coboil OHM MOT'YT aHHHTWJIMPOBAThL WIM ABHraThCA K LUEHTPY MHIIEHH, 06pasys NpH 3TOM MHOTO-
3aXONHYIO CHMpaJibHylo BosiHy. Ha puc.4 npencrasien mpouecc o6pa3oBaHus OXHO3AXOMHOR CIMPaJIbHOM
BOJIHB! NIPM B3aMMONENCTBHH OXHOTO fedeKTa cO CTPYKTYpPOil THNa MHUIIEHD.

BpeMeHHbBIe MHTEPBAJIBI MEXIY ¢doTorpadusiMy NPOCTPAHCTBEHHOH CTPYKTYPHI NOJSA COOTBETCTBO-

Puc. 2: PasinyHble THIBI CTAUMOHAPHLIX POJMKOBHX CTPYKTYP
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Puc. 5: Poxnenne MHOro3axoqHoO# CHHpaJM IPH B3aNMOOEHCTBHHM fedeKTa CO CIUPAJILIO

0 500 1000 T

Puc. 7: 3aBUCHMOCTL MepHOAa BPAalleHUs CMUPaJi, BHIPaXKEHHOrO B IEPHONAX OCHOBHOM BOJIHBI OT YHCJIA
3axomoB crmmpanan N
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Puc. 8: Boausl Monysisiunu, nedeKThl U MepeXol K Xaocy IPH BO3PACTAHNM HAAKPATHUUYHOCTH

ITpm Bo36yxkOeHUM B KIOBETE OMHOBPEMEHHO HECKOJNBKUX CIApAJIEll OHU MeIVIEHHO 3BOJIIOLHOHMPOBAJIH,
CIIUBAsACh APYT C APYTOM, U 3aTeM YCTAHABJIUBAJICA ONUH U3 yCTOMYMBBLIX DEXMMOB: CIMPaJlb WM POJIMKHA

(puc 9).

Puc. 9: OBosonuss MHOrOCIUPaJIbHBIX HaYaJIbHBIX YCJIOBHIA

B HacTosmee BpeMs, O-BHANMOMY, ellle HeT MaTeMaTH4eCKOro ONUCaHusA M4 nporecca ob6pa3oBaHUA
CIAPANLHEIX CTOSAYMX BOJH NpH apaMeTpHueckoM Bo30OyxaeHWH. B To Bpems, Kak IJIs ONMCaHUA PO-
XOEHWs COIMPaJIbHEIX BOJIH B TEPMOKOHBEKIIMM YCIIEIIHO WCNOJb3yeTcs oGobmieHHoe ypaBHeHue CBugra
- Xoenbepra [5]. MoxHO HaLeAThCs, YTO YyPABHEHHS IONOGHOro THNa MOryT GBITH MCHOJIL3OBAHH U B
cillydae HapaMeTPHYeCKOro Bo30YyXKIeHNS BOJIH.

OTa paboTa 6blia BEINOAHEHA npu nonnepxke Poccuiickoro Ponna GyHaaMeHTaTbHBIX HCCIIENOBAaHMIA
(T'pant N. N94-02-03263-a) n Mexnynapoasoro Hayusoro ¢ouna (Grant No. NOU 000, No. NOU 300).
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Experiments show that different perfect structures by parametrically excited cappilary waves in the
form of squares, hexagons rols and spiral may be observed depending on parameters depth/lambda-
viscosites (Fig.1). It is found that the multyarmed spiral is a result of the evolution of defects against
the background of a cylindrical target.

As a result of the interaction the defects come to the target center and a stable multiarmed spiral is
formed (Fig.5).

The topological charge of this spiral depends on the initial numbeer of defects of different signs. Spiral
rotates with period of about one minute. The multiarmed spiral are observed in circular and square cell

(Fig.6).
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B ABYMEPHBIX HEOBPATUMbIX OTOBPAXKEHHMNAX

Kysuenos C.I1., Caraes H.P.
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AxsOTanns
PaccMOTpeHN ABa THNA KONHYECTDEHHOSl YHHBEPCAJILHOCTH NPH YABOCHNAX NEPHOAA B ABYMEPHHIX
HeoOpaTHMEIX OTOGpPAXeHRAX - NPE HAJINYAM y OTOGpaxeHms O0COGEHHOCTE THNA CKABAKE N OpPH
OpOENNPOBAHNE 30HTRKA YHRTHNE.

O6menpHsHaHO, YTO HCCIIEIOBAHAE ONHOMEPHBIX EECOPATHMBIX OTOOPAXEHHR OKA3AJIOCH BECHMA IJI0-
AOTBOPHLIM 11 IOHMMAHUYA MEPEXONA K XAOCY Yepes yABOeHHA nepuona. Pemamommil ycnex s srtoit
obaacTu cemsan ¢ naesmu peropurpymnsl (PT'), yausepcassBOoCTH B cReflymnara. B sToM moxsane Mt
XOTHM PACCMOTPETh C BHAJIOrHIAbIX NOSHIMA HOBbiE THIIN YHHEBEPCAIHHOIO NOBEACHHS, BOSHAKAIOIIEE B
AByMepHBIX nudPepeHIEpyEMBIX HeocOpaTAMBIX OTOOpaXEHAX.

Jna onroMeprBIX oTOOpaxenuil conepxanue PI' anammsa COCTORT B HAXOXXACHHE M HCCHICIOBAHEN
CEeIJIOBHIX HENOABIKHBIX ToueK (B Goviee obmeM CIirydae — NEPHOXMYECKHAX HIH HENEPHOMAIECKHX CEIJII0-
BBIX OpGHT) As1a pexyppeRTROrO dyHKIHOBAILHOIO ypabnenus Pefirenbayma - [isuranosuaa [1):

g+1(X) = arga(ga(X/ar)), ar = 1/9x(92(0)). )
JBymepnnilt ananor ypasaenns (1) npencrasaserca s suge (cu. (2], [3]):
9641(X,Y) = ougu(ge(X/ar, Y/Br), fu(X/ar,Y/Br)),

Lirt(X,Y) = B fa(gu(X/an, Y/ Br), fu(X/ar,Y/Bs)), 2)
ag = 1/ gk(gk(oa 0), fk(o? 0))’ B = 1/ fk(gk(oto)a fg(0,0)),

e An yaoOCTBA HCHOVIb30BAHA TAKAA CHCTEMA KOOPAMHAT HA NJIOCKOCTH JHHAMHIECKHX
X, Y, urobst npasasio nepecaera MacmTaba uMesio quaronanbasi sug, X —+ X/a, Y = Y/8.

Jif8 OOHOMEpHHX YHHMONAJIBHHIX oToOpaxenufl Kaxapill onpenesieHHBH KJIACC YHABEPCALHOCTH,
accomEMpYIoleecs ¢ HUM pemenne ypasHenns PI, pesraurna MacmrabHoft xoHCTAaHTH o = lim o saBm-
CAT OT NOKASATEJIA CTENEHH 2 BOJIMsH TOUKH sxcTpeMyMa [4]. B riranxom cirydae, KOTOpHft HAC TOJIBLKO
¥ HHTepecyeT, z uesoe derHoe. Jas z = 2 menonpmxsoft Touxoft ypasserna PI' cayxnT mssecrHas
bysxnua Peftrenbayma g(z), a GaxTOpH NEPEHOPMHPOBKH Qp CXONATCA K YHHBEPCAJbHOl KOHCTAHTE
a = -25029.... Caryamuu, orBeqalomue 2 > 2, MOryT BCTPEUYATHCH IIPH aHAJM3E IEepexofia K Xaocy
9Yepes yABOeHHA IIEPHOAA B CHCTEMAX, COAEPRANAX HECKOVIPKO YIPABJIAIOMHUX NapaMeTpos [5].

Ta posb, KOTOPYIO B OHOMEPHKIX OTOOpAXEHHAX ATPaJia TOYKA IKCTpeMyMa, B IBYMEPHOM CJIydae
TIEPEXOMAT K 0COOBIM TOYKAM HJIH JIMHESM HA NJIOCKOCTH AMHAMHYECKHX EPEMEHHBIX, Iie obpamaerca
B HyJIb onpejesmTess SIxobu (cM. Taxxe [6]).

Jlsin BarHAHOCTH OOPATHMCH K NeOMETPHYECKOMY NPEICTABJICHHIO ABYMEPHBLIX orobpaxenuft [7].
ITycTs MBI 3348JH HEKOTOPYIO HCKPHBJIEHHYIO IIOBEPXHOCTb S B TpexmepHoM mpoctpaHctse (U, V, W),
H BBE&JH Ha Helt cucremy xoopmmHar (u,v). MareMaTHdeck: 9TO OSHAYAaeT 3aLAHHE ONPENEJIEHHOIO
oTobpaxenns AByMEpHOro NpocTpaHcTsa B TpexmepHoe: (u,v) — (U, V,W). danee, cupoenupyem Bco
xon¢uTypammo aa mwiockocts U, V saosb ocu W. PesysbratoM Gyser nsymeproe orobpaxenne (u, v) —
(U, V). Ero 0cobeHHOCTH MOI'yT BOSHHKHYTb, BO-TIEPBBIX, €CJIH HAIPaBJ/ICHHE IPOCIIHPOBAHAA B KAKOM-TO
MeCTe COBOAZIAET C KACATENIbHOMR K MOBEPXHOCTH S, H, BO-BTOPHIX, B CiIydae ocoboro ycrpoficrea camolt
noBepxHOCTH B6/mMsH HexoTophix ToYek. C opMasbHOft TOUKH SpeHns, HpoG/IeMa COCTOMT B HAXOX ICHAK
pettennil gymMepHoro ypasaenun PI, obiiazaonmx ocobeHHOCTAMA OIpEesIEHHOTO THIIA.

Hasectro (7], aTo aByMepHOE oTOGpaxkenUe OOMEro NOJIKEHHS MOXKET HMETH OCOOEHHOCTH TOJIBLKO
THIA Aunull cxaadox u movex cbopru (puc.la,b). Enmrcrennas Tumuanas ocobennocTs oTobpaxennit
JBYMEpPHOTO IPOCTPAHCTBA B TPEXMEPHOE NIPEACTABJIAETCA NEOMETPHYECKE B BHAE IOKa3anHOR Ha puc.1lc
TIOBEPXHOCTH — 30umuxa Yumnu.
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Puc. 1: TeomeTpruecxoe npeliCTABICHHE CHATYJ/INPHOCTeH IByMepHHX oToGpaxennit: (a) cxaanxa; (b)
cbopxa; (c) DpoexuAs SONTARS YATHH.

M coobmaenm szecs 0 AByX OOHADYXEHHLIX HAMH THOAX YHUBEPCAJILHOIO IICBEICHHSR IBYMEPHBIX
orobpaxennft npy yasoennsx nepuosa. llepsnift (tun C) peamsyercs IpH HaJINYHH Yy OTOOpaKeHER
0C0BeHEOCTH THIIA CEJIBNKH B BCTPEIACTCH Kax ()EHOMEH KOPASMEPHOCTH JBa, T.€. OKASHBAECTCA THIHI-
HBIM NIpE AByXIAapaMeTpHYecKkoM anasmse. Bropoft (Thn FQ) csasan ¢ Ha/mameM OCOGEHHOCTH, HONTY-
qasoniefick NpH NPOLNEPOBANKE SOBTHKA Y UTHH, H MMeeT KopasMepHOCTh TpHa. B caywae cbopku naM Be
YRAJIOCH OTHICKATH off YHHBEPCAJILHOCTH, ACCONEMPYIOMERCA ¢ YABOCHUAMHA NEPHOIA.

Crangapraan ¢opma aByMepHOro orobpaxenns pbumisu cxiaanxm: (u,v) — (u?,v). Komcrpympys
KOMIIOSHIHID 3TOre oTohpaxenus  obmero addurnoro mpeotpasosannsn, nmeeM (u,v) — (A + Bu? +
Cv, D+ Eu?+ Fv). Yscsio napauerpoB B 0TOGpAXEHMH MOXHO MAHHMASHPOBATD 3AMEHOM IepeMeHHEBIX:
nonaras z = —Bu, y = [D/(1 — F) — v]B?/F, a = B{CD/(F —1) - A}, b= EC/B, d = F, ameex

Tatl =G — '”§ +byny Yni1 = "‘3’3; +dyn . (3)

TosepxrocTs sorTHx YuTHE (pHC.1c) onpenenstercs ypasnemamua U = u?,V = uv, W = v. Brmon-
HEM apoexmmo Ha miiockocts (U, V') i nocTpoEM KOMIIOSKIMIO IIOJIYS€HHOTO ABYMEPHOIO 0TOOpaxeHns
® obmero addpurroro npeobpasossrma: (u,v) — (A + Bu? + Cuv,D + Eu? + Fuv). C nomompwo
NOIXORAmel! SaMeHN NEPEMEHHNX MGKHO COKPATHTbH THCJIO NapaMeTpoB Ao Tpex. B wacTHOCTH, ecym
(F — B)*+4EC > 0, 7o nonaraem z = u/A, y = (v—au)(D — ad)™}, a = ~A(B+aC), b = —A(F—aC),
d:C(D-—aC'),a:F"M“u;EB) “Ecnnoay'meu '

Tp41 =1-—- “.2. +dZaYn, Ynt1 =1—0Tpyn. (4)

Ha puc.2 nokasana KapTa J¥HAMHIECKHX PEKUMOB oTobpaxenus (3) Ha IJIOCKOCTH NapaMeTpoB
(a,d) npu duxcaposamnoM b = —0.6663. B obnacTs Heboymmux d OpH ysenuveHHE @ HaGIOAALTCH
obrrannie PefirenGaymoscknre yapoenns nepuona. Ilpenen naxonnenns 6udypxampuosnsix JEaaAl npen-
cramiiger cobofi rpamany xsoca — ¢efiren6aymMoBcky0 KpETHYecKyw0 JuHEO. Haxomach Ha KpHBOft,
orsegaiomeil i-oit 6udypxammu yasoerus nepuona, bynem ysesmwausars d H OACTPAHBATD @ TAK, ITOON
OIHH MYJIbTHILINKATOP IMKJIA OCTaBaJjich paben —1. Jpurascs Taxmm obpasom saous Gudypxaimonsoft
EpHBOfl, NOXONEM JO TepMEHAJIbHOR TOukH (a;,d;), rae BTOopolt My/mTHNAEEATOp paBen 1. CorsacHo
YHCJICHHKM PAcICTAM, Ba KX 08 JmHuY yABoeHUl epdoia 06HApYXUBACTCH CBOS TEPMHHAJIFHAS TOY-
Xa; eCTECTBEHHO NPENOJIKRTD, ITO 3TH TOYKH 0bpasywT Gecxoneunnift xackan, Onenmsan npenesn
HOCENOBATEIbEOCTA TEPMEHAJLELIX TO9EK (G, d:), HaxomuM KpuTHdYecKyw Touxy TEna C. Ilonyrmo
BHYECIISETCH Hpeged] NOC/IeAOBETEAbEOCTHE 3JIEMEHTOB UKJIOB IIPA § — 00: Zo = lim z¢ = 0, y. = lim yp.
B obmeu ciydze CXONMMOCTD GYeHb MEJIeHHAS, HO ee MOXXHO ONTHMUSHPOBATH nogbopou b.

Jan b= —0.6663: a. = 0.249902800, d. = 0.452902880, y. = —1.316447534. (5)
Ipum b > 0 TepuuBaANLHBIC TOYKE CXOARTCA K XPHTHYECKOH TOUKE TOIO Xe THUNa.
Hnsa b=0.6544: a. = 0.566620683, d. = 1.597132592, y. = 1.709352174. (6)

Ha pEc.3 npHBOIETCA KapTa AHHBAMHIECKAX PEXHMOB s oTobpaxenus (4) Ha ILIOCKOCTH mapa-
smerpos (a,b) npr BsaToM mpomssouibHo d = 0.3. Ilpu HeGosmmmux b ¢ pocroM a orobpaxende neMon-
crprpyer ¢efirenbayMoncxue yapoenaa nepuoga. C poctoM b xapaxTep JMHAMMEN MEHACTCA: KaXKAS
#3 obacredl ycroftaupocTs maxa0s neproaa 2* orpannuena sumwedt 6udypxampm Xonda, orsesanmett
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1.6310°
0.0439 0,0553

-0.0924
-0.41% ¢, 0.0838

0.0002

2.872 10 i
2 -8,
2.45:107°Ls
0.0099 0.0103

0,001
-0.1 c, 0.02

Puc. 2: Kapra nuraumyeckux pexuamos orobpaxenns (3) nmpu b = —0.6663. Cnpasa - xondurypaums
obnacreft ycTodMMBOCTH MEKJIOB nepuona 4 B 16 B cxeflymnrosrix xoopauRaTax. O6osnagdenusn 6adyp-
KalHOHHLIX JuEul: p M d — Marxue 6udypranus ynsoenms mepuona, ¢ — 6udypranma Xonda, ¢ -
xacaresbBas 6udypxanus, h — cybxpaTHIeckan (xecTKan) 6adypramus yasoeHns. 3ariaBHbie GYKBbI
A, B, D, E - Touxn 6adpypxaman xopasMepHOCcTH apa. Ilepecder MacIrTaboB /it K8pTHHOK CIpaBa — HA
daxTopu (14)

Puc. 3: Kapra npaaMmecKkHx pexHMOB Ha ILIOCKOCTH napameTos orobpaxenns (4) npn d = 0.3. Cnpasa
~ OKPecTHOCTb KpaTHYeckolt Touxn F'Q B cxeftsmurosbix xoopmunarax. Ilepecuer Macmraba no rops-
SOHTaJIH H BEPTHEAJM — Ha ¢axTopH (15).
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BOSHMKHOBEHHIO KBaSHNepHoAEIecKoro apwxernus. Jlmmmm Xonda BThKa0TCA B JIMHAHA YIBOEHNUs NIEpH-
o3 B TouKax 6udypxanuu XopasuepHOCTH B3, e 06a MyJIbTHIUINKATOpa HHKJA PaBHH -1. Ouenusan
9HCJIEHHO TPEAEeSI NOCJISAOBATEALHOCTH 3THX TOYEK, HAXOAMM KPUTHYECKYIO Touky F'Q.

Anad=03: a.=1.767192895, b. = 1.629678013. )

Buifop d HenprEnEnBaies; paKTHYECKH B OpOCTPAHCTBE @, b, d AMeeTca JmnuA 3 Todek FQ.
Kakopa npupona pemensft ypasnerua PI' g nalinesusix kparauecknx Todek? PaccMorpam nose-
ZeHHe TOCJIeIoBaTeIbHOCTe ] oTo6paxkennit, nopoxaaeMbix ypasaenusMH (2) B 31Ex Toukax. [lepexon x
CKeHR/TMATOBHM NepeMeHHbIM I/18 oTobpaxennsn (3) MPOM3BOMATCH CABATOM Ha4YaJa KoopauHaT, X = T
gY =y —y.,a nnm orobpaxenns (4) npu d = 0.3 — 3amenolt X = z, Y = y + 2.1091z. 3ananum B
EavecTBe HAYAJILHOIO yCJIOBHSA JJ1s ypasnenus (2) orobpaxenue (3) mim (4) B HOBLIX NepeMeHHBIX:

Xu-ﬂ = yo(Xu,Yn), Ya+l = .fO(XmYn): (8)

B BHYHCTHM g; B fi CAeXylonaM obpasoM. Chauana sumoviazeM N = 2 mrepammit ¢ mynepnM Ha-
SAJILHEIM yCJI0BHEM B obosHauneM pesynbtaT (X n,Y n). Hanee samaem Xo = X - Xy, Yo=Y - Yy,
HRTepHpyeM HMcxonnoe orobpaxenme N pas ® nosnyaaem spavenns Xy u Yy . Oxonvarensuo nosaraeM

w(X,Y)=Xn/Xn, (X,Y)=Yn/YN, N=2* 9)

Pacuers HoXasHBAIOT, 9TO HOCIIEAOBATEIBHOCT OTOOpaxenutt (2) CXOMUTCH K ONpeNe/IEHHOMY Ipe-
ety B ciydae Toukk FQ, a nis Tovex C acEMITOTHYECKH BeleT cebs Kax UK nepuoa asa. B Touxax
(5) = (6) peasmsyloTcs OIMH H TOT Xe IEKJI, HO C IPOTHBONOJIOXHLIMA 10 ¢ase xoneHanmmMM.

Kax i B OJHOMEPHOM CJIy48e, IJI8 THCIEHHOIO HAXOXKACHAA HENONBIKHOR TOYKH H HAKNE PYHKLH-
OHAJILHOTO OTOOpaxenus (2) MOXKHO ANNPOKCAMHEPOBATh GYHKIHE ¢ # [ KOHEIHBIME PANAMH 110 OPTOrO-
HAJILHEIM IOJIMHOMAM, CBECTH SAZaYy K CHCTeMe HeJIHHERHbIX anrebpanueckux ypassenuit 1ia koodpda-
OHEEHTOB PasJIOXKEHHA H PElMTH ee YHC/IeHHO MeTonoM Hbioroma. Hagansuema npubimxkenuem Moxer
CIyxuTb oTOSpaXeHHe, Oy IEHHOE AJI8 HEKOTOPOro k ¢ moMOmbIo ONHCaHHOR mpouexypsl (9).

Jas rouxn C Mb HAINJIA YHHBEPCAJIbHEBIE (DYHEIHHA B BHAE Pa3jiOXeHMi

a(X,Y) = 1-0.49955Y — 1.27700X? + 0.04634Y 2 + 0.13906X?Y — 0.00108Y° + ...
A(X,Y) = 140.22671Y —2.32102X? + 0.14401Y? + 0.50507X%Y — 0.00869Y3 +- ...
@2(X,Y) = 1+0.23143Y —1.52925X2 4 0.00999Y 2 — 0.05923X %Y — 0.00013Y3 +... (10)
R(X,Y) = 14 1.34915Y — 1.65976X? + 0.00144Y? + 0.22124X?Y — 0.00324Y3 + ...

¥ MacmTabHHe KOHCTAHTHI, ONHCHIBaloNe NepeHopMEpoBKY X H Y 3a mepHoOn peHOpMIMENA: a, =
lim arapy; = 6.565350 n B, = lim B fry1 = 22.120227.
Jns roaxu FQ:

9(X,Y) = 1-—1.00793X2 — 0.71142XY + 0.15733X* + 0.08652X°Y + 0.00186X2Y? + ... (1)
f(X,Y) = 1+0.06695X? —2.79605XY + 1.54170X* + 1.36213X°Y + 0.21025X2Y? + ...

H MacITabHbie XOHCTaHTH
a =lim a; = —1.900071670 n 8 = lim §; = —4.0081578492.

SaMevaTeIHHM CBORCTBOM KpETHIeckofl Touxn THIA C AB/IAETCSA HAJHIHRE Y CACTEMb 6ECKOHETHOro
CAMOTIONIOGHOTO MHOXECTBA ATTPAKTOPOB - YCTONUHBHIX NHKJ0B nepHona 4* wm 2-4% , k = 0,1,2,...
TpaMbIME BHYEC/ICHAAME MOXHO y6emuThCH, 9T0 oTobpaxente (X,Y) — (91(X,Y), f1(X,Y)) umeer
YCTORYEBYI0 HENOABIAHYIO TOUKY C MyJIbTHILTHKATOPAMA

p1 = —0.7252556 B pz = 0.847450. (12)

B cuny ypasaenna PT, orobpaxenne (g1, f1), BHIO/NHEREROE YeTHpe pasa H NOABEPrHyTOE mpeobpaso-
panmo macmrraba X — X/a,, Y — Y/B,, npespamaerca B ceba. Ilosromy masmmame Henogpmxuoft

TOYKE BJIEYET CyIEeCTBOBARME YCTORUMBBIX IAKJIOB epuoAa 4, 16,64, . ... Caenoparensro, orobpaxenne
(X,Y) = (51(X,Y), f1(X,Y)) ameer Gecxoneunoe (CIETHOE) MHOXECTBO COCYIECTBYIONMX ATTPAKTO-
pos - maxsos nepnoza 4, k = 0,1,2,.... Touno Taxxe, orobpaxense (X,Y) — (92(X,Y), £2(X,Y))
HMEEeT B KRYECTBE ATTPAXTOPOB IAKJIH nepHona 2 - 4k,
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B xpmTHYeckHx Touxax THma C Hcxomporo orobpaxenus (3) muxam acuMnToTHueckH Gosibmoro
neprona obanalor Temu xe cpoficrsamu. IIpn b < 0 My THIUIMKATOPH MEKJ0B nepuona 4 crpemarca
K yHHBepcaubHhM sHauenuaM (12). IIpu b > 0 310 cipaBeaymBo A5 TUKJIOB nepHOna 2 - 4%,

IIprrarusaniee MEOXKECTBO, HMEOIIEE MECTO B ToUKe THOA C, MOXHO HASBATD KPUMUNECEUM K6G-
suammpaxmopos. OGHIHO NOX KBASHATTPAKTOPOM NMOHEMAIT CJIGKHO YCTPOeHHBIt 06bexT B dasopom
IPOCTPAHCTBE, conepaanuft 6eckoredno MHOrO yCTORYMBHX NEPHOANIECKHX OPOHT, TOrma Kak sMIIRpH-
gYecxu HabumogaeMoe NOBeHCHAE BRIVIAMAT XaoThieckmk [8]. B mamem cayuae peus maer o dpenomene
H& [PARRHIIE XA0CA, XApaK TEPHSYOIEMCE KOJIMYECTBEHHO! YHHBEpPCAIbHOCTDIO H CEEHIMATOM.

B Touxe F'Q mMeeT MecTo Apyram CHTYaIud, 6oslee noxoxas Ha ciydalt defirerbaymoBcKoro xpu-
THYECEOro moBefieHus. Pacuersl NOKasHBAOT, YTO emne (X,Y) — (¢(X,Y), f(X,Y)) mseer
HeycToA9EBYI0O HEHOABHAXHYIO TOUKY C MYJIbTHILIAKATOPAMH

p1 = —1.579739 m puy = —1.057149. (13)

B caiy ypasaenus PI" nasmaune HenoapmxHO# TOYKHE BiiedeT CylleCTBOBAHHME UKJIOB Neprona 2,4, 8, 16,. ..
¢ TeMn Xe MyJbTHILTEKaTOpaMu. Crenoparesnsio, orobpaxenne (X,Y) — (¢(X,Y), f(X,Y)) mueer
6ecxoReunoe (CIeTHOE) MEOXKECTBO HeyCTORIHBEIX IHMEJIOB HepHoza 2%, k = 0,1,2,.... ATTpaxTop, Kak
NpenebELIN 06LEKT, AIIPOKCHMHpYeMEil IHKIaMu neprofa 2* npu k — oo, obnamaeT cpoficTroM ca-
MononoGusa: B cxeftuATroBLX XoopauHaTaX (X,Y) ero cTpyETypa BOCHIPORSBONMT ceba IpH nepecueTe
MacnrTabos B @ ¥ § pas no ocAM KOODAMHAT. '

Ilocne Toro xax matinero pemenne ypasHernus PI' B Buze HenonpmxHOR TOUKH MJIM NHEKJIA, CJIEAYET
HM3Y9IETH CIIEKTP COBCTBERHBIX YHCeJ JaHeaprsopantoro PI' npecOpasosanus. KovimdecTBo cobcrpenabix
qHces1, npeBxmamux 1 no abcovmoTHok BeslHaAne, B He CBASAHHMX ¢ HAPUHNTEIEMAJILHbIMA 3aMCHA-
MH NEpEMEHHbIX, ONpelie/IZeT XOPasMepHOCTb. JTO YHCJIO IIADAMETPOB CeMeHfCTBa CHCTEM, B KOTOPOM
denoMen BCTpeuaeTca THOMIHBIM o6pasom. Camu xe coOGCTBEHHEE YHCIIA HAKT MacmTabune GarToph
CEeflJIHHTa BIOJIb ONPENE/IEHHBX HAIPABJICHRN B NPOCTpasCTBe HapaMeTpos. COIVIACHO HAIEM pacye-
TaM, 418 To9kH C CymecTBeHHbLX COOCTBEHHBIX YHCEN ABA:

& = 92.43126348, &, = 4.19244418, (14)
a a4 rouxd FQ - tpr
61 = 6.32631925, §; = 3.44470967 m &3 = § = —1.90007167, (15)

T.e., roBopa GOPMANBEO, KOPa3sMEPHOCTh KpHTHIeckoro nopenenus tana C pasua 2, a FQ - 3.

3ameTAM, OXHAKO, IT0 IR TEna C HMeeTCs MEIUIEHHO SATYXAIOUIAR TpeThbf cobcTrBeHHas Moma
(83 =2 0.93), u3-38 Yero yHHBEpCAJIbHLIE KOJIHIECTBEHHBIE 3SAKOHROMEPHOCTH 6y nyT mposBaATHCH, BooSme
TOBOpH, TOJILKO HocJie GObIOro Yncia yapoenuit nepuona. Yrobsi Ha NpaKTHKE HAGMIONATH CKeRHHT,
XeJIaTesILHO HMETh TpeTHil ynpasnsonmil napameTp, HoaGOpOM KOTOPOro MOXHO 6bwI0 61 ycrparuTs
BEaag Tperbelt Monnl. Hdpyroe sameuanue xacaerca tana FQ. Xora mMeerca Tpr cymecTpeHHBIX cob-
CTBEHHBIX THCJIA, B oTOOpaxkennu (4) 91or THI KpuTHIHOCTH 66iJ1 HAllieR pH noAGOpe ABYX HApaMETPOB.
Jeno B TOM, 9TO H3-3a CTIEOUAJILHOTO HANPABJICHANA TPOCTHPOBAHAA SORTHKA YHTHH CBA3aHHOE C §3 OG-
CTBEHHOE BOSMYINCHHE OKA3BBAETCA He BKJoYeHHMM. B MoandrmmaposansoM oTobpaxennn

Tat1 =1—azh + d(za —Wn, Yat1=1—2a —C)yn, (16)

T nobeneHus FQ noasaserca xax Tpexnapamerpmieckufl peromen.

Yrobni paccMOTpeTh CKEHIIMHTOBbIE CBORCTBA MPOCTPAHCTSA APAMETPOB BOVIM3H KPHTHIECKOH TOY-
KH, HeOOXOMMMO OIPENEHTH CIENMAIbHYIO CHCTEMY KOODIMHAT - TaKyl, 9To0h CMemeHHe o napaMe-
TpaM H3 KPHTHYECKOfl TOUKH BAOJIbL KAXJOf OCH KOOPAHHAT NPHBOAMIIO K BEJIIOUYECHHIO ONHOTO OLpele-
JIEHHOTO COGCTBEHHOTO BO3MYIICHA JMHeapusopantoro ypasHenus PT (" cxefliHHIoBbie KOOpAMHATH ).
Jan orobpaxenusn (3) p6smsn xpuTHdeckolt Touxu C COOTHOMIEHHE, CBASHIBAINECE CKEAIMHTOBbIE KOOP-
munarH Cj, C; ¢ napaMerpamu npu b = —0.6663, MOXXHO onpenesATh B BHIE

a = a; + C; — C; — 1.546069C3 — 2.15C; ,d = d. + 0.79016607C; . (17)

Ha pmrc.2 cipasa noxasafibni oGJIACTH yCTORYHBOCTH LMKJIOB nepEoas 4 u 16 B cxeliyimAroBRIX KO-
OpIMHATAX B OKPECTHOCTH KpHTHYecKoft Toux# (5). CooTBEeTCTBHE KAPTHHOK C PaSHHM yBeJHJYCHHEM
HILTIOCTPHpPYET cxeltnmunr pbymsu Touxn C.
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HepeRnem x xpuTHanocTh TEna FQ. Kax M yxe ynomunam, B orobpaxenun (4) cusur no na-
paMeTpaM H3 KpHTHIeCKOR ToukH F'Q NPHBOIHT K NOABJIEHHIO BOSMymieHuH ¢ COGCTBEHHBLIME JHCIIAME
5, u &;. Ilpu d = 0.3 coornomense pia cxeflymuaropsix xoopauHaT (Cj,C;) Ha IVIOCKOCTH MAPAMETPOB
TAKOBO:

a=ac+C; +0.4773293C;, b=b.+C3, (18)

Ha puc.3 cnpasa noxasana B CKER/IMATOBHX KOOPJMHATAX YACTH NJIOCKOCTH NAPAMETPOB, HONALAI-
mas BHYTPh NapaJIesIorPaAMMa Ha JiepoM pucyHKe. KapTwAka Xopomio BOCITpOHSBONMT cebs NpH mepe-
caere macmraba B §; B §2 pa3s no ocaM KOOpAEHAT.

Ecsm roBopETh O AHHAMHYECKHX CHCTEMAX, OMMCHBAEMBIX JA(¢epeHIMa/IbHHIME YPABHEHUAMH, TO
OpA X aHaJM3e MeTosoM cevennil Ilyasxape HENOCPENCTBEHHO MOrYT MONIYaTHCA TOVIBKO OOpaTHMbie
orobpaxernns. TeM He MeHee, HCTIO/B3IOBAHAE OXHOMEPHBIX HEOOPATHMBIX OTOOpaXeHHR 1A MPHOIH-
ZXEeHHOIO ONECAHAY AWHAMHMKH AHCCHISTHBHMX CHCTEM C PA3MEPHOCTHI0 (HAIOBOrO HPOCTPAHCTBA > 3
0OK&a3aJI0CH DpoAYKTEBERIM. Biarozaps @efirenbaymy, Mbl 3EaeM, 9TO NOBEAECHHE MHOTHX HEJIHHEHHEIX
CHCTEM Yy NOPOra BOSHEKHOBEHHA XB0CH Jepes YABOCHNA IEPHOMA OTHOCHTCH K TOMY JX€ KJ8CCY YHHBEp-
CAJILHOCTH, ITO H JJIS OMHOMEPHLIX HeobpaTHMEIX 0TOOpaxeRnil C KBaIPATHYHHM SKCTpeMyMoM. Toano
Taxxe, ZByMEpHBE HeobpaTMBie OTOGpaXeRNR MOTYT GHITH NIOJICSHEIMH IJ17 IPROIIXEHHOTO ONHCAHKSR
JEHAMAKE HeTHACAHEIX ARCCANATHBHMX CECTEM C pasMepHOCTsI0 ¢asoBoro npocrparcTsa > 4. M no-
JIaraeM, 970 B TAKHX CHCTEMAX NIPH JBYX- H TPEXHApAMETPHIECEOM aHAJIASE HEPEXONa K XS0CY MOIYT
BCTPETHTHCSH KaX THNHIHbIE (GeHOMEHHN THIIL KpuTHdecKoro nosenenns C n FQ. [symepHiie orobpaxe-
mux (3) » (16) spaMOTCA NPOCTEAAME IPENCTABHTE/IAME CBOHX KJIACCOB YHHBEPCAJIBHOCTH H HIPAIOT
Ty Xe poJIb, 9TO H JIOTHCTHUECKOe oTobpaxenue 11 deliren6ayMoBCKOro THIIA KPETHIHOCTH.

Pabora sninosmnena npa ¢uaarcosoll nopaepxxe Poccriicxoro donna GynnaMeRTaNIbHBX HCCACK0-
pannft (mpoext N 95-02-05818).
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PERIOD DOUBLING AND QUANTITATIVE UNIVERSALITY
IN TWO-DIMENSIONAL NON-INVERTIBLE MAPS
S.P.Kuznetsov and I.R.Sataev

Two types of scaling behavior are found associated with period doubling accumulating in two-
dimensional non-invertible maps. The first of them labeled “C™ relates to maps having the simplest
singularity of fold type. The second labeled “FQ” appears in maps with singularity arising from projection
of Whitney’s umbrella. Renormalization group (RG) analysis shows that C-type corresponds to a period-
2 saddle cycle, and FQ-type - to a fixed point of the same recurrent functional equations. The RG
equation solutions have been found numerically; particularly, the phase space scaling factors and relevant
eigenvalues of the linearized RG operator are calculated. It is shown that exactly at the critical point C
there exist "critical quasi-attractor” - an infinite (denumerable) self-similar set of stable cycles of period
4* (or 2-4* ). According to RG analysis, we conjecture that in nonlinear systems the C-type and FQ-type
behavior may appear typically as codimension-2 and codimension-3 phenomena, respectively.
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KAHOHUYECKAS TEOPUA HEJIMHENHOTO
B3AVMOJIENCTBUs BOJIH

BO BPAIIAIOMIENCA XKUIKOCTH
A. A. Kypxun

Pagnodusmyeckuit Ppaxyabrer Huxkeropofckoro rocyfapcTBEHHOTO YHUBEPCUTETa
POCCHA, 603600, Huxnuit Hosropog, np. larapnna 23
E-mail: oscil@rf-nngu.nnov.su

AHHOTAMS

B panHoif pa6oTe MOCTPOEH FaMHILTOHOBCKHUYE popMannsm pna Bonk Kenpsuna u Ilyankape B orpa-
HMYeHHON Bpallalolieiica XHugKocTH. HaliieHo npeoGpasoBaHie K HOPMAILHEIM KaHOHMYECKHM Te-
peMeHHBIM HCXOJHON Bajla4i M HOIYy4YeHH BRIPaXeHWd A4 MaTPHI, ONMCHBAIOUIHX HeIMHEHHOe B3a-
HMOfeHcTBYe BCTpedHsiX BonH Kempsuna ¢ omnoil [lyankape M cTabmin3anMio, BOSHHKAIOIUEH IpH
5TOM pacHAJJHOM HEYyCTOWYMBOCTH KeILBHHOBCKMX BOIH. B mpu6amxenun xopoTxux ors Kembpuua
u puuHHOM BomHM IlyaHkape HalifeHO BHIpaXKeHHe i MHKPEMEHTAa PaclajgHOH HEYCTOHIHBOCTH H
CllelaHa ero YHCICHHad OHEHKa NPHMEHHTENbHO K YCIOBHAM OKeaHa. [lonydeHBI ypaBHEHHA, OMMCHI-
Bajolljie poliecC CTaGHIH3allHH PacCafHON HEYCTOMYMBOCTH KEIbBHHOBCKHMX BOIH, H BhIPaJKeHHe [IA
CTalMOHAPHOTC YPOBHA BO3G6YXIE€HHA DTHX BOIH, a TakiKe IMPOMU3BE[eHA €0 YHCIEHHaA OUEHKa.

BBegenue

WsBecTHBI IpEMMYy1LieCTBa UCIOIb30BaHAA FAMIILTOHOBCKOTO hopMaiusama [1] B HenuHeHHON TeopHH pac-
nmpeneneHHBIX cucTeM. Takoe McIOABL30BaHME OTKPHIBaeT HOBBIE IEPCIEKTUBH B UCCIE[OBAHUN HElNHEH-
HOW TMHAMMKY BOIH B CINIOWIHEIX CpefaxX, XapaKTePH:3yeMBIX HSBECTHOH CIOXHOCTBIO CBOMX ypaBHEHUH.
K BacTosileMy BpeMeHM yCHELIHO pelieHH 3afaddl IaMHIbTOHOBCKOTO ONUCAHUSA PaBUTALMOOHBIX BOIH
B GesrpaHn4HO# cTpaTuUUUPOBAaHHOM CXuUMaeMoil [2] m Hecxumaemoli [3] cpeme, mOBepXHOCTHBIX [4]
1 B3aUMOJeHCTBYIOUAX MeXAY co60il MOBEPXHOCTHHIX ¥ BHYTPEHHHX [5] IDaBATAlMOHHBIX BOIH B CIO€
HeCXKHMMaeMOH XMAKOCTH, 6apOKIMHHBIX BoiH Pocc6u [6] B okeane. Hactosmas pab6oTa mpogomxaer
STOT CIHMCOK raMHILTOHOBCKOH Teopuell BoaH KenbBuna u [lyankape B coe ogHopoisol Bpaujaolencs
XKHUTKOCTH.

B pa6oTe ni14 oTbickanus npeo6pasoBaHusi K KAHOHAYECKUM IepEMEHHBIM 3aadyl MCHOML30BAHO Npe-
o6pasoBanne Kne6ua [7]. Hcxops ns Hero Halj[eHB HOpMalibHbIe KAHOHUYECKHE Iep eMeHHbIE - KOMILIEKC-
Hble aMIIMTYRb! BonH KenbpuHa u Ilyankape, - 1 nomy4eHbl BHIpaXKeHUs I MATPUYHEIX k03P PUIHEHTOB
HEJINHENHOTO B3aMMOeiCTBUA DTHX BOJH IPHMEHATENLHO K 3ajlade O PaclagHOM HeyCTOMYMBOCTH BOIH
Kenbsuna B npucytcrsun Bonnel Ilyankape u cTaGuimsaluy 5TOH HEyCTOMYIMBOCTH 3a cdeT sPdexTa
(dasoBoro paccoriacoBaHus B3aHMOJEHCTBYIOLMX BOIH Ha KyOUYHOW.HENWHEMHOCTH cpefbl. BrIdmcieH
WHKDEMEHT [aHHOM HeyCTOHIMBOCTHM U HaWifeH CTAUHOHAPHBIA YPOBeHb BO3GYXIEHHS KeIbBHHOBCKUX
BonH. IIpousBeeHsl MX YucleHHBIE OUEHKH NMPHUMEHHTEILHO K YCIOBHAM OKeaHa.

1 HopMmanbHbBIE KAHOHHYECKHE IIEPEMEHHBIEe

Bynem mcxoguTh M3 Momenn oxeaHa B BH[e GeCKOHEYHO IUMPOKOIO KaHalda OFHOPOJNHON Bpallaiouieics
XWUIKOCTH ry6uHbl h u mIoTHOCTH po, Bpalalolerocst BOKpYT BEpTHKaJIbHOMR OCH ¢ YTIOBOM CKOPOCTHIO §1.
Ocpb X cucTeMbl XoOpMHAT HalpaBUM BJO/b, a 0ck Y - nonepex kanana (0 <Y < oo). Hawano orcuera
10 ocu Z ( OPHEHTHDPOBAaHHON BBepX), BHIGepeM B ILIOCKOCTH HEBOSMYLIEHHOH CBOGOJHON OBEPXHOCTH.

[las OTHICKaAHUSA KAHOHMYECKHUX NepEeMEHHBIX PacCMaTPUBAEMON CUCTEMBI BOCIIONb3YeMcs IpefCTaBie-
Huem Kne6uia [7], BhIpasuB NpoekIun cKopocTH V Ha OCH CHCTeMHI KOOPHMHAT B BHJE :

V: = 3_<p+ i9-é—-\/2ﬂoz,
oz dx
_ Oy ap

VW = By + b—y———\/Zfl \
V. = gﬁ-%a—a-é.
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B npencraBienun Kie6wa ypaBHeHHS IBHXKEHUSA MOTYT ObITh NONyYeHb! U3 BapHAaIMOHHOT O IPUHINIA

n(z,y)
6/dt/dzdy/ Ldz =0,
)

rie L = —po(¢ + af + 3V? + gz + W) - mioTHOCTH Narpanxuana. ¥ = Plo=g + (@B)|,=yy 2 7 -
BOSBHILIEHHE CBOGOHON NOBEPXHOCTH XHAKOCTH. IIpH 5TOM clielyeT yuecTh YCIOBHS HENpPOTeKaHHsA

nlz:—h = V;/’y:O = ‘/ylg—rm =0

Ha CTeHKaX KaHalla M Clefylolie TpaHNYHBIe YCIOBHA RJf BapHalUil JarpaHXeBHX KOOpPHAHHAT @, a, (3,
7 1 ¥ Ha IOIHOH IOBEPXHOCTU L paccMaTpHBaeMOH CPelbl M HAa MOBEPXHOCTH X, NOJydaeMoH H3 1
BEI9€TOM CBOGOJHOM MOBEPXHOCTH XHUJKOCTH 2 = n(&,y) ¥ fHa :

6(p|2—_-0, 6&')3:0, 6ﬁ|2=0, 61}'2-::0, 6\II|§=0.
3Had IIOTHOCTh JarpaHXHaHa L MOX(H? CTaHIap THHIM npeoﬁpazxonanneM JIeX(aana NOJIyIYUTHh BHI-
paxXxeHne A MIIOTHOCTH raMMJIbTOHHAHAa H:
oL, odL. OL.

I?:—, + — +—,‘ -L.
Frad 8ﬁﬁ "

B sTOoM BhIpaxeHuu nepeMenHsie G 1 ‘3{; = —poQ UTPAIOT POJIb KAHOHNYECKH CONPAXKEHHBIX KOOPIUHATHI
A UMIIYyJbCa CHCTEMBI. ﬂnﬂ HHUX HCXOTHbIE YpaBHEHUA TBHUXKEHUs
B=VvB+V2V., a=Vya+v20V,, (1)
KaK HeTpyRHO y6equThcs, HaXORATCA U3 ypaBHeHui [amMunbToHa
b 6H . éH
= 8(=poa)’ B’

B koTopbix raMuisTonHal H = [ HdU u paBen nonHoi sHeprum cpepsi :

1 n(z,y) '
H= —po{/d.'cdy/ Vzdz+g/n2dzdy} . (2)
2 -h

Jlpyras napa xaHOHMIeCKH CONPSIKEHHBIX IEPEMEHHBIX cUcTeMbl - n i V. B meit POIIb KOOPXUHATEI UTPaeT
nepeMeHHas 1), a poab umnyibca - ¥. IIpu sTom ypaBrenus [amunbTona
6H . 6H
v

= Y=

AJI0T KHHEMAaTHIE€CKOe ¥ TUHAMHUYECKOE I'DaHUYHbIE ycioBus Ha CB060RHOﬁ NOBEPXHOCTH paccMaTpHUBa-

€MOM CpefHl :
1= Val, V1+(vn)?, ¥=-gg. (3)

Hockonbky ypasmennamu (1), (3) ucuepneiBaeTcs MaTeMaTHYecKoe ONMCAHHE AMHAMMKH PacCMaTpHBa-
€MOH CHCTEMHI, HaWJleHHble KaHOHMYecKHe NepeMeHHEIe (3, —poa, n ¥ ¥ MONHOCTDHIO pellaloT 3agady
raMWIbTOHOBCKOTO ONMCAHMSA 9TON KMHAMUKH.

llepeitnem oT nepemenHsix 3, —poa, N 1 ¥ X HOPMAIBHEIM KAHOHIYE CKAM [epEMEHHBIM CHCTEMEI, OLH-
CBHIBAIOMM B3auMofiericTBylolne BonHb Kenbuna u Ilyankape. C sToii nempio OpeACTaBUM HCXOMHbIE
nepemennsle 3, —pocr, n u ¥ B BUfe uHTerpana Pypre no npogonsHoi kooppuHaTe X ( mockombky mo X
CHCTeMa MPOCTPaHCTBEHHO OJHOPONHA ) M PasioXuM BekTop K-npercrasnenus HMIYJIbCOB U KOOPAUHAT
0 COGCTBEeHHBIM PYHKUMAM JIMHeRHHOH KpaeBol safiaun [4]. IlopcraBussa sTo pasiioxeHde, NOIyYeHHOe
st cryyas 6eCKOHEYHO WIMPOKOTO KaHajla B paboTe [8] B raMuibToRHaH (2), monyuum mus ero KBajpa-
TryHOH yactu Hy BhipaxeHue Baga

Hoy = %/,\;ﬁoxkdk ,

. .
rae AL = (Bx, —pock, Mk, i) -
Bripaxenne pna Ho, monydennoe B [8], B cuiy ero TPOMOBJIKOCTH BJech He NPUBONATCS.
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C moMoupio TMHEHHOTO Npeo6pasoBaHus
}\2' = N,:' Mk - (4)

(cp., ¢ [9]), rme N, + = (ax, bx,a%;,b% ;) , npuBenem Ho x fuaroHaibHOMY BHRY
Ho= %/[wo(k)akai + w(k)bi by dk ,

opech wo(k) = ck[1 — 1h2k?] - naxon gucmepcun xenbeunosckux ponmw(k) = V4Q? + c2k? [1 - Lh%k?]
- saxon mucnepcun Bois Iyankape, ag u by - HCKOMEIe HOpMaJbHbIE KAHOHUIECKUE NePEMEHHbIE 3afatH,
OTHCHIBAIOLME, COOTBETCTBEHHO BoaHn Kennsuma u Myankape. [lna vux ypapHenus [amuibToRa HpH-
HUMAIOT BHJ

. 6H i OH
ap = —t— = —t—— .
T ey 5b;
BakoH KaHOHHY€ECKOro Tpeobpasopanns (4) K HOPMalIbHLIM NIepEeMEHHBIM ak U by y[o6HO 3anucaTh B BHfe
T3 IS ar—al,
[—ﬁoan] = mx [b;,—b:,‘ ] ’
(5)
% — ~ ak+a:h
[ﬁ"] = ™ [b"+b‘—k ] :

BuipaxceHus A MaTpHI My M fix IpUBegeHH B paboTe [8].

2 PacnagHas HeyCTOMYMBOCTbh ABYX BCTpedHBIX BoaH Kenb-
BMHA B nmpucyTcTBHH BOoXHH IlyaHkape

PaccMoTpuM Bagady O pacnagHON HEyCTOMYMBOCTH HABYX BCTPEYHHIX KOpoTKHX BoiuH KenbBuna c Bon-
HOBbIMM umcIaMu ky u k2 (k1z2h >> 1) B npucyTcTBun giauHHON BoaHb [lyaHKape ¢ BOMHOBBIM 4HCIOM
k3 (ksh << 1) . H3 sakoHOB gUCHEPCHM 9TUX BOJH ClERYeT, YTO [ TaKOro HMPOLECCa MOTYT GHITh
BBHITIONHEHEI CIERYIOlfHe YCIOBHAS OPOCTPAHCTBEHHOIO M BPEMEHHOI'O CHHXPOHHU3MA

kl - kz = ks, wo(kl) - wo(kz) = w(k3) .

Ilepexomss B KyGM4YHON YacTH raMuIbTOHHaHa (2) ¢ moMowsio (5) K HOPMAIBLHBIM [IEpEMEHHEIM af U b
, U3 ypaBHeHHH ['aMMILTOHA ¢ MONyYeHHBIM FaMUILTOHMAHOM HAMJEM C MOMOMWbBIO METORA YCPeEHEHUs
KpsitoBa-BoromoGosa [10] B npu6iuxeHnn CleKTPalbHO-Y3KHX BOJHOBHIX [IAKETOB ClEAYIOUIE YKOPO-
YeHHble ypaBHEHHS A aMILIMTYR BoinH KeinbBuHa a4 :

. . 2k3wo(k1)Aoc .
/"“'2 3wWo * 4 , 6
M=t wk1h\/4ﬂ§ + c2k? 92,140 ©)

rae Ao - BafaHHas ammuuTyna Bons Ilyankape. s (6) Haxogum BhIpaxKeHWe s MHKpeMeHTa 7y
pacnagHOl HeyCTOWYHBOCTH KEILBUHOBCKMX BOIH :

¥ = vowo(k1) ,
e
_ 2k3 Ao k2c21-3
no= Va2 far ] (M)

OnenuM 4mcleHHOe BHaYeHHe 4o , B3SAB B Ka4eCTBe BOAHBI HaKayk¥ BOJNHY THNa nyHamu. Ha riay6une
h = 100 M ona umeeT guuny A3 = 10* M u ammutyny Ao = 10 cm. Ipn guuue Bonnsl Kenbuna Ay =
10 cM sTO0 Raet, coraacHo (7), Benmuuny 7o = 0.6 x 10~3 .

YTo6E! MONYYNTE MPECTABNEHHE O PealbHON 3HAYNMOCTH PACCMATPUBAEMOro bpQeKTa, pacCInTaeM
OTBeYalOWUH eMy CTAaMOHAPHBIA ypOoBeHb BoaOyxaenns BoiH Kenbeuna. B kadecTBe MexaHmaMa cTabn«
IM3alUN pacHafHoi HeycTol4uBocTH nmpuMeM 5ddexT $as30BOro paccoriacoBaHus B3auMOReHCTBYIOLMX
BOJIH 33 CYeT YeTHPEXBOJIHOBOTO B3aMMOJECHCTBUA KeILBUHOBCKMX BOIH BHAA

wo(k) + wo(k1) = wo(kz) + wo(ks) (8)
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Hcnonwpays ykopodeHHble ypaBHeHns KpruioBa-Boromo6osa
. ‘ \
. *
ay,2 = —81201 3 + Vi240a] 5 + W12 |az,1|" a1,2

monyv1uM c.lle;[ylomee Bblpa)!(el-me s CT&HHOH&pHOI‘O ypOBHﬂ Boaﬁymneﬂnﬂ KeJIbBUHOBCKUX BOIIH @
(614 62)4/ - —1
(- iy - e
! 61V2 2 W, + %:-%Wl

ksk3
_ 8185 —2 = 2kswo(k1a)doc gy 9EsEia - Ko>(PULIMEHT THCCHIALAK
TRe Anop = Py 1 Ao =35 V12 = __j_th;,,h anitoiks | b2 T Teannr 0 @ b1,2 Gun, A nus,

06yCIOBIEHHbIN TypO6YyJIeHTHOM BASKOCTBIO XHUAKOCTH [4], Ha KOTOPOM M OTPaHHYMBAETCA MX AMIUIATY/(A
3a c4eT HenuHeiHOTO Mponecca (8). Momaras h = 100 M, A; = 10 M, A3 = 10% m, Ao = 10 cm, HalifeMm, 9TO
Al = 0.56 mu A = 0.48 m. IIpu aToMm Apop cocTaBiseT 6 cM. OTa BeIMMAHA N0 NOPSAAKY CPaBHHBACTCH
¢ peanbHO HAGMIOMaeMBIMU 3HaYEHUAMH aMILINTY] BolH KenbBuHa B OkeaHe U ClI€fOBaTEILHO pacCMaTpH-
BaeMBIli MEXaHMSM HEIUHEHHOW TeHEPAlMH KEeNbBAHOBCKUX BOJH MOXET UMETh peallbHOE B3HaYeHHe.
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CANONICAL THEORY OF NONLINEAR WAVES
INTERACTION

IN THE ROTATIONAL FLUIDS
A. A. Kurkin

The problem of Hamiltonian description of Kelvin waves in the layer of the rotational liquid is solved.
The transformation in the normal variables of the problem (5) is found and the expressions for the
coefficients of nonlinear interaction matrix applied to the problem of the decay instability of Kelvin
waves in the presence of Poincare’s wave and regulation of this instability because of the phase mismatch
effect of interactinig waves of the cubic nonlinearity of the medium are derived. The increment of this
instability (7) is calculeted and the level of stationarity of the excited waves is found.



121

ABTOCTPYKTYPHBI 1 PUTMBI
B CBS13AHHBIX PEHNIETKAX ABTOI'EHEPATOPOB
I'. B. Ocumnos

Huxeroponckuit rocyiapCTBeHHbI YHHBEPCUTET
POCCHA, 603600, Huxunit Hosropon, np.I'arapuna 23

M. M. Cymuk
WacturyT npuknansoi ¢usuku Poccuiickoit akanemMuu Hayk
POCCHA, 603600, Huxuuit Hosropon, yi.YabsHosa 46
E-mail: krivat@appl.sci-nnov.ru

Pedepar
O6HapyxeHbl NyJIbCAPYIOLIME JIOKAJIM30BAHHHE CTPYKTYPH, ¥ KOTODHX IJIMHHEIE HEPHONHI IIOYTH

CTAIlMOHApPpHOI'O IIOBENECHMNS YEpPEAYIOTCA C KOPOTKMMM BCHHIINKAMI AKTHBHOCTH — PE3KHMM yBeJIrde-
HHEM pa3MeEpPOB CTPYKTYP C HOCEeAYIOIINM 6HCTPHM HX BO3BpAILIEHMEM B MCXOJHOE€ COCTOSHUE.

1. JloBOJILHC YacTO BCTpEYalOTCS CUTyalld, KOrha (puauyeckas 3a/ladya MOXeT GHITH cHOpMYJIHpO-
BaHa Kak 3a/Jaya O B3amMonelcTBum B GosbIoM aHcaMmbiie CBS3aHHBIX HEJIMHEHHBIX OCHMJIISTOPOB WJIH
aBTOreHepaTOpOB. B yacTHOCTH, Takye aHCaMOJIM ONUCHIBAIOT JUHAMUKY LIETIOYEK, OOpa30OBaHHBIX IXKO-
3ecoHOBCKMMM KOHTakTamu [1, 2], mosynposonuukoBriMu Jazepamu [3, 4], pesiSTUBMCTCKMMM Marse-
Tponamu [5]. PemieTku aBTOreHepaTOpOB TakXke HMCHOJbL3YIOTCS U1 MOLEIMPOBaHUS TeHepauuu 6uosio-
TUYeCKMX PUTMOB cepaua (6], HepBHO# cucremnl [6, 7], xumeynnka [8], momxkenynounonn xesnessl [9] u
np. [10, 11). B HEKOTOPHIX KOHKPETHHIX CIydasdx, pusmuecKas mpobiieMa MOXeT OEIThL CopMyIHpOBaHA
KaK MCCIeNOBaHMe B3aMMONENCTBUSA GOJILIIMX CHCTEM, KaXHasd U3 KOTOPHIX COCTOUT M3 GOJILIIOro umciia
CBSI3aHHBIX OCHWLIATOPOB [12]. B uacTtHOCTH, Ci1a60 CBA3aHHEIE LEMOYKN MONEIMPYIOT B3aUMONENCTBUE
MeXIy ABYMs NapaileJbHbIMHM JUIMHHBIMA KoHTakTamu Ilxosedcona (13, 14], rpanuny mexnmy AByMs
110;1y6eCKOHEYHBIME LIENIOYKAaMU ATOMOB, abCOPOMPOBAHHBIX Ha NOBEPXHOCTH MeTaJLIoB [15, 16], n B3aumo-
neiicTBUe BO3OYXKIEHUA B yIPYrux HepposieKTPUIECKUX U ¢eppOMarHUTHEIX cucTeMax [17, 18]. Iaxe B
TeX CJIy4asX, KOrAa TaKas (opMYyJINpOBKa (PU3MUECKOH 3aiaun Ha A3LIKE CBSA3aHHBEIX aBTOM€HEPATOPOB HE
OueBUIHA, MHOT'HE SIBJIEHUs, Hab/I0NaeMble B HEDABHOBECHEIX CpellaX, MOXOXHW Ha SBJIEHAA B aHCAMOJIAX
asTorenepatopos [19]. DTo gBasercs omHEM U3 NO6YXMAOIMX MOTUBOB MCCIENOBAHHS OCHHIISTOPHBIX
MozeJieit HepaBHOBECHHIX Cpel.

2. 3]1er Mbl OCTAHOBHMCA Ha IlByXCJ'IOﬁHOiI OCHKJIJIﬂTOpHOiI cpene, OIIHCBIBaeMOI?I YPaBHEHUAMU OJI4A
KOMIUIEKCHHIX aMINIMTYM, KOTOpPHIE ABJIAIOTCS AMUCKPETHHIMH aHAJOTraMu obGOOUIEHHHIX ypaBHeHuit I'un3-
6ypra — Jlanmay:

dajk
dt
N 2 11!
+i[Aaje — alaje|ajr + d"Ajrajr] + Fik(t) + & (t)

= pajx — Iajklzajk + d’Ajkajk + C(bjk - ajk) (1)

bk
dt

mp j = 1,...,N;k = 1,.., M c paBeHCTBOM HYJIO [OTOKOB Ha T'PaHMIE Gor = G1x U T.X. J3IeCh @jk
n bjx — KOMIIEKCHBle aMIVINTYIObl KJeGaHUA B KaXIOM U3 cIoeB; AjrZik = Tj+1k + Tjk+1 — 4Tk +
Tj_yk+Tjk-1; d ® c— meficTBATeNbHbIE KOXDOUUMEHTHI CBA3H MEXY dJIEMEHTaMHU CJIOA M MEXITY
cnosiMu, cooTBeTcTBeHHO. (CJIONM He SBJAIOTCS PaBHONPABHBIMH. B GHOJOrHYeCKOM KOHTEKCTE MOXHO,
HalpuMep, HUXKHUHA CJION NPeICTaBATh cebGe KaK OTMUPAIONIN, He pearupyIolinil Ha BHEIITHee OKPYKeHUe,
He COCOOHHIN K ” 06yueHnio” ¥ AEMOHCTPUPYIOUIMIA caM 110 cebe JInLIb IPocToe NoBefieHne. EnuHcTBeHHAs
CBS3b C OKPYXEHHEM 3THM cJioeM B ocymiecTBiaseTca Yepe3 ero 6osiee pasBuToro cocefia A, KOTophiil 6ostee
aKTUBHO pearupyeT Ha BHeEIIHee BO3LEHCTBHME M COXpaHseT Gosiee pasHooOGpa3Hbie CBA3d. B ypaBHeHuUHM
(1) A ¥ @ onuCHBaIOT, COOTBETCTBEHHO, JINHEMHOE M HEJIMHEHOE W3MEHEHHs 4acTOTH, d’/ — peakTHBHas

= pbjk — |bjk|*bjk + &' Ajibjx + cajn — bjk) (2)
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KOMIIOHEHTa CBS3H MEXJy dleMeHTaMH B cioe; Fji(t) — BHemHee perynspHoe BoafeiicTnue, a &ji(t) —
LIYMOBO€E BOS[EHUCTBHE.

3. 3ueck ME OCHOBHOE BHHMaHHe C(POKYCHPYEM Ha JOKAJM30BAaHHHIX CTPYKTYpPax ¢ JaCTHYHO WIH
NONHOCTHIO CMHXPOHM3OBaHHEIME ocuummisTopamu [20, 21]. Opue M3 MeXaHM3MOB, OTBETCTBEHHHX B33
o6pasoBaHMe TakuX CTPYKTYP (KOTOpHE BIOIHE COOTBETCTBYIOT Ha3BaHMIO KOT€PEHTHHIE CTPYKTYPHI),
cBABaH ¢ oPeKTOM, H3BECTHHIM Kak ”BriMupaHue aBrokoneGanuir” (”oscillator death” wam ”amplitude
death” [22-27]). On o6ycuoBieH TeM, 4TO KHCCHNATHBHAA CBASH MEXJY CIOSMH NOCHIe PasPYLICHUS CHH-
XpOHN3AIHA OKaShHIBAETCA SKBUBAJCHTHON JONONHATEILHOMY 3aTyXaHuio. Ms-3a aTOro mpu JOCTaTOYHO
CHIBHOM CBABH ¢ M 6ONLLION TAHEAHOU PaccCTpOiKe A TPHBHAIBLHOE COCTOSHUE PABHOBECUA OKasHIBAETCH
yCTOMYMBEIM. B TO Xe BpeMs, ecIM AMHEHHAd PACCTPOHKa MOXET GHITH CKOMIIEHCHPOBAaHA HelMHeEH-
Howt (c|ajk|? ~ A), To B onpemeneHHOM 061acTH NapaMETPOB YCTOMYMBEHIM OKaBHLIBAETCH U PABHOBECHOE
COCTOSIHAE ¢ KOHCYHBIMHU aMIUIMTYRaMH. B ofHOpOgHOM ciy4dae

jajel? = b7 = Aa—a(e—p)+{[Aa—4(c—p)'~16(1+307) x 74—~ (c=pY I}/ 7[4(1+z07)] " (3)

npu

A — 4(c—p)? < A? < 4% —4(c—p)* + [%Aa —2c-p)(1+ %az)‘l, @)
Aa—4(c—p)>0

B 5aBACMMOCTH OT HaJalbHEIX M IPaHMYHBIX YCIOBHi, a TakxKe BHEUIHHUX BOBJEHCTBHM, BTH COCTO-
SHAS MOTYT 06pa30BHIBaTh NMATTEPHE], MMEIOU[HE PasINYHEle KOHPUIYpaluu M TONOIOTHH. BHECh MBI
OCTaHOBHMCS Ha NPOCTEHUIEM MIPUMEpPe CTPYKTYP, KOTOPHIe OfHOPORHHE BROIb OJHOI'O M3 HAIPAaBICHAM
(ajr = aj; bj = bj).

B ToM, 4To 5QPexT CHHXPOHHM3AIUH OTBETCTBEHEeH 3a (POPMHpOBaHUE TaKMX HATTEPHOB, MOXHO
y6eruThcH Ha mpocTeiliieM npuMepe npu d” = 0, 3agaBasd B HaYaIbHEIL MOMEHT BPEMEHM pacIpefe-
NeHHe aMIINTYQ B BHJAe CTYNEeHbKM. B »ToM ciaydae mpu c1a6oil CBASH MEX[AY SIEMEHTAMU BHYTDH
cioes (d' < d.,) GopMupyeTca HEMOXBHXKHEIH (POHT, KOTOPHIH Pa3felseT OCHUMIATOPH, HAXORAIMECS
B Bos6yXIeHHOM U HeBO36YXeHHOM cOCTOAHUAX. I[pH CHIBLHOM CBASH MEXAY SIeMEHTaMU BHYTPH CIOS
d’ > d!, pexnM BHIMADaHHS aBTOKOJNeGaHUH OKasHBaeTCA NpeoGNajaioluM, H 061acTh, B KOTOPOH OH
peammayeTcs, PaCIIMPAETCA M OXBaTHBaeT Beio pemterky. llpn d’' > di,. ckopocts PponTa V umeet xa-
PakTepHYIO [ KPUTHIECKUX ABICHAN 3aBUCHMOCTh: V ~ (/d' — d.,, HO uMeeT peskuii (cTyneHYATHI)
mepexof OT HyJEBHX K HEHYIEBHM cxopocTsaM npu d' = d.,.

Bonee geTanbHEI aHATHS IEPEXOXHHX NPONECCOB, MPOMCXOMAIMX Ha TPaHUIE MEXAY Oo6macTaMu ¢
ABYMA PasIAYHLIMH COCTOSHUAMH, JAaeT HEIOCPEXCTBEHHO MOATBEPXEHNAE, YTO NEPEXO] OT Bo36Y K{eH-
HOTO K HEBO36yXIEHHOMY COCTOSHHEIO JeMCTBUTENLHO ONpefelseTcs nponeccaMu fecuHxponusanun. 06
5TOM CBHAETENbCTBYET comocTaBienne ocomuiorpamm Re{a; }; Im{a;} u Re{b;}, Im{b;} (smecr He mpu-
BefleHH, cM.puc.3 B paGoTe [20]), uB KOoTOpOrO CAEAYET, YTO BATYXaHUIO KOle6aHUI IPEMUIECTBYET PE3KOe
H3MeHeHHe pasHocTH Pas Mexnay dsaeMeRETaMu ciioeB A u B ¢ nocaefyomum GopMupoBaHneM koleGanmit
¢ 9acTOTaMH, 6IHSKMMHE K 4acTOTaM B KaXaoM u3 cioeB (Q; ~ A, 2y ~ 0).

4. Ilpu sagaHHH B HaYaJbHEI MOMEHT JIOKAJINB30BAHHOI'O BO36YXKAEHUA ¢ aMILIATY{aMH, GIASKUMH K
CTalMOHAPHLIM, ONpefenseMuM Brpaxenuamu (3) mpu d”’ = 0 ¢opMupyIOTCA TOKAIU30BaHHKIE CTPYK-
Typul (ecnn d' < d,.), 1u60o BosGyxpuenns satyxaoT (ecun d’ > d.). Hanuune peak THBHOM KOMIOHEHTHI
xkoo(ppunuenta cpssu d” # 0 MeXay SleMEHTaMH OfJHOTO U3 CIOE€B AedacT BOBMOXHBIM CyLeCTBOBa-
HHe JOKAIN30BaHHEIX CTPYKTYP M B HOCIefHeM ciydae. IIpu 9TOM pesyabTaT CyleCTBEHHO B3aBHCHUT
oT sHaka npouspefieans ad’. Ecau ad” < 0, T.e. xorga B mpefene a — oo0;d” — 0o, cooTBeTCTBY-
jomee ypaHenue Illpequnrepa OonMcHBaeT CaMOCXKAaTHe JOKAIN3OBAHHOIO BO3O6YXJEHHA, NPOLECC €ro
BaTyXaHHA yckopsieTrci. B mpotusomnonoxsoM ciydae (ad” > 0) pesynbTaT onpefensieTcsi KOHKYpeH-
mueit gByX 5QPeKTOB: ONUCAHHEIM BhIle pacuIUpeHHeM O6IacTH BHIMADAHUS aBTOKoNeGaHMH, M MPOTH-
BOTONIOXHO HaNpPaBIeHHEIM PacIiIbIBAHHEM JOKAIU30BaHHOTO BO36Y K/EHUsA H3-3a COBMECTHOTO AeHCTBHA
memuueitnocTH «fa|? n ”gucnepcun” d”. BosMoxHEe pesylbTaTH Takol KOHKypeHIHH O6CyTHM Ha KOH-
KpPEeTHOM TPHMepe SBOMIONMH JIOKAIU30BaHHOrO BO36YXNEHHA ¢ GONBIION HAaYaNbHOH aMILTUTYROW IIpH
p=0,5;d =0,3;¢=0,51;A = 2;a = 5,75; N = 128. HanomunM, 4T0 37eCb Mbl 06CYyXK[aeM JIHIIL OHO-
MepHEIE CTPYKTYPHI, Tak 9TO0, €CIIH OTBICYLCA OT BONPOCOB YCTOMYUBOCTH 110 OTHOIIEHHUIO K IBYMEPHEIM
BOSMYIUEHHAM, MOXHO TOBOPUTDH 06 OJHOMEPHOMN HENO4Ke OCUMIIATOPOB aj; = a;,bjr = bj,j = 1...N.



123

5. C pocrom gucnepcun d” npu ad” > ( OpomcXogMT yMeHBILIeHME CKOPOCTH PacIpOCTPaHEHHS
(PpoHTOB, POPMHUPYIOUMX JOKATN3OBAHHYIO CTPYKTYpY. lIpH HocTHXKeHNH HEKOTOPOIO KPUTUYECKOTO
snavenns df & d’ = 0, 3 geiicTeae sppexTa BEIMEpaHUS aBTOKONe6aHNH yPaBHOBELINBaeTCA HETNHEHHEIM
caMopacliMpeHneM BosOyXJeHUsd, H B pesyibTaTe (OPMHUPYETCHE yCTOWYNBasg CTPYKTypa. Ee pasmepn
¢ ysenuyuenuem “mucnepcun” d” pacTyT M, HaKOHENl, IPH JOCTHXEHHH BTOPOrO KPUTHYECKOTO BHAYECHNUSA
d” =~ 0,9 npeobnanatomum cranoparcd sPPexT camopaciupennss. OTO B HTOre NPHBOEUT K JeIOKAIH-
sanun Bo36yXIeHUA, H OHO OXBATHIBAET BCIO PEUIETKY.

Haun6onee uHTepecHble ABICHHA NPOHCXORAT Npu sHadeHusx d”, npubmuxaowuxes x dy. B caygae
CTPOTrO CUMMETDHUYHOM 3ajadlt (a; = a125—i; bi = b128-i;j = 1,...64) npu sHadeHnAX d” HECKONBKO MEHB-
LIMX, 9eM KPHTHYECKOe, H3 OJHOPOJHOrO JOKaJIM30BaHHOrO BOo3OyXAecHUA cHavana opMupyeTcs MOYTH
CTalMOHapHOe pacHpeReleHne aMILIUTYF |a;|, [bj|. OHo coxpansercs Ha GonbnX HHTepBalax Ge3pasMep-
Horo Bpemenu 3afauu (102 — 10%). Ilocne sTOrO B TedeHHe CYLIECTBEHHO MEHBUIETO MHTEPBala BpEMEHH
(=~ 10) npoucxoguT peskoe CHMMETPUYHOE PAacUIMPEHHe CTPYKTYPH (061aCTH BHICOKOMHTEHCHBHHIX KO-
ne6aHuii), ¥ ee GHICTPOE BOSBpAllleHMe K MCXOHOMY KBasHCTAaIWOHAPHOMY PaclpefeleHHIO aMILIMTYR.
B panereinieM sToT mpomecc nosropsiercd. C pocroM d” cpefHAf YacTOTa MOABICHHS TaKUX BHIGPO-
coB BospacTaeT. Jlaxe B OTCYTCTBHE LIyMOB BEIMIAHA HHTEPBAJOB BpEMEHH MEXIY 9THME COGHITHAMH
SBIAETCA CIy4aiiHOM (HAaCKONbKO 06 BTOM MOXHO CYAHMTH IO PealH3alysM, cofepxammM o 100 BuGpo-
coB). Ecim MH ocTaeMcs B paMKaX CUMMETPUYHHX HadaldbHBEIX YCIOBHIf, MX Malble H3MEHEHHA NPUBO-
IAT K TONHOMY HECOBNAJEHUIO OTHEIBHBIX PEalN3aliil, XOTd Ka4eCTBEHHO OHH He OTIUYAIOTCHA. OTO
CBHJIETENBLCTBYET B MOIB3Y KHHAMUYECKOTO NPOMCXOXAEHHS CIyIaifHOCTH B MOMEHTaX BOSHHKHOBEHHs
BEIGPOCOB, XOTA KOMMYECTBEHHH aHANMS Goliee MIMHHBIX peanusanuil TpeGyeTcs s OKOHYATENLHOro
BEIBOJIA.

6. oGasnenne BospencTaus Fj(t); €;(t) nnm BosMyuennii Ha4albHBIX YCIOBHH, HaPYIAIOWMNX CHMMe-
TPMIO OTHOCHTEIHHO IEHTPa LENOYKH He NPHUBOXUT K CYyLIECTBEHHOMY U3MEHEHHMIO CTPYKTYP B IIEPHORH
BpeMeHH MeXARy BhiGpocamn. OpHako BO BpeMs KaXJoro BHIGPOCAa OHH CMEUIAIOTCA B Ty WIH HHYIO
cropony (puc.1). Tu cMelIeHNs IPOUCXORAT CIYIaNHO KaK IPU LIYMOBOM BOB[ENCTBHH, TaK U B €T0 OT-
CYTCTBHE NDH BHECEHHH aCHMMETPHH B HadaiabHHe ycioBus. CiydaiiHoe 61y XgaHHe CTPYKTYPH B KOHIE
KOHIIOB IPUBOJUT €€ Ha TPAHMILY LENOYKH, Ile OHa H OCTAaeTCA BO BCe MOCieRylolie MOMEHTHI BpEeMEHH.
B pesynbTaTe MHE ecTeCTBEHHEIM 06pa3oM NEpPEXORHM K 3ajade O IIOTPAHMYHOM CllO€ B pacCMaTpHBae-
MOM L[eIIOYKEe aBTOr€HEPATOPOB.
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t

Puc. 1 3aBucuMMOCTH HHTEHCHBHOCTH KoleGaHmi la,-!2 OT HOMepa dleMeHTa j u Bpemenn t. Maxk-
CHMaJbHOE BaTeMHEHNE COOTBETCTBYET MAaKCHMAILHOMY SHAYEHMIO HHTEHCABHOCTH. 3pech p = 0.5; d' =
0.3;d"=084;c=051;A=2;a=5.75n=10"% N = 128.
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7. AHanoru4HO NpETHIIYLIEMY CIy4aio IOrpaHnYHasd CTPYKTypa, cpOpMUpOBaHHas Ha KOHIE HEMNOYKH,
COXpaHAeT IMOYTH HEM3MEHHOe paclpefeleHie aMILIMTYH 60ablIyIo YacTh BpeMenu. OHa pacuigpsiercs
H CHOBa CXHMMAaeTcs 3a KOPOTKHe IPOMEXYTKH BpeMeHH aKTUBHOCTH, CIEAYIOIME APYT 3a KPYToM depes
cay4aiinele uHTepBaabl. CpeXHHE nepuof usMeHseTcs ot oo npx d” ~ 0,3 go 0 mpu d” =~ 0,9, xorza
NPCHCXORUT pacliNpeHre CTPYKTYPH Ha Belo Lenouky. Jo6asnenne crabuix mymos &;(t) kadecTBeHHO He
A3MeHseT HabmogaeMyo KapTuHy. B uuciensom cuete (MeTomom Pynre - KyTTa 4eTBepToro nopaaxa)
HIyM MMATHPOBAJCH [06GaBIeHUEM K @; Ha KaXJOM luare cdeTta (pasMep wara € = 0, 05) crydailHEIX dncen
€. Onn 6buTM PaBHOBEpOATHO pacnpefenennl B uuTepsaie [0, 7). IIpu 7 < 10~3 xavecTBenHEIX oTAMYMI
He Habmopanock. Jluub npu 7 > 10~3 naunnanock nsMeHeHMe cpeHell 4aCTOTHI NMOSBJIEHHS BHIGPOCOB

(puc.2). "

- . o

20000

Puc. 2 Pacnpe;;xenenne MHTEHCUBHOCTH |a;|? Kone6aHuil B IemouKe NPH PaBIMIHEIX &pommx ILyMOB
¢. Benuumma 7) BO3pacTaeT cBepXy BHH3 M COOTBETCTBeHHO pasHa 0;107% 5-107%;1073;2,5.10-3; 5.
10-3; 10~2. Bgecb p=10,5;d' = 0,3;d”" = 0,59; c = 0,51; A = 2; « = 5,75; N = 30.

YcpenHenHas KOMNOHEHTa MHTEHCHBHOCTH kone6aHmil < |aj|?2 > MakcumalbHa Ha KOHIE LeNOYKH
(j = 1) u MoHOTOHHO y6HIBaeT mpHu oTXofle oT Hee. Hao6opoT, myabcaluun HHTEHCHBHOCTH
61 =< mazla;(t)|]> > — < |a;j|? >, obycioBienHble BH6pOCaMH, NPaKTUIECKH CHAAAOT JO HyIs Ha
rpabune j = 1 ¥ JOCTHraloT MakCHMalbHOTO BHaYeHM:A B OGIacTH, Ife YCpeXHeHHas MHTEHCHBHOCTH
< |aj|?> > yxe y6uiBaeT 6onee dem-Ha nopagok (cm.puc.3). Hanpumep, npu d; = 0,87;1 = 10~* wmpuna
HOTPaHMYHOM CTPYKTYPHI 10 ypoBHIO 0,5 0T MakcuManbHOM nHTeHCHBHOCTH (= 0,4) cocTaBiana jo 5 = 10.
B to Xe BpeMs MakcHMallbHaf HHTEHCHBHOCTD IyILCAIMH BO BpeMS BCILIIIEK [OCTHIANAch IpH § = 15—
20 u cocraBusana 61 & 0,25. OTo sHaYeRNe Gollee YeM Ha NOPAXOK MPEBHINIANIO 3HAYEHUE WHTEHCUBHOCTH
xone6aBMil DTHX 5IEMEHTOB B MEPHOL MeXAy BeiGpocamu. IIpm 5TOM ocHMIIOrpaMMEl MHTEHCHBHO CTH
ocquaaTopoB j = 15 — 20 o4eHp NOXOXH Ha OCHMIUIOTPAMMBEI PelakCallHOHHHX aBTOI'€HEPATOPOB H
TIpENCTABIANHN U3 ce6sl KOPOTKHE BCIHIIKY aKTHBHOCTH, BO BPEMS KOTOPHIX MHTEHCHBHOCTh BO3pacTala
6onee 4eM Ha nopsanok (puc.4). OfgHako B faHHOM Cily4ae NPHHIMIKAILHOE OTINYHNE COCTORT B TOM, YTO
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OHM ABIAIOTCA PE3YILTATOM KOMIEKTUBHOIO B3aHMOIEHCTBHsA ¢TabOHEINHENHBIX aBTOIEHEPATOPOB.

0.4
0.35] o.3
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0.1 { | L ‘E \
Ms | | ’ ; | f |
0.0 5000 .1.0000 15000
0.20F
0.4
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040
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1 1 I - 0.0 - —
1 5 10 15 . ao 25 . ) 5000 10000 15000

Puc. 3 Pacupegenenue ycpegHeHHON WHTEHCHBHOCTH < |aj |? > u ee nynbcanMOHHOM KOMIIOHEHTHI
6Inpup=o0,5;d =0,3;d"=0,87;¢=0,51;A=2;=5,75; 9 = 10~%; N = 128.
Puc. 4 a) Ilyabcaumu MHTEHCUBHOCTH Ha 20-OM 5JeMeHTE TPH 3HAYEHHUAX NapaMeTPOB, yKasaHHBIX

B nopnucu k puc.3; 6) Hynbcauun mnaTeHcuBHOCTH Ha 12-0M snemente mpu p = 0,5;d = 0,3;d"’ =
0,66;¢c=10,51; A =2; a=5,75; = 10"4.

Pa6ora prinonnena npu guHaHcoBoii mogmepxke POPDPU (nmpoext N 94-02-03263) u ISF (rpanTnl
NOU000 n NOU300).
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Self-Sustained Structures and Rhythms
in Coupled Arrays of Oscillators
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Pattern dynamics in a two-layer oscillatory medium is investigated. The layers are coupled
diffusively, each being formed by discrete active elements capable of generating oscillations. The
layers are described by the equations for complex amplitudes, i.e. by discrete analogs of generalized
Ginzburg-Landau equations. One of the layers that may be referred ‘to as an inert (nonevolving)
layer is described by equatuons of the form (2). The second, evolving layer (that responds to external
forcing) is described by analogous equations (1). The only difference is that these equations contain
additional terms in the right-hand sides.

Primary attention is focused on localized structures and fronts, in the first place, to the ones that
exist due to synchronization effects [20, 21]. One of the mechanisms responsible for the existence of
such ”genuinely” coherent structures is attributed to the effect known ad ”oscillation death” [22, 23],
when a sufficiently strong dissipative coupling becomes, on breaking of synchronization, equivalent
to additional damping. It may then appear that, on the one hand, the equilibrium state is stable due
to large linear frequency mismatch and, on the other hand, the linear frequency mismatch in excited
state is compensated, at finite amplitudes, by the nonlinear mismatch. The latter state is stable too,
at least in the approximation of spatial homogeneity. Depending on initial and boundary conditions
as well as on external forcing, the structures having different configurations and different topologies
in continuous limit may be formed by these states.

In a definite parameter region, the localized structures are capable of generating low-frequency
rhythms, not necessarily regular. These rhythms are due to collective effects and their average
repetition rate T is much greater than all the characteristic time scales of an individual oscillator.
The characteristic feature of rhythm formation is an almost unchanging oscillation intensity of central
oscillators. At the same time, the peripheral oscillators stay in unexcited state most of the time (or
perform low-intensity oscillations) and are activated only at small time intervals AT < T. In the
latter case their intensity is comparable to that of the central oscillator (Fig.3).
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HEJMHEMHBIE BOJIHBI -
B OTHOMEPHBIX OPUMEHTHPOBAHHBIX CPEJIAX

ITasnos H.C., IToranos A.H.

Hwxkeropomckuii gpriman MHCTUTYTa MammyHoBelieHns PAH
603024, H.Horopoa, yn.Bemmmckoro, 85

PaccMoTpeHbl MIOCKHE KOJNeGaHMS IENOYKH "TaHTeJeBHAHBIX" YacTHLl, HMEIOIIHX TPH CTeNeHH
cBoGonpl. Takas cucreMa Mofenupyer OUHAMHKY OJHOMEPHBIX KPHCTAJIOB, COCTOSIMX H3
aHM3OTPOINHBIX MOJEKYN BbITAHYyTOH ¢opmbl. M3 mpeanonoxenus o KyGHYeckoM mNOTeHLHale
B3aNMOACHCTBHS MEXAY 4acTHLIaMH [OJIyueHa CHCTeMa HelMHeiHHbIX JIHddepeHIHaIbHbIX
ypaBHeHHH, ONHChIBalOLasi B3aHMOJIEHCTBHE Pa3IHYHbIX THIOB BOJH (MPOAONBHBIX, MONEPEYHbIX H
POTALIHOHHBIX ), COOTBETCTBYIOLHX ONpPEEeHHbIM CTeNeHsIM CBOOO/IbI YacTHL], B pacCMaTpHBaeMoii

cucreMe. H3yueHbl [UCNIEpCHOHHbIE CBOHCTBa AAHHOH CHCTEMBI, H PACCMOTPEHbl pa3JIH4HbIE

THIIB! TPEXBOJIHOBBIX PE3OHAHCHBIX B3aHMOIEHCTBHIl.

BBenenne

Mrnorue mmmaMudeckye cBOHCTBa "OPHUEHTHPOBAHHBIX" Cpell, COCTOAIMMX M3 aHM3OTPOMHBIX
MOJEKYI M HMEOLMMX KPHCTAIUIMYECKYI0 PeIeTKY, OTHOCAIMyIocd K THITy TaK Ha3bIBaeMBIX
MOJICKYIFIDHBIX pemerok  [1-4], MOXHO BBIICHHTb Ha NpPHUMEpPE IUIOCKMX KOJCOaHMIl IICTIOYKH
"TaHTeNEeBUAHBIX" dacTHIl. Takue 9acTHIIBI MMEIOT TPH CTENeHH CBOOOJBI : CMEIIEHMs IIEHTpa Macc B
TUIOCKOCTH Kolle6aHMi U oBopoT. C KaXoii cTeneHp0 cBOOOIbI CBA3aH CBOM THIT BOJHOBOH MOJIBI: IBE
TPaHCIEILIMOHHBIE MOJIbI, CBA3aHHbIE C MPOJOIbHHIMH M IONEPEIHBIMH MEPEMEIICHHSMH LIEHTPOB Macc
9acTHIl B LEMOYKE, U POTAallMOHHAad MoOHa, OOYCIIOBIIEHHas INPOCTPAaHCTBEHHBIMH H3MCHCHHSMH HX
OpHeHTalMH. B oTiImaume oT NEpBBIX ABYX MOJI, IPHCYTCTBYIOIUX U B KIACCHIECKOH TCOPHH YIPYrOCTH
[5], poraiMoHHas (WM OpHEHTaIMOHHAsA) MoOJa CBA3aHAa C MHKDPOBPAINCHMSAMH YaCTHIl CpPE/pl.
IIpyMepaMu OpHUECHTHPOBAHHBIX CPEl CIyXaT CIOHCTBHIC H MOJCKYIHIPHBbIE KPHCTAUILI CO CIIOXHOM
PELIETKOM, TaKhe KaK Cepoyriepond, HadTanuH, 6€H30]I, HUTPUT HATPHUA, HUTpAT kamus u ap. [1,2,4,6],
KHMAKHE KpHUCTaIUIBI  [S], ynpyrue ¢QeppoMarHuTHbrie U (GeppodNCKTpHYecKHe KpHcTrawsl [7],
MOJIMKPHCTAIUIMIECKHE M KOMITO3HUTHbIE MaTeprasl [8].

Iemplo HacTosmmell paGoThl SBIMETCH BHIBOJ HEMMHEHHBIX YPaBHEHMIA, OIMCHLIBAIOIIUX
JUHAMHKY OIHOMEPHO# LIEMO9KH, COCTOAIMNEH 3 aHU30TPOIMHBIX YaCTHUI, BBIABIICHHE Pa3JIIHbIX THUIIOB
BOIHOBBIX MOJ M HX [HCIICPCHOHHBIX CBOHCTB, a TakXe H3ydeHHE TPEXBOJIHOBBIX HEIMHEHHBIX
B3aMMOJIEHCTBHII MEXTY Pa3iIMIHbIMH MOJAMH TaKoOH CHCTEMBI.

1. OCHOBHbIE YPaBHEHHS
PaccMaTpuBaroTcs IUTockHe Kolle0aHMs LEMOYKH "TaHTeleBUAHBIX" dacTunl ("mumorneii”), B

HCXOJHOM COCTOSHHMH PAaclolIOKCHHBIX Ha pacCTosHMM A& Jpyr OoT JApyra M OpPHEHTHPOBAHHBIX
MEPICHAMKYIIPHO THHHH, COCAUHSIOMEH HX HeHTpbl Macc ( puc.1 ). Jlumois npencrasiser coboii mBe
0 OJIMHAKOBBIC TOYCUHbIE MacChl M/ 2, COCAUHECHHBIC )XECTKUMH
n

CTEPXHSMU JUIMHbI 2 1, U ero HeHTp Macc O, COBNAaTaer C
reoMeTpudecKuM LieHTpoM. Kaxag dacrunia HMeeT TpH
CTETNEHH CBOOOIBI : CMEIEHUE 1IEHTPa Macc B IUIOCKOCTH (X, y)
4 BpaieHHe BOKPYT HOPMalH, NPOXOIAINeH depe3 ee HEHTp

y Macc. [BuXeHMe I1—oi 4acTHIBI  CKIapBacTcs M3
FOPU30HTAILHOIO U, W BEPTUKAILHOrO W, ICpeMCIIeHHUH
-
ee ueHTpa Macc Up =(U,, W) u moBopoTa @, (pHc.1).
0 X CumTaeTcs, 4T0 KaXJad Macca B3aMMOJCHCIBYET CO

BCEMH MacCaMH JIBYX OmpKalimMx coceseli mo 1ernoyke. 1o
B3aMMOJIciiCTBHE MOJCIHMPYCTCd C INOMOINBIO "HEIMHEHHBIX
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YOPYTHX NPYXHMHOK" M OMNMHMChIBaeTcs KyOMYECKMM MOTEHIMAIOM, 3aBUCAIMM OT YIUIMHEHMI MPYKHH,
BO3HHKAIOIHX TPH OTKIOHCHHAX MacC OT TIOJOKCHHMS paBHOBecHsA. YITIbl MOBOPOTa BCEX YacTHII

nonaraioTcs MaubiMi (@, << 7). IIpn cHEIaHHBIX MPEIONOXECHMAX B KOHTHHYAILHOM MpeNele,

KOTJ]a XapaKkTepHas JUIMHA BOMHBI A MHoro Goibine paccrosHus mexny dacrumamu (A >> a, 1),
cucteMa JuddepeHIMaIbHEIX YpaBHEHMI, ONMMCHIBAIOMAN B3aUMOJIEHCTBHE Pa3MYHbLIX THIIOB BOJH B
paccMaTpHBaeMol cpeJie, IMeeT BHIL :

ol 72 21 )

2, 10 L .02+ 2L
Uee clu’“_zax\aluX+a2W’2‘+a2a3(p +G WP )

1 0
Wee — C; Wxx — EBZ Px= a—}((az UxWx + :‘g—all ux(P) ’ Q)]

a?(Qee— cg(pxx)+[31(p + %Bz Wx = —0L3 Uy — ?a‘; UxWyx .

3meck Ci1,2,3 - CKOPOCTH paclpocTpaHeHMss BOIH, [31,2- NapaMeTpsl JMCIEpcHH, Ol +~Olg -
Kx03¢pUIMEHTHI HeMHElHOCcTeH. K TakuM e ypaBHCHMAM IIPUBOIUT U HENOKabHAs TEOPHI YIPYTOCTH
OJHOMEPHBIX CPEJl CIIOKHOH CIPYKTYpbI (HemuHeiHbI KonTHHYYM Koccepa), passuras B [9,10]. Crenyer
OTMETHTh, YTO JICBbIE 9acTH BTOPOro M TPEThEro YPaBHEHHMH aHAOTMYHbI JIHHEHHBIM dacTIM
ypaBHEHH#H, ONHCHIBAIONIX U3rHOHBIC BOIHEBI B CTEPXKHE IO TeopHu Bpecca-THMOIMEHKo, YIUTHLIBAOIICH
MOMEHTHBIC YCHIIMA NPH CABHMIOBBIX JedopMarmsax. IIpaBbie ke 9acTu ypaBHeHMH (1) XapakTepusyroT
3¢(peKTh HEMMHEHHOro B3aMMOJICHCTBHA MEXIY Pa3NUMIHbIMH BOJHOBBIMH MOIAaMH B MPHOIMXECHHM
KBaJpaTHIHOM HEIIMHEHHOCTH.

U3 cucremsl (1) BugHO, 9T0 B mHHeiHoM npubmokennn (ot; =0, 1 =1+ 4) npomombHble
KollcOaHUA HE3aBHCHMBI, a NOIEPEUHbICc H POTALMOHHBIE CBA3aHbI MEXIy co0oii. IIpu HemiHeliHOM Xe
PaccMOTPEHMH BCe TPH BHIIa BOIIH CTaHOBATCS B3aHMOCBA3aHHBIMH.

BomnoBrie cBoiicTBa iMHeHHOH 49acTH cHcTeMbl (1) MOIHOCTHIO XapaKTEPHU3YIOTCH €€
HCTICPCHOHHBIM COOTHOINEHMEM (PHC. 2)

(0 - cix2)| (c2a2 ~02) (Ba + a7 2a* - a%a?) ~B2k? | =0 @)

¥ JTAHEHHOM CBA3BI0 MEXTY KOMIUIEKCHBIMH aMIUIHTYXaMH MOTICPEUHBIX A, M POTALMOHHbIX Ay BOIH

2 2
a(c: k2 —o aB. k
= j-—(—L———ZAw= i B:‘ A,=ido, HA, , 3)
1Bk I1B1 +a%ci k2 - a’en?)

rae ® - 9acroTa KolneGaHuil, K - BomHoBoe gucio, A ® , X) - koafduimenT mmeiHOM CBA3M MEXIY
aMiumTyaMd. M3 pucyHKa 2 BMJIHO, YTO B JaHHOM NpPHOIMKCHHMM NMpOIONbHas Mona (kpuBas 1) He

obmamaeT qHcnepcueii, a poTalMoHHas Mofa ( KpuBas 3 ) HMeeT KPUTHICCKYIO 9acTOTy M = ,/B_l /a,
HMXKE KOTOpO#H OHa 4BIMeTCA HepacnpocTpaHsmomelicd. Hampumep, mis KpucraiwioB GeH3ona
©+ ~10°%¢c™ | a w1 HeMaTHYECKOrO KHAKOTO xpucrammia Tmna MBBA, noMemeHnHoro B MaruutTHoe

nolie ¢ HanpsbkeHHocThio Ho =10° 3,  kpurnueckas

gacToTa Ox ~3 x107 1.
B IMHHOBOIHOBOM HH3K0YaCTOTHOM MpPHOIMXEHUH

(k<w+/C3, ® <®s) POTALMOHHASL MOJA CTAHOBMTCS

Hepacnpocmanmomeﬁcx H TIICPEMECHHYIO () MOXHO
BBIPpA3uTh MCTOJAOM IOCIICAOBATCIBHBIX npnﬁmfm(elmﬁ

qepe3 MEPEeMEHHYIO W :

Oow 3
o(x, ty=—-Az——B + c3 B ,
puc.2 0x 0x0 t2 >

1 ®f
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rie A= aP,/1B1, B=Aa?B2/1P?. B pesymsrare c NPHHATOlN CTCTICHBIO TOYHOCTH cHcTema (1)
CBEIETCS K JBYM YPABHEHHSM

utt—C§um=-;——a—(a1Ui+71Wff) , @
~a4 ~ 34
Wee czwxx C3U6x“ +U6X26 5 —y;a (uxwy) .

3mecr Y1 =02 +013(Bz/ﬁ1)2 —20,B2/B1 .  Ya=02—0uPa/B1, TF=ci-BiB.,
B= 1B, B/a=aMPB./B 1) . TIpH 3TOM BO BTOPOM YpaBHEHMH IOSBIIOTCS YCTBEPTHIE NPON3BOIHBIE,

NpPHBONAIME K CTIEPCHM MOTEpedHoii Mompl. Craraemoe, comepxamee O° w/Ox*, xapaxrepusyer
"M3rnOHbIe" HaNpsSKEHHA, BO3HHMKAIOIME NPH TOMEPEYHbIX CMCHICHWSIX YacTHll, a claraeMoe,

nponopimonamHoe 0 w/Ox20t?, cBasaHO ¢ NPHGIDKEHHBIM Y9ETOM POTALMOHHBIX IBIKCHHIA
9acTHI] B IIEMOYKE.  3aMeTHM, 9TO HMMEHHO 3TH ClIaraeMblc ONMCHIBAIOT ICIICPCHIO NOMEPEYHOIR
(u3rH6HOI) MOIBI, 0GHAPYKEHHYIO B LIETHBIX U CIIOUCTBIX CTPYKTYpaXx.

2. JBOMOUMOHHbIE YPaBHEHHS TPEXBOJIHOBBIX B3aHMOAEHCTBHiIA
B cucreMax ¢ KBaJpaTH4HOM He/MHeHHOCTbI0 Hanbolee OOIMMM SBIIIOTCA TPEXBOIHOBLIC

P€30HaHCHBIE B3aHMOJIEIHCTBUA (TPHILUIETHI WM TPHAMBl), Y KOTOPHIX 9acTOTHI () ; M BONHOBEIC 9HCIIA
K ;i ynoBIETBOPSIOT ycIoBHAM (pa30BOro CMHHXpOHH3Ma [11] :

03 =01+0,, kz3=ki+k;. )

B 3aBHCHMOCTH OT TOro, KakHe THIIbI BOIHOBBIX MOJ Y9acTBYIOT B P€30HAHCHOM B3aHMOJCIHCTBHH H
KaKasi U3 BOJIH TPHMIUIETa SBIIETCS BHICOKOYACTOTHOH, a TaloKke OT HampaBICHMI HX PacnpoCTpaHeHH
("a" - Bce TPH BONHBI MOMyTHBbIE, "06" - JBE BONHBI NMOIYTHbIE) BO3MOXHBI HECKOIBKO KadeCTBEHHO
Pa3sIMYHBIX BUIOB TPEXBOJNHOBBIX B3aMMoJciicTBHI. B paccMaTpuBaeMod TpeXMOZOBOH CHCTEME HX
9HCII0 JOCTHTaeT MIECTH.

PaccMOoTpUM  9acTHBIA  Cilydaii B3aMMOJEHCTBMIA, KOIZa BBICOKOYACTOTHOH  sBiIeTCH

MPOIONIbHAA BOJHA M BCE BOJHEBI MOMYTHHBIE, T.e. 0 < k1 < k3 < k3 (puc.2, Tpurutet "a"). [Ipu stoMm
peieHue cucteMsl (1) OyaeM UckaTh B BUIC Habopa KBa3UTrapMOHHYECKUX BOJH:

u(x, t) = As(x, )e®*9 + k. c.
w(x, t) = A1(x, t)e®™* O+ 2,(x, t)e®™*9 + k.c. ©)
o(x, )= d1A1(x, £)e® ™D+ d,4,(x, )e?®2* D + k.c.

3nech A, Az, A; - MEJICHHO MEHsFoIHecs KOMIUIEKCHBIE aMIUIMTYIBI,
0,=0;t—k;x (7=1+3) - daset BomH, di ¥ da - KOIDPHIMEHTHI HMHEHHOM CBs3H,
BBIUHCIIgeMBIe 110 popMyite (3), K. C. 0603Ha9aeT KOMILIEKCHO-CONPSKEHHYIO 9acTh PEIICHHS.

Ioxcrasmsas (6) B (1) 1 mpoBoad ycpemHeHHe 1Mo ObICTPO OCIILIMPYIOLOMM IepeMeHHbM [11],
T0JIy9aeM CHCTEMY BOIOLMOHHBIX YPABHEHHH I MENICHHO MEHSIOIIHMXCS KOMIUIEKCHBIX aMIUIMTY:

0A 0Aq
gtl vlg =-T1 A543 ,
A A .
aa g Vzaa 2 =T,A4}4; , ()
A
GAE + V3 a; =TI3A4,4, .

3neck V; = (do/dk); - TpynmoBble CKOPOCTH BOIH:



130

V1= (Cl)i + Cgki) /O)lkl , Vo= ((Dg + Cgkg)l(bzkz , Vi = ka3/0)3 .
a I'j=a,ki1k2k3/20; - K03hGHIMEHTH! HEIMHEHHOrO B3aHMOJCHCTBHSA, BBIYHCICHHBIC B

npeseopexenu B (1) MaIbIMH cIaraeMbIMH ¢ Ko3(dHIMEeHTaMu Ol M Olg .

3. YcranosuBiunecs npoueccol. Tpunier Tuna "a"

PaccMoTpuM  yCTaHOBUBINMIACA Mpoliecc B3aUMOACHCTBUS MOHOXPOMAaTHYECKHX BOH, KOria B
ypasHenusix (7) OA;/0t =0 . B sToM ciydae 0T KOMIUIEKCHBIX aMIUMTYX A; YA0GHO IepedTH K

JEHCTBUTEILHBIM aMILIATYAaM ¥ dasam: A;(X) = a /(x)e*’™ . B pesymtate ypasnenns (7) npumyt
BUIL:

da I aia:as

dx Vj ajy
d® _(a2ay  aras aiap)
dx \Vlal Voas Wi 83)

cos®, ®)

sin®,

e = JIT1iT2T3],e1=e2=1, e3=-1,a® =01 + @, — @3 - 0606meHHas Pa3za TpuIUIeTa.
B uactHoM ciydae, xorma D ocraercs mocrosHHON M paBHOW —TU, pemieHMe cHCTeMBbl (8) WA

nomy6eckonedHoro cmos X > 0 npu rpanmunbix yemosuax @1(0) = 0, a2(0) = azo, @z (0) = aso
HMEET BH] :

V-
at= 73a§o cn?(gx-K(s), 5),
1
V-
at=a’,+ -I—f-ago cn?(gx—-K(s), s), ©
2

a? = al,sn*(gx-K(s), ).

3nech K(:S) - momHbI S/UmMNTIMECK I MHTErpall NepBoro poxa, S2 = V3 a§0/ ( Vs a§0 + Vs ago) -

KBajipaT MOy siumrnTHdeckoro unterpama (0 < s<1), g= FJ(Vg az, + Vs aio)/Vl VaVs -
napaMeTp, XapaKTepH3YIOMIHi IPOCTPaHCTBEHHBII IEPHOI BOJHBI. .

Pemenuie (9) ormichiBaeT IEpHOIMYCCKMII OOMEH SHeprueil MexXIy B3auMOICHCTBYIOIIHMM
BOIHAMM TPHafbl ¢ mpocTpaHcTBeHHBM TepuomioM A = 2K(s)/q. B 3aBHCHMOCTH OT COOTHOMICHHSA
MEXIy aMIUIMTYJaMH HadalbHBIX BOSMYIICHHH Q30 H &0 BO3MOXHBI JIBa Ka9ECTBEHHO Pa3IIMUHBIX
BapHaHTa B3aMMOJCHCTBHUI: eclM B Touke X = 0 5Heprusa KoicGaHMii ObUIa 3amaccHa B OCHOBHOM B
BRICOKO9ACTOTHOM Mojic TpHIUIera, To ¢ poctoM X B uHTepBane (0, A) oma 6ymer ymeHbImaThCs,

24
l a
a i
2
/\/\/v
a%

0 1 2 3 X
puc.3.6
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nepefiaBasi CBOIO J3HEPIHI0 B HM3KOYAaCTOTHbIE BTOPHYHBIC BOJIHBI a1(x), a;(x). Maxcumamsnas
Mepeiada SHEPTMH TPOM3OHAET B Touke A, WM 3aTeM mpoliecc HoHAeT B 0OpaTHOM HANpaBICHHH
(puc.3.a). Ecrm npu x = 0 3Heprus ObUIa 3amaceHa B O{HO# M3 HH3KOYaCTOTHLIX KOMIIOHEHT TPHUILIETa

(sanpuMep, @30 >> @30 ), TO 0OMEH SHeprueil MeXIy BOIHAaMH TPHIUIETa OyJeT HE3HAYUTEIbHBIM. JTO
COOTBETCTBYET TOMY, 9YTO B CHUCTEME PpacNpOCTPaHACTCS NPAaKTHIECKH OINHOYACTOTHOE BO3MYINECHHE

a,(x), a aMIumTY B IPYTHX BOJH TPHAJBI OCTAIOTCA MAJILIMH 110 CPABHEHMIO ¢ Heild (pHc.3.6 ).

4. Tpunaer Tuna "o6"

Hapsany ¢ TpuruzeroM Tuma "a", cOCTOAIMM M3 MOITYTHBIX BONH, CYIIECTBYIOT TPHMILICTH THIIA
"$", B KOTOPHIX JMIIb JIBE BOTHBI UMEIOT o0lee HanpaBieHHe. PaccMOTpHM OMH M3 TaKHX TPHILIETOB,
B KOTOPOM BBICOKOYAaCTOTHOH sBJIeTcs MNpoJoibHas BoiHa (puc.2, TpuruieT "6"). B aToM ciydae

BOJIHOBBIC WHCIIA YHAOBIECTBOPAIOT COOTHOIICHHUIO k1 <0< k3 <k; . CucreMa 3BOJIOLIMOHHEIX

ypaBHeHut (7) COXpaHUT CBOM BHJ - IIMINb 3HaK IPYMIIOBOH CKOPOCTH V) CTaHET OTPHLATENLHBIM, HO
MOCKOTbKY 3HAKH TPYIIIOBBIX CKOPOCTeii pa3HIHEIe, B cHcTeMe OyeT mMers MecTo ddidexT pacmamHoi

HEYCTOMIMBOCTH KOPOTKOBOJHOBOH MOmBl K2, a BONHBI ¢ 9MCIaMH K1 M K3 OyayT ycToiauBbI
OTHOCHTEIILHO MalbIX BO3MYIHEHMH. B 3TOM clIydae B CHIy IpOCTPaHCTBEHHO-BPEMEHHOH aHaJIOTrHH

POJIb HEYCTOYMBO# BHICOKOYaCTOTHOM MOJIbI (03 B TPHIUIETE THIIa "a" 6y/leT UrpaTh KOPOTKOBOIHOBAs

Moma K, .
OmHako Termepb YXe Helb3s paccMaTpHBaTh 3adady O paclpoCTpaHEHHMH BOIH B

noimybeckoHeqHoM cioe X = 0 - HeoOXOmIMO aHaIM3HPOBAaTh HEIHMHEHHOE B3aMMOJIEHCTBHE BOIH
TPUIUIETa B clioe KoHeuHoH mmpyubl 0 < X < I, Korga rpaHMYHbIC YCIOBHA UI BOIH, Oerymmx B

TOJIOXHTENLHOM HamlpaBIeHMH ocd X, 3ajaiorca B Touke X=0 : a(0)=az, a3(0)=0, a
IPaHMYHOE YCIIOBHE VI BOJHbI, PAaCHPOCTPAHSIOLIEHCs B.IPOTHBOMOIOKHOM HaNpABIICHUH, 3a/1aeTcs B

touke X=L: ai1(L)= air. IIpus1oM permenne cucrembl (8) NpUHMMaeT BHJL:

17 2
al =-2a2,sn?*(gx-K(s), s)- Loy
41 Vi
2
2

a5 = a5, sn*(gx-K(s), s), (10)
V:
al=-"2al,cn*(gx-K(s), s).
Vi
3pecs b2 =V, a§° sn*(gL-K(s), s)- VlaiL, st=v, a§°/b2 - KBampaT MOy
JIUMNTHYECKOTO  MHTerpana, q=bl/J-ViV, V3 - mapaMerp,  XapaKTepH3yIoINuii

HpOC’I‘paHCTBCHHLIﬁ NEPHOI BOJIHBI.

3akmoueHue

B naHHoii paboTe paccMOTpeHBl HEKOTOpblE MNpocTeiilie CIydad HEIMHEHMHBIX
BOIHOBBIX MPOLIECCOB, KOrZa B PE3OHAHCHOM B3aHMOJCHCTBUM YYacIBYIOT TOJBLKO TPH BOIHEI,
NpUHAIICKAIMKE Pa3MIHbIM [HCICPCHOHHBIM BETBAM. I[IOMHMMO paccCMOTPEHHBIX BBIIE CIIY4acB
TPEXBOITHOBOT'O B3aMMOJICHCTBHS, BO3MOXXHBI BADHAaHTHl PE30HAaHCHBIX TPHaJ, KOT/Ia BHICOKOYaCTOTHOM
ABIDICTC poTaliMoHHasi BolHa. Torma, B 3aBHCHMOCTH OT HalpaBJIeHMI BOIH, 3ajiada MCCICTOBAaHHA
TPEXBOIHOBBIX B3aMMOICHCTBHII MOXET OBITH CBeJicHa K ONHOM M3 JBYX PacCMOTPEHHBIX Bhmme. Jlimst
3TOr0 BCEro JMINb HYXHO B ypaBHEHMAX (6) y KOMIUIEKCHBIX aMIUIMTYJX H ¢a3 MOMEHATh MeCTaMH
HMHCKCH! 2 11 3.

Pabora BhoNHEHa NpH nomepxke MexayHapoaHoro Hayanoro ®@ounpa (rpaut N R9B300) u
Poccuiickoro ®onzma @yHmamentambHbix HccmenmoBanmii  (rpant N 95-02-05360).  ABTopsi
npu3HaTedbHbl JparyHosy T.H. 32 molre3sHble CKYCCUM B NpoOLiecce BHITOJIHEHHA paGoThl U MOMOINb
1pu opOPMIICHHH CTaThH.
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NONLINEAR WAVES IN 1D ORIENTED MEDIA

I.S.Pavlov and A.I.Potapov

Plane oscillations of a chain of "dumb-bell-like" particles having three degrees of freedom are
considered. This system models dynamics of one-dimensional crystals that consists of anisotropic
molecules. For a cubic potential of the interaction between particles, the differential equations are
obtained which describe the interaction of different types of waves (longitudinal, transverse and
rotational) corresponding to certain degrees of freedom of the particles in the considered system.
Dispersion properties of such a system are studied, and various types of three-wave resonant
interactions are investigated.
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AKYCTO-OPHUEHTAIIMOHHBIE B3AMMOJIENCTBUS
B HEMATHYECKHX XHJIKHX KPHUCTAJUIAX

A.N.IToranos, C.A.Ilotanosa

Huxeroponcxuii prman Mucruryra Mannmosenenus PAH
603024, H.Hosropox, yi1.bemmHckoro, 85.

W3 mosHbIX ypaBHeHMH T'MADOAHHAMHMKH HEMAaTHYECKOTO XHIKOrOo KPHCTallla, HaxXoJsulerocs B
MNOCTOSSHHOM MAarHHTHOM NoJIe, NOJy4eHbl OJHOMEPHbIE YPaBHEHHS, ONHCHIBAIOLIHE B3aHMOEHCTBHS
MeXIy aKyCTHYECKHUMH H OpHEHTallHOHHbIMH Bo3MYyileHHsMH. HccienoBaH ciry4aidi TpeXBOJHOBOTO
. PE30HAHCHOTO B3aHMOAEHCTBHA MEXIY aKyCTHYecKOH BONHOH M KpPYTHJIbHOH BOJNROt JHpexTOpa.
IToxa3zaHo, YTO MOII{Has BbICOKOYACTOTHasl aKycTH4YecKas BOJHa, H3MeHsmolias rmioTHocTh KK,
HeycToiiuHBa H BO30yXJaeT OBe BOJHBI IHPEKTOpa, YacTOThl H BOJIHOBBIE HYHCJIAa KOTOPBIX
YOOBJETBOPSIOT  YCIHOBHSIM  (pa3oBOro  CHHXpoOHH3Ma.B  OpHOIMXEHHH  HECKHMAEMOCTH
XHIKOKPHCTAJUTHYECKOH cpellbl CBS3b MEXIY aKyCTHYeCKOiH H OPHEHTalHOHHOH MOJiaMH Hcye3aer, a
HeJHHelHast JUHaMHKa [oJIs AUPeKTopa onuchiBaercs ypaBHenHeM CHHyc-I'opJioHa.

BBenenue

XKumuit kxpucramwn HeMataeckoro Tuma (HXXK) npexacraBmser coboit ¢  MakpockonmM4ecKoid
TOYKH 3peHHA "OpHEHTHPOBaHHYIO" Tekyqyro cpexy. CocTosHue Takoil cpeipl OTMCHIBAETCS 3aJaHHBIMHM
B KaXxHoi €€ Touke Hapsaxy ¢ OOBMHBIMM JUI1 XHIKOCTH BEIMYHMHAMY - TUIOTHOCTH P, JaBIEHHA P , H
CKOPOCTH V €Il€ U BEKTOPHOH BEIMYMHBI B (IUPEKTOpa ), XapaKTepH3yIomeii OPHEHTAIMIO UTHHHBIX
oceif Momexyir. MexaHHKa 3THX Cpeli UIMCeT B ceb¢ 9epThl, CBOHCTBEHHBIC KaK OOBIYHBIM KHIKOCTAM, TaK
U ynpyruM cpemaM. M3 skcnepuMMeHTOB cllefyeT, 9To AeGopMallMd  CXaTHA-PAacTKCHHS Malkbl, a
IJedopMaLM CABHTA MPHMBOIAT K TedeHMAM. OCHOBHBIC JKE THIHI JAehopMaLiiii, KOTOphIe PEAM3YIOTCH B
XK -3T0 Tak HasbIBacMble H3rHOHBIC nedopMaly, CBSI3aHHbIC C H3MEHEHHEM OPHEHTALMM JUPEKTOPA.
JMpexTop n XapakTepH3yeT ynopaIodeHHe PacloIoKeHHsS MOJIEKYII B MakpockonmdeckoM o6néme JKK.
CocrosHue IBHXYyINelcs KHMHEMaTHYECKOH CpeIlbl ONpPENENSeTCS PaCHpPENelicHHeM B IMPOCTPaHCTBE
9YETBIPEX MOJIECBbIX BEIMIMH: P, p, V U NI, a CHCTEMa YPaBHCHMIA, OIIMCHIBAIOMAas €€ JMHAMHKY, COCTOMT
H3 ypaBHEHHA Jilitepa, ypaBHEHMA HEPa3pHIBHOCTH H YPaBHEHMS M3MEHEHHMS MOMECHTA MMITYIIbCA.

1. I'uapoaunamudeckune ypasnenus HIKK

PaccMOTpUM XHIKHi KPHCTaILI, HaXOSIIMIACA B TIOCTOSHHOM MarHMTHOM MOIE Hy , KOTOPOE B
HCXOJHOM COCTOSIHHM COBINAaJaeT ¢ HampaBllcHHEM IMpeKTopa m .ByaeMm cuuraTh, 9TO IMpEKTOp m -

3aBHCHT OT OJIHO# NMpPOCTpaHCTBEHHOI MepeMeHHOM x; = X , M COBEpIIAET ABHXEHHUA 00 B TNIOCKOCTH
(2, x5) (Tax HaspBaeMas Aepopmaims xpyderms XKK) , mi6o B rurockocts (x1, x2), (TonepedHbri
nsru6 JKK) .Ilpu nepBoii KOHQHMIYypalmM Tole CKOPOCTeii MMeeT ONHY KOMIIOHEHTY vy= Wx, t), a
IMPEKTOP MOXHO MNPEACTaBUTL B BUIE: n=(sinB, cosO, 0) , rae 6(x, t)--yroa nosopora.B sToM
ciIydac MojHasg cucreMa ypaBHeHmit rutpoHaMuku [1] HXKK npuMer cuemyrormpii BH:

av Lv. 10 v K a(ae)z )
Vox = Pox 92 4p6x ox
P D=
d:aX(pV)z 0 @
0 _, 00, 00 YXnoflo . 3
pJ_dt2 K> _6x2 +rigp+ > =—-sin20 3

rAe: p--INIOTHOCTh Cpenbl, J--MOMEHT MHEpHMHU, K,-KOHCTaHTa ynpyroctH ®dpaHka,y;- Kod(pdyumeHT
BpalaTenbHOH BA3KOCTH, b= (4/3n+&)/p --K03(pPHIIMEHT MccHTIaIN aKYCTHICCKOH BOJIHBI.
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IIpu BTOpO# KOHQUIypalM TOIEe CKOPOCTeH M JMPEKTOP MMEIOT MO JBE COCTABIIONIME:
v= {vl(x, t); va(x, £); 0} M n=(sind, cosB, 0).B 3ToM ciaydae cucreMa THIPOAMHAMHICCKHUX
ypaBHeHHi MeeT 6oee COXHBIH BUL:

ov, Ov_ 0%v_ 10p Ky 8 (69) Ry ex.) 69 @
ot T Vox Coxz = Pox P ox\ox P ox .
60 a no*’Q K 9% (98
%t 6x(VQ) Pox2 P ax2\ ax) ©)
%, 0
3t F 3PV =0 ©)
fo_, 0% 0 uh 7
, pT—= K16x2 (6% e > 8in26 — (y1 +v2)Q @)
rae =—8%r2— -yrioBas CKOPOCTh BpalleHHs cpelbl, 3Jech ypaBHeHHE (4) OIMCHIBAET H3MEHEHHE

MPOAOJILHOM KOMIIOHEHTHI IO CKOPOCTeH, a (5)-H3MEHEeHNe CBUT0BOI KOMITOHEHTHI IO ckopocreit. K
ypaBHeHmsM rHapomuHamukd JKK HeoOXxommMo 106aBHTh COOTHOMICHHE MEXAY MJaBICHHEM H
TUIOTHOCTBIO:

PP) =P (0/p0) -1] @®
TAe p»-TaK HasbIBacMOc BHYTPEHHEE JaBJICHHE B JKHIKOCTH, XapaKTEepHU3yIolee e YIIpYTrue CBOMCTBa , py
-ITIOTHOCTh HEBO3MYIICHHOM cpempl, I' -HeMHeHbII napaMep, KOTOPBI XapaKTEepH3yeT OTKIOHSHHE
aaabaTHgeckoi CKMMaeMOCTH XHIKOCTH OT TMHEHHOr 0 YpaBHEHHS cocTosHMA [4].

2. YpaBHeHHS HeJIMHeHHOH aKyCTHKH

Ja ManbIx aKyCTMYeCKMX BO3MYINCHMIA B cucTeMax ypasHeHwii (1)--(3) u (4)--(7) mocraTodHo
y49ecTh ML KBaApaTHIHbIC cluaraeMsbie. Torma B3auMoAciCTBHE aKyCTHIECKO BOJHBI ¢ KPYTHILHBIMH
xone6anusamu mpektopa (1)--(3) cBegercs K ABYM CBA3aHHBIM YPaBHEHHSIM BTOPOI0O MOPSIKa: :

o 8 2 _ K 9 (00)?

-ci—(p'+ b = =2 (——) 9
a2 6x2(p alp) “ox?0t 16 x2 \0x ©
Pe . op’ bp o, , 0% (8

ooz c%g;z—-i-m?mncp— (6x6x+p axatf (10)

I BBeACHDI ClIeXyIommue 0003HadeHus: ¢ = 20--yABOECHHBIH Yol TOBOPOTa JUPEKTOPa, Cg = ‘/l‘p./po ,
Coz = ‘/Kz /poJ-- CKOPOCTH PACHpPOCTPAaHEHHsI aKyCTHIECKOH H OPHEHTAIMOHHOM BOJH COOTBETCTBEHHO,
®s = Hy 1/7(,,,/ poJ- MOpPOroBass 9acroTa OPHEHTALMOHHON BOIHBI, a; =(I'+1)/2po-- x03¢drmeHT,
XapaKTEpU3YIONMMii aKyCTHYECKYI0 HEIHMHEHHOCTb cpembl, & =1Y1/poJs-Ko3pdHimeHT KpyTHibHOM
BA3KOCTH. HemmeiiHoe B3auMofeiicTBHE aKycTWdeckoii M OpPHMEHTAIMOHHON BONH  sBIFETCH
HECHUMMETPHYIHbIM. AKYCTHYeCKas BOJHA BO3NCHCTBYeT Ha BOJHY OpDHMEHTAallMM ITapaMeTPHYSCKHUM
o6pa3oM Yepe3 H3MEHEHHE NapaMeTpoB cpeibl. BolmHa ke OpHEHTalMM JUPEKTOpa BBICTYNAET B POIM
HEIMHEHHOr0 HCTOYHMKA aKYCTHIECKHMX BO3MYIHCHMIA.
Bo BTOpOM ClIydae KpoMe MaJIOCTH BO3MYINECHHMIT p, p MV OyIeM Takxke CIMTaTh MaJIbIMH YITIbI
noBOpOTa IMpeKTopa. Toraa ruapomMHaMudeckueypaBHeHHA (4)--(7) MoryT OBbITH MpPHUBENCHBI K
cuexyomgeit cucreMe:

v Rv. 2v2) , v _ coKi 82 [ ) . Y2Cs0°@
55 2)-» Jemefe
otz \oxz | M ox 6x26t 4po 6x2( ) 2po 0x )
Q_ 2%Q _ Jz O
ot “oxz T 6X ) 2p ox? ((P )+4po Ox0t (12)
52 92
T2 322+ mising=-0g% - (11 +120- (D) (13

rae: @=20, x=1n/po, d=y1/poJd, cCs= 1/I‘px/pg , Cp= 1/1{1 /poJ, . -HEIMHEHHBIC ClIaracMbie.
3necy ypaBHenue (11) omicrBaer akycTHdeckyro Moxy, (12)- opueHTarMoHHyo Moy, (13) - ypaBHeHHe
MHaMMKH JUPEKTOpa .
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XapaxTepHble 3Ha4eHUs K03 ¢umeHToB, BXogmuux B ypaBHeHus (8)-(9) u (4)-(7), Hanpumep,
JUI HEMaTUIeCKOro XHIKOro Kpucramwia Tna MBBA, pasusl [1,51:Cs=1.6 x10° cM/c, Cy=1.8 x 10°
cM/c, FEOMETPHYECKHI MOMEHT HHEpIMH: J~ 12 ~10714 cM, KpuTHdeckas 49acroTra  KojeOaHmii
JTMpEKTOpa o+ =2.5x108 1/c mpu Ho =10° 3, xosaddx = 0. 1 muddysru caBUroBoii BOIHBI:
cM?/c, K03 PHIMEHT KMHeMaTHIeCKo#H BsskocTH: b= 1072 cM?/c.

W3 npuBexeHHBIX OLICHOK CIENyeT, 9TO aKycTudeckas BoJHa sgBIPICTcs cllabosaTyxarommeii

CBA3aHAa ¢ OPHCHTAlIMOHHON MomoH  dYepe3 JmHEHHBIE W HENMHeiHbIe ciaraembie. Hanpotus,
OpHEHTAIMOHHAA BOJIHA JOCTaTOYHO CHIILHO 3aTyXaeT M obaiaeT MMHEHHOH CBA3BIO C JUCCHIIaTHBHOMN
BHXpeBOii Momoil. B 3Toif cuTyanmu mpefcTaBiieTcss MHTEPECHBIM aHaIM3 KaK IJIMHEMHBIX, Tak H
HEJIMHEHHBIX B3aNMMOJICHCTBHIA pa3maHbIX THIIoB BoiH B HKK.

3. B3aumojeiicrBie aKyCTHYECKHX H OPHEHTALMOHHBIX BOJIH
B KHUIKHUX KpHCTallIaX CKOPOCTh aKyCTHYCCKHX BOJIH, KaK IIpaBWJIO, MHOI'O Oobime CKOpOCTH
OPHCHTALIHOHHBIX BOJH | ¢/ Cop = 8 +10 ). Mamocth HHCPIHOHHBIX CBOYCTB MOJICKYJI IPUBOAUT TAKXC K

OONBINMM 3HAYCHUSAM KPHUTHYCCKHX YaCTOT ®s. JTH 0OCTOATENbCTBA OOBIMHO CIIyXaT OCHOBAHMEM JUIA
Pa3lCIbHOrO0 H3y4eHUsA aKyCTHYSCKMX M OPHEHTAIMOHHBIX MOJ B JKHUAKHMX KpHUcTamiax. Teopua u
9KCHCPHMEHTANIbHBIEC TAHHBIEC MO JIHHEHHBIM aKyCTHYECKUM BOIHAM JOCTaTOYHO IMOJPO6GHO H3TIOKCHBI B
[1,2], a B paGoTax [6,7,8] ucciaemoBamich HeJMHEHHbIE OPHEHTAMOHHBIC BOJHBI (BOMHBI TUPEKTOpa),
ormceiBaeMble ypaBHeHweM CuHyc-I'opmoHa, koropoe mnomygaercs u3 (10) B mnpeamoiroxeHun
HEC)KMMAaEMOCTH CPEIibL.

3mece OymyT paccMOTPEHbl TPEXBOJIHOBBIC PE30OHAHCHbIE B3aNMOJCHCTBHA (TPHIUICTHI)
aKyCTHYECKMX H OPHMEHTAIMOHHBIX BOJH, YacTOTBI KOTOPBIX YHOBIICTBOPSIOT JHCIICPCHOHHOMY
YpaBHEHHIO:

(02 -2 (e* ik -0i)=0 14)
M yCIIOBHsIM (a30BOro CHHXpOHHU3MA ’
D1 +02 =03, k1 + ko = ks +Ak (15)

rae Ak- Manas paccTpoiika oT pe3oHaHca.
Ilycts TpuIUIeT COCTOMT M3 BBICOKOYACTOTHOM aKyCTMYECKOH UM [IBYX HH3KOYaCTOTHBIX
OPHEHTAIIMOHHBIX BOJIH; ;
p/(x, £) = poAs(x)el @tk + k¢, (16)
Q(x, t) = A1(x)e’@15K0 4 a,(x)el@: 0N 4+ k. ¢

rae A;(x) = a;(x)exp{ iy :(x, t)-- MEINICHHO MEHSIOLIHEC KOMILICKCHBIC aMILIMTYABI.

IToacraBmaa (16) B (13) u ycpemuss mo OBICTPHIM OCHIUTIMAM [9], moiyduMm cHcTeMy
YKOPOYEHHBIX yPaBHEHMI [UIA ACHCTBUTENLHBIX aMIUIMTYA ¥ (a3 B3aHMMOJICHCTBYIOIMX BOMIH TpHIUieTa. B
HOPMHMPOBAaHHBIX 6€3pa3sMEPHBIX MEPEMEHHBIX:

t, =@ t' - &X, a{ - _—a—-j—_
il o + Jo:
YPaBHEHHS HETMHEHHOM IMHAMHKH TPUIUTETa UMEIOT BUA (IITPUXHU OMYINECHBI):
da; ayazas _,
—+38;a; = e;6——=—=gin® an
X ai
do _ (azaz aias alaz)
T =Ak+0 2 a5 & cos®
3mech e1,2=1, e3=-1, O=wy; —y; —~yAkx- o06obmeHHasd ¢a3a B3aHNMOMACHCTBYIOIMX BOJH,
81,2=801,2/2k1,5 83 =bi103kscs/2c%- KOapUIMEHTHI 3aTyXaHus, ¢ = /616205, o1 =

= (05 + k2 k30203 k2/ k3)/2K1, ©2= (02 + ki kso103Kk1/Kk3)/2ks 03 =(ka/ 2k N0 K2 K2 /A CsCy)
-K03((PHIMEHTHI HEMMHEHHOTO B3aHMMOJIeiiCTBIA BOTH.
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PaccMOTpHM OJMH BaXXHBIi JaCTHbIH ciTyqaii pemneHus cucreMbl (17), oNuchBaIONME pacnaIHyo
HEYCTOMYMBOCTh MHTCHCHBHOM aKyCTHYeCKOH BOJHBI NpPH TOYHOM CHHXpoHM3Me (Ak=0). Ilycrh Ha
rpaHuIle cpefbl x=0 HMEIOTC] WHTCHCHBHAs aKyCTHYecKad BONMHA as(0)=aj30 W Malble
OPHMCHTAIMOHHbIC BO3MYMIcHMA aupekTopa ai(0)=aio({ase, a1(0)=aio{(aso, a a2(0)=0. Kpome
TOro, NOJIOKHMM, YTO HadallbHasA pa3sHOCTh (a3 BomHD(0) = yiy; — Y, =7/2 + 2nn . IIpu 3THX ycIoBHAX
peleHue CHCTeMbl ypaBHeHuii (17) BeIpaxaeTcs 9epe3 dJUIMITHICCKHE (GYHKIMM U MMeeT BUL :

al(x) = a’y + alycn?[oaso(x— x0), sl
a}(®) = a3 cn?[oas(x- xo), 5] (18)
a’(x) = a5, sn?[caso(x~- x0), sl

Ioe s=aso/(as, +as,)/%napamerp smwmnTudeckoit QymxmmM, (0<s<1), xo --HadambHas ¢asa
BOJIHBL. PacripeiesicHie UHTEHCUBHOCTEH B3aHMMOICHCTBYIOIMMX BOJIH B MPOCTPAHCTBE MOKa3aHo Ha puC.3.
W3 Hero BHIHO, 9TO Mpollecc MepeKadkyl JHEPIHU H3 aKyCTHYECKOH BONHBI B OPHEHTAIMOHHBIC BOIHLI
HOCHT NepHoaMdeckHii xapakTep. PaccrosHme, Ha KOTOPOM 3HEPrHA aKyCTHYECKOH BOJHA MOIHOCTHIO
MepeKaquBacTCd B 9HEPIHIO OPHEHTAIIMOHHBIX BOJHEI, PaBHO:

K(s)

L= 300 (19)
rae K(s)- NoNHBIA O3IUMNOTHYCCKMH MHTerpal mnepBoro poxa. Ilpm  aio/aso > 0 mapamerp
SIUMIITHIHOCTH s —> 1, JWmNTHYecKHe (YHKIM BHIPOXIAIOTCd B IMIIEPOONMYECKHE H IPONECC
npeoOpa3oBaHUi aKyCTHYECKOH BOJHBLI B opuemalmomme BOIIHBI TNPHOOPETAET arepHoOIMICCKHI

XapaKTep.

PaboTta BbmionHeHa NpH noagepxke MexayHapomHoro Hayarnoro @onpa (rpant N R9B300) u
Poccuiickoro ®@onma ®yHgaMenTanbHeix UcciienoBanuii (rpant N 95-02-05360).
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ACOUSTIC-ORIENTATION INTERACTIONS
IN NEMATIC LIQUID CRYSTALS

A.L Potapov and S.A. Potapova

One-dimensional equations discribing interaction between acoustic and orientation perturbations
are obtained from hydrodinamic equations for nematic liquid crystals at constant magnetic field.
Three-wave resonant interactions between acoustic and torsion waves of director are investigated. It is
shown that the powerfull highfreguency acoustic wave is unstable and excitates two director waves,
freguencies and wave numbers of which satisfy the phase synchronism conditions. In the approximation
of incompressibility of liquid-crystalline medium the coupling between acoustic and orientation wave

modes disappear and nonlinear dynamics of director field is discribed by Sine-Gordon equation.
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